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MSC: 54E15
ABOUT UNIFORMLY CONNECTED AND UNIFORMLY CHAINED SPACES

Borubaev A.A., Abdykaimov I.Z.
Institute of Mathematics of National Academy of Sciences

Abstract. In modern mathematics, the concept of the limit of the projective spectrum of objects of a
certain category plays a very important role. In the theory of uniform spaces there is considered a
category, where uniform spaces act as objects, and uniformly continuous mappings act as morphisms.
Therefore, it is important task to study what are the limits of projective spectra composed of objects of
a certain class. This article examines the question of finding out what properties do the limits of
projective spectra composed of uniformly connected and uniformly chained spaces have with respect to
certain uniformly continuous mappings. The properties of uniform connectivity and being uniformly
chained are tools for studying the structure of uniform space. The property of uniform connectivity is
an interesting generalization of the topological property of connectivity, and therefore allows us to
consider the corresponding concept for a much wider class of spaces in order to identify new analogies
between topological spaces. The property of being uniformly chained is related to the concept of
pseudo-compactness, which is important when considering sets of bounded uniformly continuous

functions. What is described means the relevance of the topic of this work.

Key-words: uniformed space, inversed spectrum, projective limit, uniformly connectedness,
uniformly chainedness.

AHHOTaI[I/ISI. B COBpeMeHHOﬁ MAaTEMAaTUKEC IMOHATHUEC IPOCKTHUBHOTO CIICKTpdA, COCTABJIICHHOI'O U3
00BEKTOB HEKOTOPON KaTErOpHH, UTPaeT OYEHb BaXKHYIO pOjb. B Teopun paBHOMEpPHBIX MPOCTPAHCTB
paccMaTpuBaeTcsl KaTreropusi, 0ObEKTbl KOTOPOM CyTh paBHOMEpPHBIE NPOCTPAHCTBA, a MOPQPU3IMBI
KOTOpO# CyTh paBHOMEPHO HENpepbIBHbIE 0TOOpakeHus. [loaTomy Bompoc o ToM, Kakue MpocTpaHCTBa
NpeACTAaBIAOT U3 ceost Npeaciibl  MPOCKTHUBHBIX CICKTPOB, COCTABJICHHBIX W3 MPOCTPAHCTB
OHpC,Z[CJIéHHOF O KJIaccCa, ABJIICTCA Ba)XHBIM. I[aHHaSI CTaTbd pPACCMATPUBACT HCKOTOPLIC CBOICTBa
IMPOCKTUBHLIX ITPEACIIOB 06paTHBIX CIICKTPOB, COCTABJICHHBLIX M3 PABHOMCPHO CBA3HBIX U PABHOMCPHO
CIICTUVIEHHBIX TPOCTPAaHCTB C HabopaMu paBHOMEPHO HENpepbIBHBIX oToOpaxkeHui. CBoiicTBa
paBHOMepHOﬁ CBA3HOCTH H paBHOMepHOﬁ CHOCTNICHHOCTU HPCACTABIAIOT coboit HUHCTPYMCHTBI JJISA
HCCIICAOBaHUA CTPYKTYPbBlI PABHOMCPHOI'O IIPOCTPAaHCTBA. PaBHOMepHa}I CBA3HOCTHb  SABJIACTCA
WHTEPECHBIM CBOWCTBOM, OOOOIIAFOIINM CBOMCTBO CBSI3HOCTH TOIOJIOTHYECKOTO TMPOCTPAHCTBA, H

MOTOMY OHO IMO3BOJIIET pacCMaTpPHUBaTh Tropa3no Oojiee MIMPOKUI KIacc MPOCTPAHCTB C IENBIO
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YCTaHOBHTDH HOBBIE B3aUMOCBSI3H MEXK]y TOTIOJIOTMIECKHUMHU MpOocTpaHcTBaMu. CBOMCTBO paBHOMEPHOI
CLIETIJICHHOCTH OIPEeNIEHHBIM 00pa30M COOTHOCHUTCS C TOHSTHEM ICEBIOKOMIIAKTHOCTH, KOTOpOE
MMeeT 3HauYeHUe NPU PaCCMOTPEHUHM MHOKECTB OIPaHHMUYEHHBIX PAaBHOMEPHO HENPEPHIBHBIX (DYHKITHIA.
OmnwrcaHHOE BBIIIE CBUACTEIBCTBYET B TI0JIb3Yy aKTYaIbHOCTH TEMbI IaHHOW paOOTHI.

Knrwoueswvie cnosa: paBHOMEpHOE MPOCTPAHCTBO, OOPATHBIH CIIEKTP, IPOCKTHBHBIH MTpeel,
paBHOMCpPHAA CBA3HOCTh, paBHOMCPHAA CHCITIIICHHOCTD.

AnHoTamms. 3amanOan MaTeMaTWKala KaHIAWUABIp KaTETOPUSHBIH OOBEKTWICPACH TY3YJITOH
MPOSKTUBAYY TMpeneijep J>KOHYHIO TYUIYHYTY ©Te MaaHWIYy pOJIyH OWHOWT. bup Kameinryy
MEHKUHIUKTEPIUH TCOPHSCHIHIA OMp KAJBINTYy MEHKWHIAMKTEPIU ©3YHYH OOBEKTHIICpUHIACH, OUp
KaJIBIIITYY Y3TYJITYKCY3 YarbUITyyJap/bl ©3YHYH MOPGU3MIEPUH/IEH 33JIereH KaTeropus kapaiar. Omomn
ce0enTeH KaHIaUabIp KJIACCKa KUPE TypraH MEHKWHAUKTEPIEH TY3YJIroH MPOCKTHBIYY CHEKTPICPANH
NpeeIACPUHIH OOJTOHIYTYHYH amalira alibIpbUTyyCy >KOHYHI® CYpOOCY CO3CYy3 Jarbl MaaHWIYY
OosioT. by makana Oup KaJbINTyy OalJIaHBIMITHIPBUITAH XaHA OMP KAJIBINTYYy OMPAMKTECHIMPHITCH
MEHKUHJUKTEP/IEH TY3YJIreH MPOEKTUBIYY CIEKTPIEPUHHUH IIPEIEIIEPUHUH OUp HEUE 63rouellyKTopYH
Kapau xKyper. bup  kampmTyy — OalIaHBIUTHIPUITAHABITBIHBIH ~ JKaHa  OMp  KaJbIITYy
OUPUKTECHAUPWITCHIUTUHIH KaCUETTePH OUpP KaJbINTYy MEUKHHIUKTH M3WIIO6 YYYH KOJJIOHYJITaH
TYmyHYyKTop Oonymar. bup KameinTyy OaiiaHBINTHIPBUITAHBIK TOMOJIOTHUSIIBIK MEHKUHIUKTUH
6aﬁﬂaHLIIHTI)IpI)IJ'IF&HJII)IFI)IHBIH KaCUCTHH XAJIMNBbUIAHABIPYYYY KBI3BIKTYY KAaCHUCT 6OJ'IOT, OIIOHAYKTaH
6YJ'I KaCHUCT TOITOJIOTI'UAJIBIK MeﬁKHHI{HKTep apacbiHJa KaHbL 6aﬁHaHBIHITapZ[LI 6€J'IFI/IJ'IGGHYH MaKCaThl
MEHEH MEWKMHAUKTEePINH >KaKIIblIan KeHAETWITeH KJIAcChlH KapalyyAa KapMooro xoj Oeper. bup
KaIBIITYy OUPAUKTECHAUPWITCHAUTUHUH KACUETH YEKTeNreH Oup KaJbIlTyy Y3TYJIYTYKCY3
(GyHKIUSIapbIHBIH KONTYKTOPYHYH KapalyyCyH/Ja €3reue MaaHHCHHE 33JIeTeH ICEBJIOKOMMIAKTTYYIYK
JIETeH KacueTh MEHEH OIIoJIOpAyH Oup OupuHe e3rede MamaiiecuHe 33 0oisioT. JKoropymarst
CYPOTTOHTOH OLION MaKaJIaHbIH aKTyaJIAyylyTryH JaMUIAen KOpcoToT.

Aukery co30ep: OUp KaIbITyy MEHKUHIUK, TECKEPU CIIEKTP, MPOCKTUBAYY IIpeaes, Oup

KaJIBINTYY OaillaHbIIITHIPBUITaHBIK, OUP KAJIBINTYY OUPIUKTEHIUPUITCHIUK.

1. Introduction

The theory of uniformed spaces has appeared as a constructive generalization of
the structure of metrical space to the much wider case, that has been able to contain the

meanings of all completely regular topological spaces via describing of them.



Definition 1.1 ([1]). Let (X,U) be a uniformed space. A finite set {A;:i = 1..n}
of subsets of X is called chained, if for any i = 1..n — 1 the assertion A; N A;;; # @
holds.

The concept of uniform connectivity was introduced with the aim of
generalizing the connectedness property for topological spaces to the case of uniform
spaces and exploring the corresponding generalization, trying to identify analogues of
Important statements concerning connected spaces from the theory of general topology
in relation to the introduced definition in the theory of uniform spaces.

Definition 1.2 ([1]). The uniformed space (X,U) is called uniformly connected,
if any uniformly continuous mapping of (X,U) to the discrete uniformed space (Y,D) is
constant.

Proposition 1.3 ([1]). Uniformed space (X,U) is uniformly connected space, if
and only if for any uniformed cover a € U for any pair of points x and y of the space X
there exists a finite subset {A4;:i = 1..n} of the cover «a, that is chained sequence, and
x €A,y €A,

Proposition 1.4 ([1]). Uniformed space (X,U) is uniformly connected, if and
only if there is no disjunctive uniformed covers of (X,U).

As indicated above, another tool for studying the structure of uniform space is
the concept of uniformly chained space.

Definition 1.5 ([1]). Uniformed space (X,U) is called uniformly chained, if for
any cover a € U there exists such a natural number n, that for any points x and y of the
set X there exists a subsystem of «, that is a such chained sequence {4;:i = 1..k}, that
itisholdthatx € A;,y € 4,,k < n.

As it can be seen due to the introduced definition and proposition 1.3, the
property of uniform chainedness is stronger than uniform connectedness.

The concept of uniform chainedness was introduced in [1] for the case of

uniform spaces. It allows us to draw interesting relationships between the structure of a



uniform space and properties associated with uniform connectedness, pre-compactness
and pseudo-compactness of uniform spaces.

Thus, uniform chainedness and the concepts introduced above play an
interesting role in the study of uniform structures.

Let us be given a projective spectrum of uniform spaces: {(X;, U;):i € I, >} with
uniformly continuous surjective mappings: {(fl.j: X, U) - (X;, Uj)) i > ji,j €Y,

where forany i, j, k € I:j > i > k, there is hold that £/ * £ = f/.

It is well known that the limit of the corresponding projective spectrum is a set X
composed of all possible directions obtained by choosing from the sets {(X;, U;):i € I}
of such points x; € X;, that for any i,j € I it is hold that fij(xl-) = x; ([2], [3]). In the
category of uniform spaces and uniformly continuous mappings, the uniformity U on X,
which is the uniformity of the corresponding limit, represents the supremum of
structures m; *(U;), obtained by taking systems of inverse images of the uniformities of
the spectrum components ([1], [2]). Systems 7, *(U;) represent pseudo-uniformities due
to known reasons. 7; * (U;) forms the basis of the minimal structure for which the

mapping for a specifically considered i, which is m;, will be uniformly continuous ([1],

[2], [3D).

2. Consideration of questions about uniformly connected and uniformly
chained spaces studied in this article.
2.1.Projective spectrum of uniformly connected spaces.
Let us consider the inverse spectrum composed of uniformly connected spaces.

Let's select arbitrary two points on X: x and y. Consider an arbitrary element a’ of the
family 7r; 1 (U;). For it there exists a € U;:m; *(a) = a'. Let us select their images under
the projection mt;: m;(x) = x;, m;(y) = y;. Then, in view of the uniform connectivity of
the space (X;U;), for an arbitrary covering of the family U; there is a chained finite

sequence A; of elements of the corresponding covering, where j = 1..n for some natural
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n, for which it holds that A; 3 x;, 4, 3 y;, and forall j = 1..n — 1 itis true that 4; N
Ajyq # ©. This means that for a covering a there is a finite chained sequence of

elements a with the corresponding properties. Let us denote the corresponding sequence
by A; with the natural set of indices indicated above for some n. Then we get that
m;(x) € A;,m;(y) € 4,.50, x € m; 1 (4,),y € m; *(4,). Moreover, for all i from 1 to n-
1 we obtain that 4; N A;; # @ => 7 (4; N A;1) # O by the surjectivity of m;,
therefore from above what was proved about the preimages of intersection, we obtain
that ;7 1(4;) N ;1 (4;41) # @. But for any i from 1 to n we get that 4; € a =>
m; 1(4;) € n7 (a) = a'. We find that there are elements of the covering o' for which
the conditions shown above are satisfied. This means that a chained finite sequence has
been found for it, the first element of which contains x, and the last element contains y.
This means that in view of the arbitrariness of considering a covering from the family
m; 1(U;) and in view of the arbitrariness of considering points x and y, we obtain that for
any points x and y for any covering from the family r; * (U;) there is corresponding
chained sequence. Then we obtain that for any covering from 7; *(U;) for any pair of
points there is a chained sequence corresponding to what was described, and therefore,
by proposition 1.3, ;1 (U;) is the base of a uniformly connected pseudo-uniformity (in
meaning similar to the shown meaning). In a view of the consideration for an arbitrary
index i € I, we find that for any i € I the corresponding pseudo-uniformity with the
base ;1 (U;) is uniformly connected, and, moreover, m; is uniformly continuous.
According to what has been described, the minimal structure for which all
canonical projections are uniformly continuous is the supremum of the distinguished
pseudo-uniformities, and is U. Consider an arbitrary element of the base for U, obtained
of all possible intersections of element-wise coverings of the families 7r; *(U;) = U;. Let
us select the corresponding family {(X;, U;):i = 1..n}, where n is a natural number,
without limiting the generality of consideration when redesignating the indices of a set

of i € I, when selecting a finite set {(X;, U;):i = 1..n}, one covering of which we select



in this case. Due to the fact that {(X;, U;):i = 1..n} forms the inverse spectrum, there
existsj € I: (Vi = 1..n:j > i). Then fji are uniformly continuous for i=1..n. Then for
an arbitrary covering «;" from the considered set of distinguished coverings from the
families U;" it is true that there exists a; € U;: a/ = m; *(«a;). However, for any such

a; € U; itis true that (jj-i)‘l(ai) € U;, since all fji are uniformly continuous. So, we get

from that, what has been shown higher:
M) e Uy => U/ 31 ((FH @) = ((F) ™ *m7!) (@)
= (7Tj * fji)_l(“i),

but 7;  fj = m;, that is why: 7 *(a;) € U;. Id est, a; € U]. It means that for all a; € U;
itis hold that if i = 1..n, then a; € U;. So we get, that {a;:i = 1..n} c U;, that means
that because of what has been proved by us higher and because of the definition of the
base we have the following interrelation: A {a;: i = 1..n} € U;. But because of what we
have proven: i € I means the uniformly connectedness of (X, U;). So, the Uj is
uniformly connected, and that is why, using the proposition 2, we get that U; does not
contain disjunctive coverings, so the covering A {a;:i = 1..n} € U; is not disjunctive
too. Then because of arbitrarity of the considering of the covering of the base of U in the
form A {a;:i = 1..n} we get that U does not contain disjunctive coverings. It is possible
to show that the absence of disjunctive coverings in the base of U implies the absence of
disjunctive coverings in the system U as in itself. That is why because of the proposition
1.4 and because of structural paricularability of every component of the considered
spectrum we get that U is uniformly connected uniformity.

It is corollary of that the projective limit, as it is known ([1], [3]), of the
spectrum, containing only particularable spaces, is particularable space in the sense of
that axiom, that differs uniformed space from the pseudouniformed space.

Theorem 2.1. Projective limit of the spectrum, consisted of uniformly connected

spaces and of uniformly continuous mappings, is uniformly connected uniformed.



2.2. Projective limit of uniformly chained spaces.

Let us consider the case, when the projective spectrum is consisted of uniformly
chained spaces. Then for every uniformly chained space (X;, U;), where i € I, let us
represent the pseudouniformed structure, generated by the system m; 1 (U;) on a set X,
analogically to that how it was done higher. Similar to considering the spectrum of
uniformly connected spaces for an arbitrary index i € I, we find that for any i € I the
corresponding pseudo-uniformity with the base ;> (U;) is uniformly chained and
ensures uniform continuity of rr;. Moreover, according to the properties of projective
spectra ([1]), the minimal structure of interest, ensuring uniform continuity of all
canonical projections, is the supremum of the distinguished pseudo-uniformities
mr; 1(U;), and coincides with U. Let us consider an arbitrary element of the base for U,
obtained as all possible intersections of element-wise coverings of the families
m; 1(U;) = U;'. The intersection of finite coverings from the same U;’ is an element of
U;' as presented above. Therefore, this consideration is similar to that carried out above

for the case of uniformly connected spaces. Therefore, from the above we obtain that:
. , _ i . —1 _
(M) e Uy => U 377 ((EH @) = ((F) ™ *mt) (@)
iN—1
= (m + f1) (),

but 7; * ff = m;, so w7 (a;) € U}. Id est, af € Uj. It means that for all a; € U] itis hold
that if i = 1..n, than a; € U;. So we get, that {a;:{ = 1..n} c U}, that means that
because of that, what has been proved by us higher, and because of the definition of the
base we have the following interrelation: A {a;: i = 1..n} € U;. But because of what we
have proven: i € I means the uniformly chainedness of (X, U;). So, the U; is uniformly

chained, and that is why every covering of it corresponds to the such condition,
corresponding to which of any covering of some space means the uniformly chainedness
of this space. So, the covering A {a;: i = 1..n} corresponds to this condition too.

Because of arbitrarity of the considering of the element of the base of the system U in



the form of A {a;:i = 1..n}, we get that all elements of the considered base corresponds
to the condition, corresponding to which of any covering of some space means the
uniformly chainedness of this space. But it is possible to show that the corresponding of
all elements of the considered base to this condition means the corresponding of all
elements of the considered system U to this condition. Being hold of last means the
uniformly chainedness of the system U.

So, due to being of uniformities of the structures of all components of the
considered spectrum we get by the similar to the shown higher for the case of
considering of the spectrum of uniformly connected spaces way that the system U is
uniformly chained uniformity.

Theorem 2.2. The projective limit of the spectrum, consisted of uniformly
chained spaces and uniformly continuous mappings, is a uniformly chained space.

2.3. A dense subspace of a uniformly connected space

Let a uniform space (X,U) be given, which is a dense subspace of a uniformly
connected space (Y,V). Then consider an arbitrary open uniform covering S of the space
X and arbitrary two points: x and y. Then thereexistsy e V: 8 = {A N X: A € y}. XY,
which means x,y € Y. However, according to the properties of uniform space,
uniformity V has a base of open coverings. This means there is an open a € V that is
inscribed in y. Then note that {A N X: A € a} will beinscribed in § = {AN X: A € y}.
According to proposition 1, there is a finite chained sequence of elements o connecting
the points x and y. Then there exists A;:i = 1..n, where fori = 1..n — 1 it is true that
AiNAj1 #0,x €A,y € A,,. But from the openness of a it follows that 4;:i = 1..n
is a system of open sets, and from the chainedness of this system it follows that each of
its sets is non-empty. Thismeans A;:i =1..nand A; NA;,; #P:i=1..n—1are
neighborhoods of some points in the space Y. This means that in each set of each of
these systems there is at least one point in the space X due to the density of the space X
in the space Y. This means that the intersection of each of the sets of each of these

systems with X will be non-empty: A, N X # @:i=1..nand4; NA;; 1 NX # O:i =
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1..n— 1. However, A, N 4;,; N X = (4; N X) n (4;;, N X), therefore, we obtain that
the system of sets A; N X:i = 1..n is a system of non-empty sets, where x,y € X, x €
A,y € A, meansthatx € A; N X,y € A,, N X, and the intersection of the set 4; N X
with 4;,, N X is non-empty for all i = 1..n — 1. This means that the system A; N X:i =
1..n is chained, and the uniformity of the covering o means that there is some uniform
coveringa’ = {A N X:A € a} for U, for which the system A, n X:i = 1..nisa
subsystem. However, from what was shown above: ' = {A N X: A € a} is inscribed in
B ={A N X:A € y}. This means, by the definition of inscribedness, for each element of
the system A; N X:i = 1..n there is an element B € f, into which the first one is
included. This means that we can select a subsystem B;:i = 1..n of the system f such
that for any i = 1..n it will be true that A; N X < B;. But then, according to what was
shown above, we obtainthat x € B;,y € B,,and B;NB;.; D (A, nX) N (A;z1 N X) #
@. Then we find that for the system B;:i = 1..n, itistruethat B, N B;,; # @,and x €
B,y € B,, while from the above it follows that the system B;:i = 1..n is a subsystem
of the system £. Due to the arbitrariness of considering a uniform covering of the space
(X,U) and a pair of points of the set X: x and y, we obtain that for any points x and y from
X and any uniform covering of the space (X,U) there is a finite chained subsystem
B;:i = 1..n covering S connecting points x and y, according to what was proven above.
Therefore, by the proposition 1 we obtain that the space (X,U) is uniformly connected.
Due to the arbitrariness of considering an everywhere dense subspace (X,U) of some
uniformly connected space (Y,V), we obtain that a dense subspace of any uniformly
connected space is uniformly connected, according to what was proven above. So, the
following proposition holds.

Proposition 2.3. Any dense subspace of an arbitrary uniformly connected space
is uniformly connected.

Let now be given a uniform space (X,U) that is dense in a uniform chained space
(Y,V). Then consider an arbitrary open 8 € U and select for it, similarly to the case

considered abovey € V: § = {AN X:A € y}. Forsuchy € V, we select an open a € V,
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which is inscribed iny. Then a’ = {AN X: A € a} will be inscribedin § ={ANX:A €
v}. By the definition of uniformly chainedness, there is a number N, such that for any
points x and y in the space Y there is a finite chained sequence of elements o connecting
points x and y of length n < N,. Consider arbitrary x, y € X. For a given pair, we denote
the corresponding chained system as A;:i = 1..n. Itistrue that x € A;,y € 4,,, fori =
1..n—1:A; N A;;1; # @. From the openness of a it follows that A;:i = 1..n is a system
of open sets, and the chainedness of the latter means that each A;:i = 1..n is non-
empty. Thismeansthat A;:i = 1,nand A; N 4;,; # @:i = 1..n — 1 are neighborhoods
of some points in the space Y. This means that it is similar to the proof above with
uniformly connectedness of everywhere dense subspaces of uniformly connected spaces
ANX#@:i=1.nand (4; nX)N(4;4,1 NX) #0:i =1..n— 1. Therefore, we
obtain that the system A; N X:i = 1,n is a system of non-empty sets, and x,y € X,x €
A,y €A, meansthatx € A, N X,y € A, n X, withthis(4;, nX) N (4;;1 NX) #

@:i = 1..n — 1. This means that the system A; N X:i = 1..nischained,and « € V
meansthat U 3 a’ = {A N X: A € a}, for which 4; N X:i = 1..n is a subsystem. But
from what was shown above, @’ = {AN X: A € a}isinscribedinf = {ANX:A € y}.
This means, similarly to the proof of the previous proposition, we can select a subsystem
B;:i = 1,n of the system g such that B; N B;,; # @,and x € B;,y € B,, where n < N,.
The arbitrariness of x and y means that for any pairs x and y from X there is a chained
sequence of covering elements 8 connecting x and y, with a smaller N,. The
arbitrariness of § € U implies that for any € U there is a number N such that for any x
and y from X there is a chained sequence of sets from £ connecting x and y, having
length less than N. That is, by definition we obtain that the space (X,U) is uniformly
chained. From the arbitrariness of considering (X,U), everywhere dense in some
uniformly chained (Y,V), we obtain that any dense subspace of any uniformly chained
space is uniformly chained by what was proved above. This means that we have just

proved the following statement.
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Proposition 2.4. Any dense subspace of an arbitrary uniformly chained space is
uniformly chained.

2.4. Some mappings that preserve the properties of uniform connectedness
and uniform chainedness.

Theorem 2.5. If f:(X,U)—(Y, V) is uniformly quotient mapping, and the inverse
Image of each point at f is a uniformly connected space, then if the space (Y,V) is
uniformly connected, then the space (X,U) is uniformly connected.

Proof. Let f:(X,U)—(Y, V) be uniformly factorial, and inverse image at f of any
point of the space (Y,V) is uniformly connected space. Then we put the space (Y,V)
uniformly connected. Let in the space (X,U) there exist a disjoint uniform covering a.
This assumption we will assign symbolically as (*). Let us consider a certain point near
the space Y and its inverse image. However, on f~1(y) the uniformity of V induces the
uniformity of the subspace. Therefore a’ = {A N f~1(y): A € a} is a uniform covering
of f~1(y). However, for arbitrary A’, B’ € o' it is true that there exist A, B € a for
whichAn f~1(y) = A, B n f~1(y) = B'. If A and B are different, it is true that A N
B = @, due to the disjointness of the covering a. So, "N B’ c AN B = @. Thatis, A' n
B' = @. That is, for arbitrary A’, B’ € «' it is true that A’ N B’ = @, which means that the
covering o' is disjoint. And the space f~1(y) with the uniformity induced on it does not
contain disjoint coverings as it is uniformly connected by condition in accordance with
the proposition.2. This means that either ' contains only one set, or more than one, but
among its elements only one is a non-empty set. If «’ contains only one set, then for
arbitrary A’,B' € ' itistruethat An f~1(y) = A"’ = B n f~1(y) = B’, which means
that ® # A'n B’ € AN B, that is, that @ # A N B, which in turn implies A=B by
disjunction a, which contradicts the difference between A and B. This means that among
the elements « only one is a non-empty set. Then among the elements a’ = {A N
f~Y(y): A € a} only one is not empty as a set. This means f ~1(y) intersects non-
emptyly only with one of the sets from «. And, since o is a covering, that is, for any x of

the set £ ~1(y) there is an element of « containing x, then £ ~1(y) lies in some set from
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a. Since there is only one set of « with non-empty intersection with f=1(y), f~1(y) lies
in one and only one set of a. Due to the arbitrariness of y, for any y the inverse image
f~1(y) lies in one of the sets of the family a. Let us assign this fact conditionally as
combination of symbols: (1). There are no points f~1(y) in other sets from «, since « is
disjoint.

Consider f(a) and assume that for some A and B froma, f(A) N f(B) = @ is
true. Then we get that there are y € f(A4), f(B). That is, there are a € Aand b € B for
which f(a) = f(b) = y. This means there is ay for which a € A and b € B are such
thata,b € f~1(y). Thatis, f~1(y) N A # @, f~1(y) n B # @. But from (1) for any
point y its inverse image f~1(y) lies entirely in one of the elements of the disjoint a.
Therefore, f~1(y) intersects only with one of the elements of this covering. This means
fTY'y)NA =+ 0, f~1(y) n B # @ shows us that A=B. Thus, for any A and B from a it
Is true that £(4) N f(B) # @ implies A=B, meaning f(A)=f(B). Let us assign this fact of
that f(A)=f(B) conditionally as combination of symbols: (2). Moreover, for any sets A’
and B’ from f(a), there exist sets A and B from a such that f(4) = A’, f(B) = B'. So for
the sets A" and B’ of the covering f(«), the existence of such A and B coverings « such
that f(4) = A', f(B) = B’, and proved above in (2) mean that A'=B" follows from
A'NB'%£@. That is, a non-empty intersection of the covering sets f(A) means their
equality. Thus, from the difference between the two sets in f(A) it follows that if their
intersection were non-empty, they would be equal, which contradicts their difference.
Therefore, different sets from f(A) do not intersect. This means f{«) is disjoint by
definition. However, due to the uniform factor nature of the mapping f, the covering f(a)
is uniform in the image space. Moreover, the image space is uniformly connected, and
therefore, according to proposition 1.4, does not contain disjoint uniform coverings. We
obtain a contradiction from assumption (*) about the existence of a disjoint « € U. This
means that there are no disjoint coverings in U, therefore proposition 1.4 means that the
space (X,U) is uniformly connected. Q.E.D.
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Proposition 2.6. Let we be given a uniformly continuous surjective mapping
f:(X,U) - (Y,V), then if (X, U) is the uniformly connected space, then (Y, V) is the
uniformly connected space.

Proof. This proposition can be easily proven from the definition of uniform
connectedness. When considering an arbitrary h — uniformly continuous mapping (Y,V)
into a discrete uniform space, we obtain that fh is a uniformly continuous mapping (X,U)
into the corresponding discrete space. Due to the uniform connection of (X,U), the
mapping fh turns out to be a constant mapping. The constancy of th entails that at each
point of its domain of definition, h also takes on the same value. Therefore, an arbitrary
uniformly continuous mapping h of the space (Y,V) into a discrete one turns out to be
constant. This becomes a reason to assert that (Y,V) itself is uniformly connected in the
case of uniform connection (X,U). This proves proposition 2.6.

Proposition 2.7. Let we be given a uniformly continuous surjective mapping
f:(X,U) —» (Y,V), then if (X, U) is the uniformly chained space, then (Y, V) is the

uniformly chained space.

Proof. Let us consider an arbitrary uniform covering S of the space Y. We can
select the corresponding uniform covering a = f~1(B). For it, due to the uniform
chainedness of the space X, there exists a corresponding natural number n. Let us be
given two points of image space: a, b. According to surjectivity, they have
corresponding points in their prototypes: ¢, d. Then for points c, d there is a finite
chained sequence of length less than n connecting them. Then we take this system for
considering by us in the following form: A;:i = 1..k; k < n. Because of surjectivity of
f we take, that f(4;):i = 1..k; k < nis subsystem of 5. Case of it is that for surjective
mapping f the operator ff~1 makes any subset of Y be returning to itself. And 4; N
Ajpq #0:i=1..k—1meansthat f(4;) N f(4;+1) 2 f(4; N A;;,) # 0@, so finducts a
finite chained sequence of sets of the family £ on the space (Y,V). Additionally to this,

such a sequence of subsets of the space Y connects the pair of points: f(c) = a and
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f(d) = b. And more, this sequence has been indexed with the order of indexing, which
Is the same with the order of indexing of sequence, consisted of A4;:i = 1.. k, that is why
it formally has the number of its elements, that is k < n; with having of it in our mind
some of sets of got by us secondarily sequence are able to be the same. It means, that for
an arbitrary uniformed cover S of the space Y has been found such a number n, that for
an arbitrary pair of elements of Y there has been found as existing in this sense a chained
sequence of sets of system f3, which connects with each other the corresponding
elements of Y and has the length, less then n. So, (Y, V) is uniformly chained, and,
because of arbitrariness of considering of uniformly continuous surjective mapping of a
uniformly chained space, it means by itself, that any uniformly continuous surjective
mapping with its acting on uniformly chained space means uniformly chainedness of the
space of image.
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The completeness index of uniform spaces was introduced and studied by A.A. Borubaev. It
is remarkable in that it guarantees the decomposition of a uniform space into good inverse spectra.
In this article, special types of the completeness index of complete uniform spaces are introduced,
namely, the index of T-completeness of complete uniform spaces, which characterizes the "degree
of completeness” of complete uniform spaces. The behavior of the t-completeness index of
complete of uniform spaces under basic operations on uniform spaces is studied. In particular, a
solution is given to A.A. Borubaev's problem concerning classes of uniform spaces that allow a
perfect mapping onto a complete T-metrizable (in particular, separably metrizable) space.

Key words. completeness index, t-uniformly complete Cech space, Cauchy filter, t-
metrizable space.

bup kanbmTyy MEHKMHIUKTEPIWH WHIAEKCTUH TONYKTYTY A.A. bepybaeB TapaObiHaH
KHPrusuJirCcH aHa H3WJIACHI'CH, aJl MaaHWJIYY, aHTKCHHU all 6I/Ip KaJIBITIITYYy MCf/iKI/IHI[I/IKTGPI[I/IH
TECKEpH CIEKTpJIEpre aXbIpalllblHA KEMWIAWK Oeper. bynm Makamaga TOJNyK OWp KaJbIlTyy
MEUKMHAUKTEPJIMH HMHACKCTUH TOJYKTYTYHYH aTallblH TYpJiepy KUPrU3WieT, TakTan alTKaHaa
TOJAYK OWp KAJIBINTYy MEHUKUHIUKTEPJIUH WHIEKC T-TOJYKTYTY, ajl OWp KaJbIITYy TOJYK
MEUKMHAUKTEPJIMH "TOJYKTYK Japa)kacblH" MYHO310UT. bup KanmbinTyy MEHKUHIUKTEPAETH
HETH3TM aMallJIapblHA T-TOJYK OMpP KaJbINTyy WHISKCTUH TOJIYKTYry alaibl M3WIACHET. Takrar
anTkanna, A.A. bepyOaeBauH TOJIyK MeTpu3alMsUIaHTaH MEUKWUHIMKKE JKETKHJICH YarbUiraH Oup
KaJIBITITYY MeﬁKHHI{HKTepI{HH KJIaCCTaphbl X KOHYHOOI'Y KeﬁFOﬁY YCUMIJICT.

YpyHTTYy c€O316p. UHICKCTHUH TONYKTyry, UYex OoroH4Ya Oup KaJbIITYy T-TOJYK
MeWkuHIuK, Ko huntpu, T-MeTpu3anusiaHraH MEHKUHIUK.

WHnexc momHOTH paBHOMEPHBIX MPOCTPAHCTB ObUT BBEJCH U u3yueH A.A. bopybaeBbiM, OH
3aMCYATCJICH, TEM, UYTO OH IapaHTUPYCT PaA3JIOKUMOCTb PABHOMCPHOI'O MPOCTPAaHCTBA B XOPOIIUC
O6paTHLIe CIICKTPHI. B HaCTO}IL[Ieﬁ CTAaThC€ BBOJATCA CIICHUAJIBHBIC BUbI MHACKCA ITOJIHOTHI ITOJIHBIX
PaBHOMEPHLBIX IMPOCTPAHCTB, & UMEHHO, T-UHJACKCA IOJHOTHI ITOJIHBIX PaBHOMEPHEBIX ITPOCTPAHCTB,
KOTOPOC XapaKTCpU3YCT «CTCICHBb IIOJIHOTBHD)» IIOJIHBIX PABHOMCPHBIX ITPOCTPAHCTB. I/I3yqaeTc51
MOBCACHUEC T-UHACKCA TIOJHOTBI IIOJIHBIX PAaBHOMCPHBIX IIPpH OCHOBHBIX OIICpallUgX Ha

paBHOMEpPHBIMU IpOCTpaHCTBaMU. B yacTHOcTH, faercst pemieHue npoOnemsl A.A. bopybaeBa o

17



KJIaccax PaBHOMEPHBIX MPOCTPAHCTB, JOIYCKAIOIIUX COBEPIICHHOE OTOOpaXeHHE Ha MOJHOEe T-
MEeTpu3yeMoe (B YaCTHOCTHU cenapadbebHO METPU3YyEeMOE) MPOCTPAHCTBO.
KiroueBble ¢j10Ba. WHACKC IOJHOTHI, T-PAaBHOMEPHO MOJHOE MO Yexy mpoCTpaHCTBO,

¢bwieTp Komm, T-MeTpu3yemoe mpoCTpaHCTBO.

Let (X, U) be a uniform space.

Definition 1. LetH < U be a subsystem consisting of covers of cardinality < .
The space (X,U) is called T — H-complete, and the system H is called complete, if
every H is Cauchy filter F has at least one point of adherence, i.e., in N {[M]: M €
F} +# Q.

Definition 2. Let (X,U) be a complete uniform space. The smallest cardinal
number u is called the indexz-completeness of the uniform space (X, U), if there
exists a system H < Uconsisting of covers of cardinality < t, such that |H| = u and
(X,U) are T — H-complete.

The index of T-completeness of a complete uniform space (X, U) is denoted by
T —ic(U).

A uniform space (X, U) is called t-uniformly locally compact if there exists a
uniform cover of cardinality < 7. Xy-uniformly locally compact spaces are called
strongly uniformly locally compact.

Proposition 1. For a complete uniform space (X, U), the following conditions
are equivalent:

1. T —ic(U) = 1;
2. (X,U) is t-uniformly locally compact.

Proof. Let the system H consist of a uniform cover a € U of cardinality < t,
and let the uniform space (X,U) be T — H-complete. Then, there exists a uniform
cover y € U of cardinality < 7, consisting of closed subsets of y > a. We will prove
that y € U consists of compact sets. Let G € y be some set, and F; be some filter in
the set G. Then, the system F = {M c X:3aM, € F;: M; c M} is an H-Cauchy filter.

Due to the t — H-completeness of the space (X,U), this space has a point of
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adherence x € G, and thus, the point x € G is a point of adherence of the filter F.
Hence, G is compact.

If the uniform cover a € U of cardinality < 7 consists of compact sets, then
every H-Cauchy filter such that H = {a} has a point of adherence. Therefore, T —
ic(lU) =1.

Corollary 1. For a complete uniform space (X,U), the following conditions
are equivalent:

1. c—ic(U) =1;
2. (X, U) is strongly uniformly locally compact.

Proposition 2. Let f: (X,U) — (Y, V) be a perfect uniformly continuous map
of (X,U) onto a complete space (Y,V). Then (X,U) is also complete and 7 —
ic(U) <t —ic(V)-complete.

Proof. Let P c V be a system of covers of cardinality < , such that the space
(Y,V) is T — P-complete and 7 — ic(V) = |P|-complete. Let H = {f "1y:y € P} be
arbitrary. We will show that the space (X, U) is T — H-complete. Choose an arbitrary
H-Cauchy filter F in (X,U). Then, fF is a P-Cauchy filter in (Y, V), and due to the
P-completeness of the space (Y,V), it has a point of adherence y € Y. Since the
mapf is perfect, the filter F has a point of adherence x € f~1y. Therefore, (X, U) is
H-complete. Since |H| < |P|, we conclude that T — ic(U) < t —ic(V).

Lemma 1. Let (X, U) be a complete uniform space and t — ic(U) < u. Then,
there exists a pseudo-uniformity B < U, consisting of covers of cardinality < t, such
that w(B) < tand the system B are t — B-complete.

Proof. Let H c U be a system of covers of cardinality < t, such that 7 —
ic(U) = |H|. For each cover y € U, we choose a normal sequence of uniform covers
of cardinality <z ¢, = {y,}, such that y; =y. Let H' =U {¢,:y € H} be defined as
follows. Denote by H” the set of all possible finite internal intersections of covers
from H', and B is the family consisting of covers into which a cover from H” can be

inserted. It is clear that the family B is a complete pseudo-uniformity, and w(B) < t.
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A uniform space (X,U) is called z-uniformly complete Cech space if it is
complete and T — ic(U) < X,. A uniform space (X, U) is called T-metrizable if it has
a countable base consisting of covers of cardinality < 7. Uniformly N,-metrizable
spaces are called separably metrizable spaces.

The following theorem is the solution to the problem posed by A.A. Borubaev.

Theorem 1. For a uniform space (X,U), the following conditions are
equivalent:

1. The uniform space (X, U) is t-uniformly complete Cech space;

2. The uniform space is (X, U) mapped onto some complete t-metrizable uniform
space (Y, V) by a perfect uniformly continuous map;

3. The uniform space (X,U) is the limit of the inverse system {(X,, U,), h2, M}
consisting of complete z-metrizable uniform spaces (X,,U,) and perfect
uniformly continuous maps "onto" 42.

Proof.1 = 2 Let the space (X, U) be a t-uniformly complete Cech space, i.e.,
it is complete and satisfies t — ic(U) < X,. By Lemma 1, there exists a pseudo-
uniformity B < U, consisting of covers of cardinality < 7, such that w(B) < X, and
the system B are strongly B-complete. Then, by Lemma 1.1.13 [1], for the pseudo-
uniform space (X, B), there exist a uniform space (Y,V) and a uniformly continuous
map f:(X,B) — (Y,V), such that the family {f ly:y € V} forms a base of the
pseudo-uniformity Band satisfies w(B) < R,.It remains to check that Fy has a point
of adherence in (Y, V), after which the completeness of (Y, V) follows. Let Fy, be an
arbitrary Cauchy filter in (Y, V), consisting of covers of cardinality < 7, such that
F={M c X:M > f~1L} corresponds to some L € Fy}. Since the family {f 1y:y €
'} forms a base of a B-complete pseudo-uniformity, F is a B-Cauchy filter in (X, U).
By the strong B-completeness of the space (X,U), the filter F has a point of
adherence in (X,U). From the uniform continuity of the map f and fF = Fy, it
follows that Fy has a point of adherence in (Y, V). Therefore, (Y,V) is complete. We
will prove that the map f:(X,B) - (Y,V) is perfect. Let F¢-1,, be some filter in

f~'y,y €Y. We define Fy = {M € X:M D My-1,, VMs-1,, € F-1,,}. Since f 'y =
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N {a(f~'y):a € B}, Fy is a B-Cauchy filter in (X, B). By the B-completeness of the
space (X,U) the filter Fy has a point of adherence x € f~1y. It is clear that x €

f~1yis a point of adherence of the filter Fe-1y, e, f 1y is compact. Let y € Y be an

arbitrary point, and let O be an open set in (X, U) such that 0 > f~1y. We will show
that there exists a set a € B such that a(f~'y) c 0. Suppose L, = a(f"ly)n
(X\O) # @ holds for all . € Band y € Y. It is easy to see that n = {L,:« € B} is a
centered system. Define F = {C c X:C o L,VL, € n}. Itis clear that F is a filter in
X. Let a € Bbe an arbitrary uniform cover. Then, there exists a uniform coverf € B
such that B => a, i.e., there exist A € a and x € f 1y such that f(x) c A. But
B(x) c B(f1y) implies A € F, i.e., F is a B-Cauchy filter in (X, U). Since (X, U) is
B-complete, we conclude that N {{M]: M € F} # @. However, N {[M]: M € F} cn
{la(f "I n(X\0):a € B} =n{a(f 1y) n (X\O):a € B} =@. The obtained
contradiction proves the closedness of the map f.

2 = 1. it follows from Proposition 2.

1=3 Let {(X,,By):a € M} be the family of all complete t-metrizable
pseudo-uniform spaces (X,, U,) such that B, < U holds for all a € M, and each B,
contains a cover of cardinality < z. According to Lemma 1, {B,:a € M} # @ . The
order relation on the set M is introduced in the standard way: a < b if and only if
there exist B, € B, and B, # B,. Note that if a,b € M, then B, = sup{ By, By} € U
is a complete T-metrizable pseudo-uniformity, so M is a directed set.According to
Lemma 1.1.13 [1], for each pseudo-uniformityB,, we can construct a complete -
metrizable uniform space (X,,U,) and a perfect uniformly continuous map
fa: (X,U) > (Xq, Up). Let X = {[x]a:x € X}, [x]g =N {a(x): @ € By}, fux = [x]a,
x €X andU, = {ffa:a € By}.f.Fa = {ffA:A € a}, £ A =X, \f,(X\A). If a <b,
then the map f£l:X, — X, is defined by the formula:£?([x],) = [x]a.x € X. It is
easy to see that the mapfl: (X,,U,) — (X, U,) is uniformly continuous. Now, we
will prove the perfection of the map £,2. Since f, = f.2°f, and f,are perfect maps, £’
is also a perfect map. It is not difficult to verify that if a < b < c, then £,£ = fP°ff.

Thus, we have obtained an inverse spectrum S = {(X,, U,), f.2,M} consisting of
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complete T-metrizable uniform spaces and perfect uniformly continuous maps "onto"
fb. Let(X,0) = lim. We will prove that there exists a uniform homeomorphism
f:(X,U) - (X,0). Let f be the diagonal product of the family of maps. Then, £,
e, fx ={fyx}, x € X. Therefore, f:(X,U) = [[{ (X, Uy):a € M}is a uniformly
continuous map "onto". From f,x = £.2(f,x), it follows that {f,x} e iS a thread of
the spectrum S and fx € X, i.e., the map f: (X, U) — (X, 0) is uniformly continuous.
Next, the bijectivity of the mapf follows from the separability of the space (X, U).
Clearly, U {B,:a € M} forms a base of uniformity U. It is easy to prove that the map
f is a uniform homeomorphism "in". Therefore, f:(X,U) - (X,0) is a uniform
homeomorphism.

3=1. Let (X,U) = limaaZ’ (X4, Uy) be a complete t-metrizable space for

each a € M, and let f? be a perfect uniformly continuous map “onto”. Then the
projection of f£,: (X,U) — (X, U,) is uniformly continuous. Since £ is a perfect
uniformly continuous map “onto”, it follows thatf,is also a perfect uniformly
continuous map “onto”.

From Proposition 1, we conclude that (X, U) is a z-uniformly complete Cech
space.

Corollary 2. For a uniform space (X,U), the following conditions are
equivalent:

1. The uniform space (X, U) is a uniformly complete Cech space;

2. The uniform space (X,U) mapped onto some complete separably metrizable
uniform space (Y, V) by a perfect uniformly continuous map;

3. The uniform space (X,U) is the limit of the inverse
system {(X,, U,), h%, M} consisting of complete separably metrizable uniform
spaces (X,, U,) and perfect uniformly continuous maps "onto" hZ.

Proposition 3. Every t-uniformly complete Cech space is uniformly B-
paracompact.
Proof. Let (X,U) be a t-uniformly complete Cech space. Then, there exists a

complete T-metrizable space (Y,V) and a perfect uniformly continuous map “onto”
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f:(X,U) —» (Y,V). Let {B,,} be a base for the t-metrizable space (Y, V), consisting of
covers of cardinality < 7. Leta,, = f~18,, . We will show that a sequence of {a,}
uniform coverings of cardinality < t, for any finite additive coverd of the space
(X, U), satisfies condition (BP) [4]. Choose an arbitrary point x € X. Since f 1y is

compact, there exists a finite number of elements L; from the cover of A such that A.
i1=11 l'fll
Clearly, U L; €A1 . Let L =U L;. Due to the closedness of the map f, the set

O=Y\f(X\L) is a neighborhood of the point y € Y. Thus, there exists an n € N -

element coverg, (y) c O such that a,,(x) c Lcovers x € f~1y. Therefore, (X,U) is
uniformly B-paracompact.

Theorem 2. For a uniform space (X,U), the following conditions are
equivalent:

1. (X,U) is a t-uniformly complete Cech space;
2. (exp, X ,exp, U) is a T-uniformly complete Cech space.

Proof. Let (X, U) be a z-uniformly complete Cech space. Then, by Theorem 1,
the uniform space (X,U) perfectly maps onto some complete z-metrizable space
(Y,V). It is known that the map exp, f:(exp, X,exp,U) - (exp, Y, exp, V),
expn( /)(F) = f(F), F € exp, X, is a perfect uniformly continuous map “onto”. By
Theorem 0.6.5 (see [1]), the uniform space (exp,, Y ,exp, V) is complete, and by
Corollary 0.6.2 (see [1]) and Conclusion 0.6.4 (see [1]), the space (exp,, Y ,exp, V)
IS T-metrizable. From Theorem 1, it follows that (exp, X, exp,, U) is at-uniformly
complete Cech space.

Corollary 3. For a uniform space (X,U), the following conditions are
equivalent:

1. (X, U) is a uniformly complete Cech space;
2. (exp, X ,exp, U) is a uniformly complete Cech space.
The work was carried out within the framework of the project of IM of NAS of KR.
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MSC: 54E15
UNIFORMLY p-u-PLUME SPACES

!Kanetov B.E., !Zhusupbekova E.N., 'Kozhomberdieva A.T.
LJusup Balasagyn Kyrgyz National University

The topological properties of plumeness and paracompactness are independent. However, in
the class of uniform spaces, the property of uniform plumeness implies the property of uniform
paracompactness. Uniformly plumeness spaces were introduced and studied by A.A. Borubaev.
Uniformly plumeness spaces are sufficiently broad, containing all compact, uniformly locally
compact, uniformly Cech - complete spaces, and metrizable spaces. In the class of uniform spaces,
the general solution to the problem belongs to A.A. Borubaev: uniformly plume spaces, and only they
are the images of metrizable uniform spaces under perfect mappings. From this theorem, the theorem
of A.V. Arkhangelskii follows, characterizing plume paracompacts as perfect preimages of metric
spaces. Naturally, the following question arises: which uniform spaces can be perfectly mapped onto
u-metrizable spaces? Therefore, it is very important to attempt to find a class of uniform spaces that
could be perfectly mapped onto u-metrizable spaces. The present work studies z-u-uniformly plume
spaces.

Keywords: uniformly plume spaces, uniformly Cech-complete, uniform covering, perfect mapping.

Kanatuanyy »aHa mapakoMIakTTyy TOMOJIOTHSIJIBIK KACUETTEP KO3 KapaHIbIChI3. bupok, oup
KaJIBINTYy MEHKMHIUKTED KIACChIHAA OWp KaJbINITyy KaHaTdalyy KacHeTTeH OWp KaJbIITyy
MapaKOMITAKTTYYJYK KaCUET KEJIMM YbIraT. bup KanpInTyy KaHATYAlyy MEHKUHIUK TYIIYHYTYH A.A.
bepybaeB kuprusreH jkaHa W3WIACTeH. bup KamplTyy KaHAT4alyy MEHKHHIUKTEp OapipIK
KOMIIAKTyy, OMp KaJIBINITYy JIOKAJIAYY KOMIIAKTYy, Oup Kaiueintyy Yex OOrOHYA TOJTYK MEHKUHIIUK
JKaHa MCTPUKAJIbIK MeﬁKHH,Z[PIKTepI[H KAMTBIIT. BI/Ip KaJIBIIITYY MeﬁKHH,Z[HKTep KJIaCCbIHAa
MCETpU3alUAIaHIaH MeﬁKHH,I[HKTpe,I[HH JKETKUIJICH 3JICCH )KOHYHIOI'Y MACCIICHUH JKaJIllbl YCUUJINIINH
A.A. bepybaeBre TaaHIpIK: OMp KalbINTyy KaHAaTYaJaHTaH MEWKMHIUKTEp aHa ajap TaHa
MCETpU3alUAIaHIaH 6I/Ip KaJIBIIITYY MeﬁKHHI{HKTepI{HH KETKHUIICH JJIECU 60J'IYH caHaliaTt. BYJ'I
TCOpCMaaaH A.B. ApXﬂHFeHLCKI/II}'I,Z[HH KaHaT4aJlIaHT'aH apaKkoMIIaKTTap MCTPUKAJIBIK
MeﬁKPIH,[[PIKTepI[PIH KETKHIICH Kaﬁpa 9JICCU KaTapbl MYHO3IOJIOT ACTCH TCOPEMACHI KCJIMII YbIT'aT.
TGMGHKY CypOO KCJIHUII YbIT'aT: KaH,Z[afI 6I/Ip KaJIBITITYY MeﬁKHHI{HKTep HU-METpHU3alHusIaHTaH
MEHKUH/ANKKE JKeTKWIEH  4YarbULABIPBUIBINBI  MYMKYH?  OIIOHAYKTaH, Oyn  p-MeTpHKa
MEHKUHAUKTEpre KapTaja 00J10 TypraH OUp KaJbIlITyy MEHKUHAUKTEPIMH KJIACCHIH Ta0yyra apaker
KbUTyy a0faH MaaHuiyy. byn makanana p-u-mMeTpuka Oup KajJbllITyy KaHaT4alyy MEHKUHIAUKTEpU

N3UITACHUIICT.
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Herusru ce3aep. Oup KanbIlTyy KaHaT4aJlaHTaH MEHKUHAUKTED, Yex 60roHYa OUp KalbIITyy
TOJIYK MEHKUHAUKTEP, OUp KAJIBINTYY 5Ka0/1yy, )KETKUICH YarblIIbIpYYy.

Tononornyeckue CBOMCTBA IEPUCTOCTH M MAPAKOMIIAKTHOCTH SBJISIIOTCS HE3aBUCHMBIMH.
OpHako, B Kjacce pPAaBHOMEPHBIX IPOCTPAHCTB CBOMCTBO PABHOMEPHOW IIEPUCTOCTU BIIEYET
CBOMCTBO paBHOMEPHOW apaKOMITAKTHOCTH. PaBHOMEpPHO mepucTbie IPOCTPAHCTBA ObLIN BBEICHBI
n mydeHol A.A. bBopybOaeBpiM. PaBHOMEpHO mepucThie MPOCTPAHCTBA JOCTATOYHO IIUPOKH, OHH
COZIepKaT BCE KOMIIAKTHBIE, PABHOMEPHO JIOKAJIBHO KOMITAKTHBIE, PABHOMEPHO IIOJIHBIE B CMBICIIE
Yexa mpocTpaHCTBA U METPU3yEMBbI€ NIPOCTPAaHCTBA. B Kilacce paBHOMEPHBIX MPOCTPAHCTB oOIIee
pelieHre mpoOsiieMbl O COBEPLIEHHBIX 00pa3ax METPU3YEMbIX MPOCTPAHCTB MPUHAIICKHUT A.A.
bopybaeBy: paBHOMEpHBIE MEpPUCTBIE NPOCTPAHCTBA U TOJBKO OHHU SBISIOTCA oOpa3zamu
METPHU3yEMbIX PaBHOMEPHBIX MPOCTPAHCTB MPHU COBEPLIEHHBIX OTOOpaxeHUsX. M3 3Toil Teopembl
cinenyer Teopema A.B. ApPXaHreiabCKOro O XapakTEPUCTHKE IEPUCTBIX IMAPAKOMITAKTOB Kak
COBEpILEHHBIX IPOOOPA30B METPUUECKUX IPOCTPAHCTB. ECTECTBEHHO BBITEKAET CIIEAYIOIIAs 3a/1a4a:
KaKhe paBHOMEpPHBIE MPOCTPAHCTBA MOTYT OBITH COBEpIIEHHO OTOOpa)KE€HBl Ha [-METpU3yeMble
npocTtpancTBa? [1oaTOMy BechMa BaXkHa MOIBITAaTbCS HAMTH KIJIACC PABHOMEPHBIX IMPOCTPAHCTB,

KOTOpbIE MOTJIM Obl COBEPIIEHHO OTOOpa)K€HbI Ha [-METpU3yeMble IMPOCTpaHCTBA. B Hacrosieit
paboTe nzyuarorcs f-U-paBHOMEPHO MEPUCTBIE TPOCTPAHCTBA.

KiwueBble c10Ba. paBHOMEPHO TEPUCTHIC MPOCTPAHCTBA, PABHOMEPHO IMOJIHBIE 10 Yexy

MIPOCTPAHCTBA, PABHOMEPHOE IMOKPHITHE, COBEPIICHHOE 0TOOpaKEHHE.

Let (X, U) be a uniform space and H c U be a subsystem consisting of countable
covers. A uniform space (X, U) is called ¢ — H-complete, and the system H is called
complete, if every H -Cauchy filter F has at least one point of contact, i.e., n {{M]: M €
F} +# Q.

Let (X, U) be a complete uniform space. The smallest cardinal number t is called
the ¢ -index of the completeness of the uniform space (X, U), if there exists a system
H c U of countable covers such that |H| = 7 and (X, U) are ¢ — H-complete.

The ¢ -index of the completeness of the uniform space (X, U) is denoted by ¢ —
ic(U).

A uniform space (X, U) is called u-uniformly Cech—complete if it is complete
and ¢ — ic(U) < N,.
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A uniform space (X,U) is called uniformly plume if there exists a
pseudouniformity P c U satisfying the following conditions:
1. w(U) < Ry;
2. N{a(x):a € P} = K, is compact for any x € X;
3. The system {a(K):a € P} is a fundamental system of neighborhoods K, in

(X, ty) foreach x € X [1].

Definition 1. A uniform space (X, U) is called u — u-uniformly plume if there
exists a pseudouniformity P U consisting of covers of cardinality < u, satisfying the
following conditions:

1. w(U) < N;
2. N{a(x):a € P} = K, is compact for any x € X;
3. The system {a(K):a € P} is a fundamental system of neighborhoods K, in

(X, ty) foreach x € X.

N, — u-uniformly plume spaces are called u-uniformly plume spaces.

Theorem 1. Every compact space (X,U) is u — u-uniformly plume.

Proof follows from Definition 1.

Corollary 1. Every compact space (X, U) is u-uniformly plume.

A uniform space (X,U) is called u — u-metrizable if it has a countable basis
consisting of covers of cardinality < u. Uniformly X,-metrizable spaces are called
separably metrizable spaces.

Theorem 2. Every u — u-metrizable space (X,U) is u — u-uniformly plume.

Proof follows from Definition 1.

Corollary 2. Every separably metrizable space (X, U) is u-uniformly plume.

Theorem 3. If a uniform space (X, U) is u — u-uniformly Cech—complete then
(X,U) is u — u-uniformly plume.

Proof. Let (X, U) be a u — u-uniformly Cech—complete. Then, by Lemma 1.2.11
([1]), there exists a pseudouniformity P < U consisting of covers of cardinality < pu,
such that w(U) < X, and the family P are complete. For each x € X, let K,, =N
{a(x): a € P} be defined. We aim to show that K,, is compact in (X, U). Let F, be an
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arbitrary filter in K. Let F = {E c X: E D B, be defined for some B, € F.}. Then F
is a B -Cauchy filter in (X, U). Since P is a complete system, it follows that N {[E]: E €
F} # @. Itis easy to see that K, is closed in (X,U) and N {[E]: E € F} c {[B,]: B, €
E.}. Hence, F, has a point of contact in K,,, meaning K, is compact. Let G be an open
setin (X,U) suchthatG o K,. LetS, = a(K,) N (X\0) be defined. Suppose that S, +
@for some a € P. Thenthe system A = {S,: a € P}iscentered. Let F ={M c X:M D
S, be defined for some S, € A}. Then the filter F is a B -Cauchy filter in (X, U), and
because P is complete, we have N {[M]: M € F} # @. If a x> f3, then [S,] € Sg so N
{[M]:M € F} cn {[S,]: a € P} = @, for some B, € FE.}, leading to a contradiction.
Therefore, {a(x): « € P} is a fundamental system of neighborhoods for K, in (X, 7y)
for each x € X.

Corollary 3. If a uniform space (X,U) is u-uniformly Cech—complete, then
(X, U) is u-uniformly plume.

Theorem 4. If for a uniform space (X, U) every pseudouniformity P c U is u -
bounded, then the following conditions are equivalent:

1. The uniform space (X, U) is u — u-uniformly plume;
2. The uniform space (X, U) is uniformly plume.

Proof. 1. = 2. Obvious.

Sufficiency. Let (X,U) be uniformly plume space. Then there exists a
pseudouniformity P < U satisfying conditions 1-3 of Definition 1.4.1 (see [1]). Due
to the u-boundedness of P, there exists a basis B c P consisting of covers of cardinality
< u. Itis then easy to see that conditions 1-3 of Definition 1 are satisfied.

Corollary 4. If for a uniform space (X, U) every pseudouniformity P c U is ;-
bounded, then the following conditions are equivalent:

1. The uniform space (X, U) is u-uniformly plume;
2. The uniform space (X, U) is uniformly plume.
Theorem 5. For a uniform space (X, U) the following conditions are equivalent:

1. The uniform space (X, U) is u-uniformly plume;
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2. The uniform space (X,U) can be mapped onto some separably metrizable
uniform space (Y, V) by a perfect uniformly continuous mapping.

Proof. 1.= 2. Let the space (X,U) be u — u-uniformly plume. By Lemma
1.1.13 (see [1]), there exists a pseudouniformity B c U consisting of covers of
cardinality < u such that w(B) < X, and the system B is strongly B-complete.
Moreover, for the pseudouniform space (X, B), there exist a uniform space (Y, V) and
a uniformly continuous mapping “onto” f:(X,B) — (Y,V) such that the family
{f 1y:y € v} forms a basis for the pseudouniformity Band w(B) < X,.We will show
that the mapping f: (X, B) — (Y, V) is perfect. Let F;-1,, be afilterin f~'yand y € Y.
Since f 1y =n {a(f "1y): a € B} is uniformly continuous, Fy is a B -Cauchy filter in
(X, B). By the B-completeness of (X, U), the filter Fy has at one cluster point x € f~1y.

Clearly, x € f "y isalso a cluster point of F¢-1,,, meaning that f 'y is compact. Now,

let y € Y be an arbitrary point and let Obe an open set in (X, U) suchthat 0 o f~1y
We will show that there exists a uniform cover a € B such that a(f~'y) c 0

Suppose, that L, = a(f "1y) n (X\0) # @ foreverya € Band y € Y. Itis easy to see
that n = {Ls: a € B} is acentered system. Put F = {C < X:C > Ly, L, € n} Let F be

the filter X. Let « € B be an arbitrary uniform cover. Then there exists a uniform cover
£ € B such that 8 *> a i.e. that there exist A € a and x € f~1y such that 8(x) c A.
But B(x) € B(f~1y), hence A € F,i.e., F isa B -Cauchy filter in (X, U). Since (X, U)
is B-complete, it follows that n{[M]:M eF}+@. But n[[M]:M € F}cn
{(la(f )] N (X\0):a € B} =n {a(f"'y) N (X\o):a € B} = §
This contradiction proves that fis a closed map. Since f is both compact and closed, it
Is a perfect map.

2.= 1. It follows from Definition 1 and Lemma 1.1.13 (see [1]).

Corollary 5. For a uniform space (X,U), the following conditions are
equivalent:

1. The uniform space (X, U) is u-uniformly plume;
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2. The uniform space (X,U) can be mapped onto some separably metrizable

1.
2.

uniform space (Y, V) by a perfect uniformly continuous map.

Theorem 6. For a uniform space (X, U), the following conditions are equivalent:

(X, U) is u — u-uniformly plume;

(exp. X ,exp. U) is u — u-uniformly plume.

Proof. Let (exp.Y ,exp.V) be a u — u-uniformly plume. Then it is easy to see

that the space (X, U) is u — u-uniformly plume. Conversely, suppose the space (X, U)

Is u—

u-uniformly plume. Then the space (X, U) is perfectly mapped onto some u-

metrizable space (Y,V). It is known that the map exp.f:(exp.X,exp, U) —

(exp. Y ,exp.V),exp.(f)(F) = f(F), F € exp. X, is aperfect uniformly continuous

map “onto”. Thus (exp. X, exp. U) is u — u-uniformly plume.

Corollary 6. For a uniform space (X,U), the following conditions are

equivalent:

1.
2.

(X, U) is u-uniformly plume.
(exp. X ,exp. U) is u-uniformly plume.
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MSC: 54E15
ABOUT UNIFORMLY LINDELOF SPACES

B.E. Kanetov!, B.Z. Rakhmankulov?, M.A. Abdraimova?, S.0. Mirzaliev!
LJusup Balasagyn Kyrgyz National University

Lindelof spaces occupy a central place in General Topology. There have been some variants
in defining uniformly Lindel6fness of uniform spaces. For example, uniform B-Lindel6fness in the
sense of A.A. Borubaev, uniform A -Lindel6fness in the sense of L.V. Aparina, uniform [ -
Lindeldfness in the sense of J. Isbell. L.VV.Aparina showed, that all uniformly A-Lindel6f spaces are
complete. From this follows that non complete separable metrizable uniform space are not uniformly
A-Lindel6f. It is worthwhile mentioning that all uniformly A-Lindel6f spaces are uniformly B-
Lindel6f and, consequently, the properties (B) of all uniformly B-Lindel6f spaces is wider than the
properties (A) of all uniformly A-Lindel6f spaces. In this article we show a new approach to the
definition of a uniform analogue of Lindel6fness. We introduce uniform Lindel6f space and
investigates their connections with other uniform properties.

Keywords. finitely-additive open cover, star finite uniform cover, X, -boundedness,
Lindeldfness, uniformly Lindel6fness.

JInanenédpTyk MEMKMHAMKTEp >KalIbl TOIOJIOTHUALAa OOpOOpayK oOpyHay 33niemeT. bup
KJIBIITYy MEHKUHAUKTEPAUH Oup Kaneintyy JInanenédryynyryHyH aipeim Typaepy 0ap. Mucaisl,
A.A. bepy0aeBiuH MaaHUCUHJIETH OUp KanbinTyy B-nmuanenédryynyk, JI.B. AnapuHaHblH MaaHH-
cuHJiern Oup kanelntyy A-nunaenédryynyk, k. Mcbemnnun maanucunaeru [ -nuHaenépryymnyk.
JI.B.Anapuna 6apapik 6up KanelnTyy A-mUHIENEPTYK MEUKUHAUKTED TOJYK SKEHUH JalIUJIJIETeH.
MpIHIaH TOJNYK 3Mec cemapalenjlyy MeTpu3alusiaHraH MEWKHUHIUKTEep Oup Kaubryy A -
TUHAENEPTYY IMEC SIKEHHU KeNuIl ublratT. bapasik oup kaneinryy A-nuHaenéryk MENKUHAUKTEp Oup
Kanelntyy B -nuHpaenédryy OonaronaykraH —OapAplk  Oup  Kameintyy B -nuHaenédryk
MelkuHAuKTepauH (B) kimaccel OGapapik Oup Kanmeimtyy A -muHAENEDTYK MEHKUHIUKTEpIuH (A)
KJIacChlHaH KeHeH OosoT. byn Makanaga JIuHnenédryyayKTyH aHBIKTaMachIHBIH >KaHbl TYpPY
cynymranar. bup xaneintyy JluHaenépryk MeWKMHIUMK KHPrH3WIET KaHa aHbIH Oamika Oup
KaJIBIIITYY KaCUCTTCP MCHCH 00JroH 6aﬁHaHBIHITapLI U3NIICHCHT.

Herusru ce31ep.uekTyy-aJIMTUBAYY aublK >kKa0ayy, *KbUIABI3NYY YEKTYY OUp KaJbINTyy
xaomyy, No-uekrenreHnuk, Jiuanenédryynyk, oup kaneintyy Jluagenépryymyk.

Jlunnen€poBel TPOCTpPAaHCTBA 3aHUMAIOT IIEHTPATLHOE MECTO B OOIIEH TOMOJOTHH.
Cyl1ecTByIOT HEKOTOpBIE BapUaHThI OIpeneieHusi paBHOMepHOH JInHen€PpoBoCcTH paBHOMEPHBIX

npoctpaHcTB. Hanpumep, paBHoMepHO B-nuHenéhoBocTh B cMbicie A.A. bopybaeBa, paBHOMEPHO
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A-maapenédoBocth B cmbicie JI.B. Anapunoii, paHomepHas [ -nmuaaenédoBocts B cMbicie JIk.
Ncbemna. JI.B. Anmapuna pokaszajna, 4To BCe PaBHOMEPHO A-THMHEIEDOBBI MPOCTPAHCTBA TOJIHBI.
Otcroga cineayeT, 4yToO HE MOJHBIE cenapadellbHO METpU3yEeMbl€ IMPOCTPAHCTBA HE SIBIISIFOTCS
paBHOMepHO A-muHaenédoBbiMu. CreayeT OTMETHTh, YTO BCE PABHOMEPHO A-THHICIEDHOBBI
MPOCTPAHCTBAa PaBHOMEPHO B -nuHAenEPoBhl U, clienoBaTeiabHo, Kiacc (B) Bcex paBHOMEpHO B -
TUHIENEHOBBIX MPOCTpAaHCTB mHUpe, 4YeM kiacc (A) Bcex paBHOMEpHO A -THHIENEDOBBIX
MpOCTpaHCTB. B JaHHOM cTaThe MBI MpejyuiaraeM HOBBIM MOAXO0J K ONpEAeTICHUI0 PaBHOMEPHOIO
ananora JlungenédoBoctu. Boasrca pasHomepHo JluHnenédoBsl MpocTpaHCTBa M U3Y4aeTCs HX
CBSI3b C JPYTUMHU PaBHOMEPHBIMU CBOMCTBAMH.

KiroueBbie cj10Ba. KOHEUHO-3JIMTUBHOE OTKPBITOE TOKPHITHE, 3BE3JHO KOHEYHOE

pPaBHOMEPHOE MOKPHITHE, N-OrpaHUYCHHOCTD, JInnaenépoBocts, paBHOMepHAas JIMHAENEDOBOCTD.

Throughout this work all uniform spaces are assumed to be Hausdorff and
mappings are uniformly continuous.

For coverings a and S of the set X, the symbol a > 8 means that the covering
a is a refinement of the covering S, i.e. forany A € «a there exists B €  such that A c
B and, for coverings a and § ofaset X,wehave:a Af ={ANB:A€ a,B € [} The
covering a is finitely-additive if a“ = a, a“ = {U ay: a, € ais finite}. a(x) =U
St(a,x), St(ae,x) ={A€a:A>3x}, x€X, a(M) =U St(a,M), St(a,M) ={A €
aANM+ 0}, McX.

A uniform space (X,U) is called uniformly A -Lindel6f, if for each open
covering a exist a countable uniformly covering § = {B,;:n € N} and y € U such that
g > a“and y(B,) c B,,; for any n € N [2]; a uniform space (X,U) is called
uniformly B-Lindel6f, if it is both uniformly B-paracompact and X,-bounded [1]; a
uniform space (X, U) called uniformlyl-Lindel6f, if every uniform cover has a locally
finite uniform refinement [3]; a uniform space (X, U) called uniformlyA-paracompact,
If every open covering has a locally finite uniform refinement [1]; a uniform space
(X, U) called strongly uniformlyA-paracompact, if every open covering has a star finite
uniform refinement [4]; a uniform space (X, U) called uniformly B-paracompact, if for
each finitely-additive open covering A of (X, U) there exists such sequence uniform

covering {a;:i € N} c U, that following condition is realized: for each point x € X
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there exist such number i € Nand L € Athat a;(x) < L (U) [1]; a uniform space (X, U)
Is called X,-bounded if the uniformity U has a base consisting of countable coverings
[1]; a uniform space (X,U)is called strongly uniformly locally compact if the
uniformity of U contains a locally finite uniform covering whose closure of each
element is compact [2]; a uniform space (X, U)is called uniformly locally Lindelof if
the uniformity of U contains a uniform covering whose closure of each element is
Lindelof [5]; a uniformly continuous mapping f: (X, U) — (Y, V) of uniform space
(X, U) onto a uniform space (Y, V) is called a precompact, if for each a € U there exist
a uniform covering B € V and finite uniform covering y € U, such that f~1f Ay >
«[1]; a uniformly continuous mapping f: (X,U) — (Y, V) of uniform space (X, U)
onto a uniform space (Y, V) is called a uniformly perfect, if it is both precompact and
perfect [1]; a uniformly continuous mapping f: (X,U) — (Y,V) of uniform space
(X, U) onto a uniform space (Y, V) is called a uniformly open, if f maps each open
uniform covering « € U to an open uniform covering fa € V [1]; for the uniformity U
by t, we understand the topology generated by this uniformity; for the Tychonoff
space X by Uywe understand a universal uniformity.

Let (X, U)be a uniform space.

Definition 1. A uniform space (X, U) is said to be uniformly Lindel6f, if it is
both strongly uniformly A-paracompact and X,-bounded.

Theorem 1. If (X, U) is a uniformly Lindel6f space then its topological space
(X, ty) is uniformly Lindelof. Conversely, if (X, 7) is Lindelof topological space, then
the uniform space (X, Uy) is uniformly Lindelof.

Proof. Let a be an arbitrary finitely-additive open cover of (X, ty) . Then for
covering «a exists a star finite uniform covering £ such that 8 > a. Since the space

(X,U) is X,-bounded the covering § contain countable uniformly subcovering ;.
J=1

Then for any i € N we have B; c U Aj. The system {B; N4}, i=12,...,n,j=

1,2,...,k forms a countable open covering which is refinement in covering «.

Consequently, the space (X, ty) is Lindeldf.



Conversely, if (X, ) is Lindel6f, then the system of all open coverings forms a
base of universal uniformity Uyof the space (X, 7). It follows from this that (X, Uy)is
uniformly Lindelof.

Theorem 2. Any compact space is uniformly Lindelof.

Proof. Since any compact uniform space is precompact and strongly uniformly
A-paracompact. Consequently, the uniform space (X, U) is uniformly Lindelof.

Theorem 3. Any uniformly Lindel6f space is strongly uniformlyA-paracompact.

Proof. Implies from the definitions of uniformly Lindel6fness.

Corollary 1. Any uniformly Lindelof space is uniformly A-paracompact.

Theorem 4. Any closed subspace of a uniformly Lindel6f space is uniformly
Lindelof.

Proof. Let (M, U, ) be a subspace of (X,U). Note that space (M, Uy,) is X,-
bounded. Let a,, be an arbitrary finitely-additive open cover of the subspace (M, Uy,).
Then there exits finitely-additive open family aof (X, U), such that a A {M} = ay,.
Denote f = {a, X\M}. Obviously the covering g is finitely-additive open covering of
(X, U).Then exist star finite uniform covering A € U such that A > S. Itis impliesd,, €
Uy, hence A), > ay,. Then it is easy to see that A, is a star finite uniform cover of
(M, Uy). Thus, (M, Uy,) is uniformly Lindel6f.

Corollary 2. Any uniformly Lindel6f space is uniformly locally Lindel6f.

Corollary 3. The real space R with natural uniformity is uniformly Lindel6f.

Proof. It is clear that R is X,-bounded. Let a be a finitely-additive open cover
of R.Putg={(n—1,n+1):n=0,+1,+2,...}. Then Sis star finite uniform cover

of R. Since [n — 1,n + 1] is compact, there exists a finite family {4,,4,,...,4,},
i?ll
Ai€a,i=12,...,nsuchthat (n—1,n+1)c[n—1,n+ 1] c U A;. Therefore,

B > a“. Hence, R is uniformly Lindeldf.

Proposition 4. Any uniformly Lindel6f space is uniformly B-Lindelof.

Proof. Let (X, U) be a uniformly Lindel6f space. As is known, every strongly
uniformly A-paracompact space is strongly uniformly B-paracompact [4]. Hence, the

uniform space is uniformly B-Lindel6f.
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Proposition 4. Any uniformly B-Lindel6f space is uniformly I-Lindelof.

Proof. Let (X,U) be a uniformly B-Lindel6f space. Then it follows from the
definition of uniformly B-Lindel6fness [1] that (X, U) is a uniformly I-Lindel6f.

Corollary 4. Any uniformly Lindelof space is uniformly I-Lindelof.

Proposition 5. Any uniformly Lindel6f space is complete.

Proof. Let (X,U) be a uniformly Lindel6f space. The completeness of (X, U)
follows from the fact that every strongly uniformly A-paracompact space is complete
[4].

Non complete separable uniform space is not uniformly Lindel6f. For example,
the space (0,1) is a uniformly B-Lindel6f, but not uniformly Lindel6f.

Lemma 1. Let f: (X,U) — (Y, V) be a precompact mapping of a uniform space
(X, U) to a uniform space (Y, V). If a space (Y, V) is X,-bounded, then (X, U) is also
No-bounded.

Proof. Let f:(X,U) — (Y,V) be a precompact mapping of a uniform space
(X, U) to a uniform space (Y, V) and a € U be an arbitrary uniformly covering. Then
by virtue of the precompactness of fthere exist such a countable covering § € Vand
finite covering y € U that f =B Ay > f~1a. But the covering f 18 A yis countable.
Therefore the space (X, U) is X,-bounded.

Lemma 2. Let f:(X,U) — (Y,V) be a uniformly continuous mapping of a
uniform space (X, U) to a uniform space (Y, V). If B is star finite uniform covering of
the space (Y,V), then f~1Bis star finite uniform covering of the space (X, U).

Proof. Let f be a uniformly continuous mapping of a uniform space (X, U) to a

uniform space (Y, V) and g be a star finite uniform covering of (Y, V). Then, for each
ifll
elementB € (3, there exist elements B; € §,i = 1,2,...,n, such that B € U B;. From

the uniform continuity of the mapping f it follows that the covering f =18 is uniform,
i=1

i.e. f71p € U. Consequently, f~1B c U f7B;,f71B; € f~1p. Thus, f~1Bis star

finite uniform covering of (X, U).
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Lemma 3. Let f: (X,U) — (Y,V) be a uniformly continuous mapping of a
uniform space (X, U) to a uniform space (Y, V). If a space (X, U) is X,-bounded, then
(Y, V) is also X,-bounded.

Proof. Let f: (X,U) — (Y, V) be a uniformly continuous mapping of a uniform
space (X, U) to a uniform space (Y,V) and § € V be an arbitrary uniformly covering.
Then f~1p € U. According to Proposition 1.1.6. [1, p. 40] the covering f~1 has a
countable subcover f~15,. Then B, is countable subcover of 8. Therefore the space
(Y, V) is Ry-bounded.

Theorem 5. Let f: (X, U) — (Y, V) be a uniformly perfect mapping of a uniform
space (X, U) onto a uniform space (Y, V). Then uniformly Lindel6f space preserved in
the preimage direction.

Proof. According to Lemma 1 the space (X, U) is X,-bounded. Let a uniform
space (Y, V) be a uniformly A-paracompact and abe an arbitrary finitely-additive open
covering of (X, U). Then {f"1y:y € Y} > a. Since f is a closed map, it follows that
A ={f*A: A € a} is finitely-additive open cover of (Y,V), f*A =Y\f(X\A). By
virtue of the Lindel6fness of the space (Y, V) there exist such a star finite covering 5 €
Vthat > A. Then f 18 > Aand according to Lemma 2 the cover f~1p is star finite.
Consequently, (X, U) is uniformly Lindel6f.

Theorem 6. Let f: (X,U) — (Y, V) be a uniformly open mapping of a uniform
space (X, U) onto a uniform space (Y, V). If (X,U) is uniformly Lindelof space then
uniform space (Y, V) is uniformly Lindel6f.

Proof. Let f be a uniformly open mapping of a uniform space (X, U) onto a
uniform space (Y, V) and abe an arbitrary finitely-additive open covering. Then f~1a
Is a finitely-additive open covering of the space (X, U) and due to the uniformly A-
paracompactness we refined a star finite uniformly open cover 8 € Uin the cover
f~1a. Since f is openness, it follows that f8 > a. Hence, (Y, V) is strongly uniformly
A-paracompact. Note that (Y,V) is 8,-bounded. Consequently, the space (Y,V) is
uniformly Lindel6f.
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MSC: 54E15
UNIFORMLY PARACOMPACT AND COUNTABLE UNIFORMLY

PARACOMPACT SPACES

M.A. Abdraimova,! K.B. Baktybekova?, E.Zh. Kadyrova® and B.E. Kanetov!
1J. Balasagyn Kyrgyz National University

It is well known that paracompactness plays an important role in General Topology.
Therefore, the finding of uniform analogues of paracompact and countable paracompact spaces is
an important and interesting problem in the theory of uniform spaces. Many mathematicians turned
to this problem and as a result, different variants of uniform paracompactness of uniform spaces
appeared. For example, the following types of uniform paracompactness are introduced and
investigated: uniform R-paracompactness in the sense of M.D. Rice, uniform F-paracompactness in
the sense of Z. Frolik, uniform B-paracompactness in the sense of A.A. Borubaev, uniform P-
paracompactness in the sense of B.A. Pasynkov, uniform A-paracompactness in the sense of L.V.
Aparina, uniform I-paracompactness in the sense of J.R. Isbell. In this work we introduce and study
uniformly t-finally paracompact and countable uniformly t-finally paracompact spaces. In
particular, the characterizations of uniformly z-finally paracompact spaces by using of Hausdorff
compact extensions and mappings are obtained.

Key words: uniformly z-finally paracompactness, countable uniformly z-finally
paracompactness, finitely additive open covering, o-locally finite uniform covering, covering
cardinality < 7.

Ilapaxomnaxkmap dicannvl mononocusioa MAarHuiyy poaody OUHOU MYypPeaHoblebl IHCAKULbL
oeneunyy. OuOHOYKMan napaKxoMnaKmyy H#Cana CaHakmyy napaKomMnaKmyy MetukuHOuKmepour oup
Kanvlnmyy auaio20opyH mabyy Oup Kanvlnmyy MeUuKUHOUKmep meOopUsiCblHbIH MAAHULYY JHCAHA
Kbl3bIKMYy macejiecu 60]1)/‘7’1 carajiaam. Bup HeYe mamemamuxmep 6)/]1 maceneze Kaﬁpbl]lblu/lbln
HaAMbLUNCACLIHOA OUp KANLINMYy MeUKUHOUKMEPOUH Oup Kaielnmyy napakoMnakmyyiy2yHyH
mypoyy eapuawmmapwsl nanioa 00120H. Mucanvl, Oup Kaneinmyy napaKoMnaKmyyuyKmyH
MOMOHKYOOU munmepu Kupeuzuieen xcana usunoeneen: M. J[. Paticmvin maanucunoe2u oOup
Kanvinmyy R -napakomnaxmyynyk, 3. ®@ponuxmun maanucunoecu oup Kanvinmyy F-
napaxomnakmyyayk, A.A. bepybaesoun maanucunoezu oup xareinmyy B-napaxomnaxmyynyk, b.A.
Iaceinkogoyn  maanucunoecu oup xareinmyy P-napaxomnaxmyyayk, JIL.B. Anapunanvin
MaaHucunoeau oOup xareinmyy — A-napaxkomnaxkmyyayk, Howc.P. Hcbennoun maanucunoezu oup

kanvinmyy I-napakomnakmyyayk. Byn makanaoa oup kanvinmyy T-@uHanObiK NApaKoMnakmyyayK
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JoHcana camakmyy Oup Kaiblnmyy T-QUHanOyy NapakoOMRAKmyyiyKmap Kupeusuieen HcaHa
usunoencen. Macenen, Oup Kanvinmyy T-QUHANOYY NAPAKOMAAKMYY — MeUKUHOUKMepOUH
Xaycoopghmyk keneilyy scana 4azviioblpyyiap 600HUa MyHO300MOLOPY MADLLICAH.

Hezuszeu co30op: 6up kanvinmyy T-QuHaidyy-napakomMnakmyyayk, CAaHakmyy oup Kaieinmyy
T-(huHandyy-napakomMnakmyyayk, 4ekmyy aooumusoyy auvlk Hcadoyy, G-IOKALdyy YeKmyy oup
Kanelnmyy x#caooyy, < T Kyoammyynykmazol H#caboyy.

Xopowo uzeecmmno, 4mo napakoOMNaKmvl Ueparom 6adXdCHYI0 polb 6 o0ujel Monoao2uul.
Ilosmomy, naxooicoenue pasHoMepHbIX AHAN0208 NAPAKOMNAKMHLIX U CYEMHO NApaKOMNAKMHbIX
NPOCMPAHCME ABIAEMCA BANCHOU U UHMEPECHOU 3adayell meopuu pasHOMEPHLIX NPOCMPAHCME.
MHnozue mamemamuxu obpamunucy K 9mou 3adave, u 8 pe3yibmame NOAYYUIU PA3TUYHbLE BAPUAHTNDL
PABHOMEPHBIX NAPAKOMNAKMOS8 PAGHOMEPHBIX npocmpancms. Hanpumep, natioenst u ucciedosanvl
creoyoujue munsl pagHOMEPHLIX NAPAKOMNAKMO8: pasHomephas R -napakomnakmuocms 6 cmoicie
M.J[. Pauca, pasnomepnas F-napaxomnaxmuocms 6 cmeicie 3. @Ppoauka, pasnomepHas B-
napaxkomnakmuocms 6 cmoicie A.A. bopybaesa, pasnomepuas P -napakomnakmuocms 6 cMulcile
b.A. Ilacvinkosa, pasnomepnas A-napakomnakmuocms 8 cmuicie JI.B. Anapunou, pagnomepnas I-
napaxomnakmuocmos 6 cmvicie Jowc.P. Hcbenna. B oannoii cmamve 6800mMcs U UCCAEOVIOMCS
PABHOMEPHO T-(OUHAILHO NAPAKOMNAKMHbIE U CYeMHO PABHOMEPHO T-(DUHANbHO NAPAKOMNAKMHbLE
npocmpuacmea. B uacmumocmu, npu nomowu Xaycoopgosvix pacuiupenuti u omoopadxiceHuil
Hatioenbl XapaKxmepucmukyu pagHoMepHO T-QUHANTbHO NAPAKOMNAKMHBIX HPOCMPAHCMS.

Keywords: pasnomepno T-punanvhas napakomMnakmsocms, C4emHO PASBHOMEPHO T-
QuHanvHas NAPaAKOMNAKMHOCMb, KOHEYHO aOOUMUBHOE OMKpbImoe NOKpvlmue, O-10KANbHO

KOHEeYHOoe pa6HOMEPHOE NOKpvlmue, NOKpblmue MouwHocmu <T.

For covers o and g ofaset X,wehave:aAf ={ANB:A€a B € f}HCX.
For covers a and B of the set X, the symbol a >  means that the cover a is a
refinement of the cover B, i.e. for any A € a there exists B € fsuch that A c B.For a
covering a of X we puta“ = {U a,: @y  a is finite}. The covering a is finitely
additive if a“ = a.

Definition 1. A uniform space (X, U) is called uniformly z-finally paracompact
if every finitely additive open cover has a o-locally finite uniform refinement of
cardinality < t.

Proposition 1. If (X,U) is uniformlyz-finally paracompact space, then the

topological space (X, ty) is t-finally paracompact. Conversely, if (X, 1) is t-finally
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paracompact, then the uniform space (X, Uy), where Uy is the universal uniformity, is
uniformly z-finally paracompact.

Proof. Let abe an arbitrary open covering of the space (X,ty). Then for a
finitely additive open covering a“ of (X, U) there exists a o-locally finite uniform
covering cardinality < 78 € U is a refinement of it. Let y = (). It is clear that y =
{vi:i € N}is a-locally finite open uniform covering of (X, U). For each T' € y choose
Ar € a“ such that T c A, where Ar = UL 4;4; €a,i=1.2,...,n. Let a, =U
{ar:T ey}, ar ={TNA;:i =1,2,...,n}. Then a,is a o-locally finite open covering
cardinality < tof (X, ty). This implies ay > a. Thus,(X, t;) is t-finally paracompact.

Conversely, let (X, 1) be ar-finally paracompact space. Then set of all open
coverings forms the base of universal uniformity Uy of (X, 7). It is easy to see that the
uniform space (X, Uy) is uniformly z-finally paracompact.

The following theorem gives a characteristic of uniformz-finally
paracompactness in the spirit of Tamano.

Theorem 1. Let (X,U) be a uniform space and bX be a certain compact
Hausdorff extensions. The uniform space (X, U)is uniformly t-finally paracompact, if
and only if for each compact K c bX\Xthere exists a a-locally finite uniform covering
cardinality < ta € U such that [A],x N K = @forall A € a.

Proof. Necessity. Let (X,U) be a uniformly z-finally paracompact space and
K < bX\Xbe an arbitrary compact set. Then for each point x € X there is an open
neighborhood O,inbXsuch that [0, ],x N K = @. Itis clear that y = {0, N X: x € X}is
an open covering of (X, U). We form an open covering y<of (X, U), taking as elements
of y. Then y~ is finitely additive open covering of (X, U). According to the condition

of the theorem there exist a a-locally finite uniform covering cardinality < 8 € U
iil ifl1
suchthatp > y“. Then [B],x € [U (Ox, N X)]px © U [Ox,]px- Since [Ox,]px N K =

@ foreachi = 1,2,...,n, then [B],x N K = @ for each B € B.
Sufficiency. Let a be an arbitrary finitely additive open covering of the space
(X,U). Then there is an open family B in bX such that 8 A {X} = a. Let K = bX\U (3.

It follows that K is a compactum. Then, by the condition of the theorem, there exists a
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a-locally finite uniform covering cardinality < ty € Usuchthat [],x N K = @ for any

I' e y = {y;:i € N}. Since [I'], xis a compact in bX there is B;, B,, ..., B, € B such that
i=1 i=1 i=1

[Tlpx C U B;.ThenT c U A;,where U A; € a. Consequently, (X, U) is a uniformly
t-finally paracompact space.

A uniform space (X, U) is called strongly uniformly locally compact, if there
exists a o - locally finite uniform covering cardinality < t consisting of compact
subsets.

Proposition 2. Any strongly uniformly locally compact space is uniformly -
finally paracompact.

Proof. Let a be an arbitrary finitely additive open covering. Then there exists a
o - locally finite uniform covering £ cardinality < t consisting of compact subsets. It
Is easy to see that the covering £ is a refinement of finitely additive open covering a.
Hence, B is a-locally finite uniform covering cardinality < .

Proposition 3. Any uniformly z-finally paracompact space is complete.

Proof. It follows from the fact that every uniformly R -t-finally paracompact
space is complete.

Uniform t-finally paracompactness is preserved when passing to a closed
subspace and any disjoint sum of uniform spaces.

Theorem 2. For uniformly perfect mappings uniformly t-finally
paracompactness is preserved in the direction of the preimage.

Proof. Let a be an arbitrary finitely additive open covering of space (X, U). Itis
clear that the covering {f ~1y:y € Y} is refinement in the covering a. Then § = f*a =
{f*A: A € a}, where f#A = Y\f(X\A), is the open covering of the space (Y, V).
Considering all possible finite unions of sets of 8, we construct an open covering 5.
By the condition of the theorem there exist a ¢ - locally finite uniform covering y € vV
cardinality < t such that y > B4. It is easy to see that the covering f~ 1“4 is a
refinement in the covering a. The covering £~y is a o-locally finite uniform covering
cardinality < 7 of the space (X, U). Obviously,f =1 > a. Hence, (X, U) is uniformly 7-

finally paracompact.
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The following theorem is a uniform analog of Dowker's theorem [8].

Theorem 3. A uniform space (X, U) is uniformly z-finally paracompact if and
only if for every finitely additive open covering wof space (X,U) there exists a
uniformly continuous w -mapping f: (X, U) — (Y, V) of a uniform space (X, U) onto
a metrizable uniformly z-finally paracompact space (Y, V).

Proof. Necessity. Let a (X, U) be a metrizable uniformly z-finally paracompact
space and w be an arbitrary finitely additive open covering. Then the identity map of a
space (X, U) is the required uniformly continuous w -mapping of a space (X, U) to a
metrizable uniformly t-finally paracompact space.

Sufficiency. Let w be an arbitrary finitely additive open covering of the space
(X, U). Then there exists a uniformly w -continuous mapping f: (X,U) — (Y,V) of a
uniform space (X, U) onto some metrizable uniformly z-finally paracompact space
(Y, V). For each point y € Ythere exists a neighborhood O, whose preimage f‘10yis
contained in some element of the covering w. Let § = {0,:y € Y}. We form an open
covering B<consisting of all possible finite unions of covering elements of 3. There
exist ac-locally finite uniform covering y € Vcardinality < t such thaty > g“. Then
covering f~1yis a refinement of the covering w of a uniform space (X, U). We show
that f ~1yis ac-locally finite uniform covering cardinality < 7. Let f 71T € f ~1y be an
arbitrary element and I' € ymeets only with a finite number elements of y . Then
element f~1Tof the covering f~1yalso meets only with a finite number elements of
f~ly. Thus, (X, U) is uniformly t-finally paracompact.

Theorem 4. The product of a uniformly z-finally paracompact uniform space
(X, U) onto a compact uniform space (Y, V) is uniformly t-finally paracompact.

Proof. Let a (X, U) be a uniformly t-finally paracompact space and (Y, V) be a
compact uniform space. It is known [1] that the projection m,:(X,U) X (Y,V) -
(X, U) is uniformly perfect. Then w is mapping of the product (X, U) x (Y, V) onto a
uniformly z-finally paracompact space (Y, V) for any finitely additive open covering
w of (X,U) x (Y,V). Therefore, according to Theorem 3 the uniform space (X, U) X

(Y, V) is uniformly z-finally paracompact.
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Recall, a uniform space (X,U) is called a strongly uniformly z-finally
paracompact if every finitely additive open cover has a star finite uniform refinement
of cardinality < 7.

Theorem 5.For a uniform space (X, U) the following are equivalent:

1) (X,U) is strongly uniformly z-finally paracompact;

2) (X,U) is uniformly z-finally paracompact and the topological space (X, ty)

is strongly t-finally paracompact.

Proof. 1) =2) It is obvious.

2) =1). Let a be an arbitrary finitely additive open covering of (X, U). We refine a star
finite open covering B cardinality < 7 in it. We form a covering 8 consisting of all
possible finite unions of covering elements of B. Then B« is a finitely additive open
covering. It is easy to see that f~ is a star finite covering. The covering g~ has
refinement a o-locally uniform covering y € Ucardinality < . Therefore, the star
finite uniform covering B is a refinement of the finitely additive open covering a.
Thus, a uniform space (X, U) is strongly uniformly z-finally paracompact.

Proposition 4. Any uniformly t-finally paracompact space (X,U) whose
topological space is locally compact is strongly uniformly z-finally paracompact.

Proposition 5. A locally compact uniform space (X, U) is uniformly z-finally
paracompact if and only if the uniform space (X,U) is strongly uniformly locally
compact.

Proof. Necessity. Let (X, U) be a uniformly z-finally paracompact and a (X, t)
be a locally compact. Then each of its points xhas an open neighborhood 0,., whose
closure [0,] is compact. It is clear that the family a = {0,:x € X} forms an open
covering of space (X, U). We form a covering a“consisting of all possible finite unions
of the covering a. Obviously, aa“ is finitely additive open covering. There exist a o -
locally finite uniform covering g € U cardinality < t suchthat 8 > a“.EachB € g =

{B;:i € N}is contained in the set Ui, O,, due to the monotony of the closure [B] c

Ui, Oy, , it is therefore compact [B], as a closed subset of the compact set



[UiL: Oyl =Ui; [04]. So, [B] ={[B]:B € B}is a o-locally finite uniform
covering consisting of compact subsets. Hence, (X, U) is uniformly locally compact.

Sufficiency. Let y be a locally finite uniform covering cardinality < zconsisting
of compact subsets. Then for any finitely additive open covering awe have y > a“ =
a. Consequently, (X, U) is uniformly z-finally paracompact.

Definition 2. Uniform space (X,U) is called countable uniformly z-finally
paracompact if every finitely additive open countable cover has a o-locally finite
uniform refinement of cardinality < .

Proposition 6. If (X, U) is countable uniform t-finally paracompact space, then
the topological space (X, 7,) is countable z-finally paracompact. Conversely, if (X, 1)
is countablet-finally paracompact, then the uniform space (X, Uy), where Uy is the
universal uniformity, is countable uniformly z-finally paracompact.

Proof. Let a be an arbitrary countable open covering of (X,7y,). Then for a
countable finitely additive open covering a“ of (X, U) there exists a o-locally finite
uniform covering cardinality < 78 € U such that B > a“. Let y = (B). It is clear that
vy = {y;:i € N} is a-locally finite open uniform covering of space (X,U). ForeachT €
y choose Ar € a“ such that T' c Ay, where Ap = Ul A;, A; € a,i = 1,2,...,n. Let
a, =U{ar:T €y}, ap ={TNA;:i=12,...,n}. Then a, is a o-locally finite open
covering cardinality < t of the space (X, ty). This implies a, > a. Thus, (X,ty) is
countable z-finally paracompact.

Conversely, let (X, 1) be countablez-finally paracompact space. Then set of all
open coverings forms the base of universal uniformity Uy of (X, t). It is easy to see
that the uniform space (X, Uy) is countable uniformly z-finally paracompact.

Proposition 7. Any strongly uniformly locally compact space is countable
uniformlyz-finally paracompact.

Proof. Let a be an arbitrary countable finitely additive open covering. Then
there exists ao - locally finite uniform covering fcardinality < 7 consisting of compact
subsets. It is easy to see that the covering S is a refinement of finitely additive open

covering a. Hence, g isa-locally finite uniform covering cardinality < .
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Proposition 8. Any uniformly t-finally paracompact space is countable
uniformly z-finally paracompact.

Uniform t-finally paracompactness is preserved when passing to a closed
subspace and any disjoint sum of uniform spaces.

Theorem 6. For wuniformly perfect mappings uniformly z-finally
paracompactness is preserved in the direction of the preimage.

Proof. Let a be an arbitrary countable finitely additive open covering of space
(X, U). Itis clear that the covering {f ~1y:y € Y} is refinement in the covering a. Then
B =f*a={f*A:A € a}, where f*4 = Y\f(X\A), is the countable open covering of
the space (Y, V). Considering all possible finite unions of sets of 8, we construct an
open covering <. By the condition of the theorem there exist a o - locally finite
uniform covering y € V cardinality < 7 such that y > <. It is easy to see that the
covering f~1p“ is a refinement in the covering a.The covering f~1yis a o-locally
finite uniform covering cardinality < t of the space (X,U). Obviously,f~! > a.

Hence, (X, U) is countable uniformly z-finally paracompact.
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MSC: 54E15
COUNTABLE-STAR UNIFORM SPACES

B.E. Kanetov?!, N.T. Kanietova®
1]J. Balasagyn Kyrgyz National University, 547, Frunze street, 720033, Bishkek,
Kyrgyzstan

One of the central concepts of the theory of uniform spaces and uniformly
continuous mappings is a compact uniform space. In this paper we study countable-
star uniform spaces, which are compact types of uniform spaces. Countable-star
uniform spaces are uniform spaces in each of their uniform coverings can be refined a
countable-star uniform covering. In this case a covering is called countable-star if the
power of the star of any point relative to this covering is countable. The class of all
countable-star spaces is wider than the class of all pre-Lindel6f spaces. There are
examples of countable-star uniform spaces that are not pre-Lindel6f uniform spaces.
In particular, it is proved that the product of any number of countable-star uniform
spaces is countable-star uniform space, any subspace of a countable-star uniform
space is a countable-star uniform space, the sum any number of countable-star
uniform space is a countable-star uniform space and the precompact preimage of a
countable-star uniform space is a countable-star uniform space.

Keywords. Uniform space, uniform covering, countable-star covering,
countable-star uniform space, uniformly continuous mapping.

bup kaneinTyy MEWUKMHAMKTEPAWH >KaHa OWUp KaJbINTYy Y3TYJITYKCY3
YarbUIIBIPYYJIAPJBIH  TEOPUSACHIHAATEI OOPOOPAYK TYIIYHYKTOPAYH Oupu Oomym
KOMITIAKTyy OMp KalbIITYy MEUKUHIUK Oonyn caHanaT. byn wnumuil makainana oup
KaJIBITITYY MGfIKHHI[HKTGpI[HH KOMITIAKTYY THUIITCPUHC TaaH/IbIK 6OJ'IFOH CAaHAKTYYy-
KBUIIBI3AYY OUp KambINTyy MEHKMHIUKTEp u3mwiaeHeT. CaHaKTyy-KbUIAbIBAYY
MEUKUHIUKTEP Oyyap ap Oup OuUp KalubINTyy kabayyra CaHaKTYy-KbUIIBI3IYYy Oup
KaJIBINTYY >Ka0AyyHY UUTEH ChI3yyra MYMKYH OOJITOH OUp KaJbINTYy MEUKUHAUKTEP

Ooonyn caHanaT. MpeiHAa x&aOayy CaHaKTyy-KbUIABI3AYY [Iell aTanar, 3repiae
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KaajmaraHjgail d4ekuTTHUH Oyn xabayyra KapaTa SKbUIOBI3BIHBIH KyOaTTyynyry
caHakTyy 0oJico. bapablk CaHAKTYyy-KbUIIBI3AYY OHp KalbINTYy MEHKUHIUKTEPAUH
Kjaaccel  Oapaplk  npen-JInHaenéPpryk MEWKHMHIMKTEPAMH KJIACChIHAH — KEHEH.
CaHakTyy-KbULABI3AYY OUp KalbITyy MEHKUHIUK OONroH, OUpPOK mpea-
JIuanen€PTyk MEUKMHAUK 00JIO0TOH OUp KaJIbINTYy MEWKUHAUKTEPAUH MHUCAJIaphI
Ooenrmwnyy. Kaanmarangail canpmarsl  CaHakTyy-KbULABIZAYY  OHp  KaJbIITYy
MEHKUHIUKTEPAUH KOOOUTYHIYCY CaHAKTYY-KbUIABI3AYY, CAHAKTYY-KbUIIBI3AYY
MEHKUHIUKTEPINH KaajaraHJaid KamTbhUIraH MEHKHHIWIY CaHAKTYy-KbUIIABI3AYY,
KaaJlaraHjail — caHgarbl  CaHAKTYY-KbUIABI3AYY  MEUKUHIUKTEPIUH  CyMMAacChI
CaHAKTYYy-KbUIJIBI3YY ’KaHa CaHAKTYYy-KbUIJbI3AYy OUp KaJIbINTYyy MEUKUHAUKTEP-
JIUH TPEIKOMITAKTYY Kalpasiecu CAaHAKTYY-KbUIABI3AYY SKEHIUKTEPU JAINIICHTCH.

Herusru ce3nep. bup kanpinTyy MEUKMHIWK, OMp KaJbIOTyy XaOayy,
CaHaKTYy-KbUIJBI3AYY Ka0Ayy, CAHAKTYy-KbUIIBbI3AYy OWUp KaJbIITyy MEWKHHJIUK,
OMp KaJbIITYyy Y3TYJATYKCY3 YarbUIABIPYY.

OaHUM U3 LEHTPAJbHBIM TOHSITHEM TEOPUHM PABHOMEPHBIX MPOCTPAHCTB H
pPaBHOMEPHO HENPEPHIBHBIX OTOOPaKEHUH SABIISETCS KOMIIAKTHOE PaBHOMEPHOE
IIPOCTPAHCTBO. B 1aHHOW CTaThe HCCIENYIOTCS CUETHO-3BE3[HBIE PAaBHOMEPHBIE
OPOCTPAHCTBA, KOTOPBIE OTHOCATCA K KOMIAKTHBIM THUIIAM PaBHOMEPHBIX
npoctpaHcTB. (CYEeTHO-3BE3/IHBIE TMPOCTPAHCTBA - O3TO TaKUE PaBHOMEPHBIE
MIPOCTPAHCTBA, YTO B KaXKJ0€ UX PABHOMEPHOE MOKPBHITHE MOXXHO BIUCATh CUETHO-
3BE3[JHOE PABHOMEPHOE MOKphITHE. IIpH 3TOM MOKpPBITHE HA3BIBAETCS CUETHO-
3BE3[IHBIM, €CJIM MOIIHOCTh 3BE€3/Ibl JIIOOOW TOYKH OTHOCHUTENILHO 3TOr0 MOKPHITUS -
cueTtHass. Kiacc BceX CYETHO-3BE3IHBIX IPOCTPAHCTB IIMpPE Kiacca BceX Mpea-
JIunnenédobix npoctpaHcTB. CyHIECTBYIOT NMPUMEPHI CUETHO-3BE3/IHBIX PaBHOMEP-
HBIX TPOCTPAHCTB, HEe sBIsAOMMECS npea-JIuHaenépoBpiMu  paBHOMEPHBIMU
MPOCTPAHCTBaMU. B 4acTHOCTH, AOKA3bIBAIOTCS, YTO MPOU3BEIEHUE JIFOOOr0 YHUCIa
CYETHO-3BE3[JHBIX PABHOMEPHBIX IPOCTPAHCTB CUYETHO-3BE3AHOEC PABHOMEPHOE
IPOCTPAHCTBO, JII0OOE  MOJANPOCTPAHCTBO  CYETHO-3BE3IHOTO  PaBHOMEPHOTO
IIPOCTPAHCTBA CYETHO-3BE3/IHOE PAaBHOMEPHOE MPOCTPAHCTBO, CyMMa JIH0OO0ro 4ucia

CUCTHO-3BC3JIHBIX PAaBHOMCPHBLIX IIPOCTPAHCTB CUCTHO-3BC3JHOC PABHOMCEPHOC
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(i)

(iii)
(iv)
(V)

MPOCTPAHCTBO W TMPEIKOMIIAKTHBIM MpooOpa3 CUYETHO-3BE3HOTO PABHOMEPHOTO

IMPOCTPAHCTBA ABJIACTCA CHCTHO-3BC3IHBIM PABHOMCEPHBIM ITPOCTPAHCTBOM.

KioueBble ciaoBa. PaBHOMEpHOE HPOCTPAHCTBO, PABHOMEPHOE IOKPHITHE,
CUCTHO-3BE€34HOC IOKPBITHUC, CUCTHO-3BE€3JHOC PaBHOMCPHOC IMPOCTPAHCTBO,
PaBHOMEPHO HETPEPLIBHOE OTOOpaKEHHE.

It is well known that compact-type spaces play an important role in set-
theoretical topology. Find and studying uniform analogues of these classes of
compact is an important and interesting problem in uniform topology.

This work studies countable-star spaces.

Throughout this work all uniform spaces are assumed to be Hausdorff and
mappings are uniformly continuous.

For covers a and g of a set X, we have: aAf={ANB:A€a,BE
B} . a(x) =USt(a,x) , St(e,x) ={A€a:A>x} ,x€X, a(H)=USt(a,H) ,
St(a, H) ={A € a:ANH + @}, H c X. For covers a and g of the set X, the symbol
a > 3 means that the cover « is a refinement of the cover £, i.e. for any A € « there
exists B € B such that A c B and, the symbol a *> f means that the cover a is a
strongly star refinement of the cover S, i.e. for any A € a there exists B € Bsuch that
a(A) € B. A uniform covering a of uniform space (X,U) is called countable-star
uniform covering if |St(a,x)| is countable for each x € X, where St(a,x) = {A €
a:A 3 x}.

A uniform space (X, U) is called:

(i) precompact, if the uniformity U has a base consisting of finite covers [1], [2];
totally bounded if for any a € U there exists a finite set A c X such that a(4) = X
[1], [2];
pre-Lindelof, if the uniformity U has a base consisting of countable covers [3], [4];
compact, if it is precompact and complete [1], [2];

Complete if every Cauchy filter in it converges [1], [2].

A filter F in a uniform space (X, U) is said to be a Cauchy filter, if X for all

a € U [1], [2].
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Let f: (X,U) — (Y,V) be a uniformly continuous mapping of a uniform space
(X, U) onto a uniform space (Y, V). The mapping f is called:

(1) precompact, if for each a € U there exist a uniform cover g € V and a
finite uniform cover y € U suchthatf 18 Ay > a [1], [2];
(2) uniformly perfect, if it is both precompact and perfect [1], [2].

Definition 1. The uniform space (X, U) called is countable-star if uniformity U
has base consisting of countable-star covering.

Proposition 1. Any pre-Lindel6f uniform space is countable-star uniform
space.

Proof. Let (X,U) be a pre-Lindel6f space and a € U be an arbitrary uniform
covering. Let f € U be uniform covering such that g x> a. Then there exist
countable subset M c X  such that pFM)=X . Put B, =
{B(x1),B(x2),...,8(x,),...}. It is easy to see that |St(B,, x)| is countable and 3, >
a. Thus, the uniform space (X, U) is countable-star space.

Example. Let X be a discrete uniform space of countable capacity. Then the
space X induced with a discrete uniformity whose basis is the family B = {a}, where
a = {{x}:x € X} is a countable-star uniform space. However, it is not a pre-Lindelof
uniform space.

Corollary 1. Any totally bounded uniform space is countable-star uniform
space.

Corollary 2. Any compact uniform space is countable-star uniform space.

We will say that the uniformity U on the set X is countable-star if the space (X,U) is
countable-star.

Proposition 2. Every uniformity U; on the set X which is weaker than some
countable-star uniformity U, on X is itself countable-star.

Proof. Let « € U; be n arbitrary uniform covering. Then « € U,. Since U, is
accountable-star uniformity, then there exist countable-star uniform cover g € U,
such that § > a. So, U; is countable-star uniformity.

Theorem 1. Any subspace of countable-star space is countable-star.
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Proof. Let (M, U,,) be a subspace of countable-star uniform space (X, U) and
ay € Uy, be an arbitrary uniform cover. Then there exists uniform covering a € U of
the uniform space (X, U) such that « A {M} = a,,. For the covering a there exist
countable-star uniform covering f € U such that § > a . Since the mapping
ir: (M, Uy) = (X,U) is a uniform embedding of the subspace (M, U,,) into the space
(X,U), then uniform covering f~1|,8 = By € Uy is countable-star covering. It’s
clear that 8, > ay,. Thus, (M, U,,) is countable-star subspace.

Theorem 2. The sum of any number of countable-star uniform spaces is a
countable-star uniform space.

Proof. Let {(X,,U,):a € M} be an arbitrary family of countable-star uniform
spaces and a be an arbitrary uniform cover of the space ([Iepy X [aem Ug). Then
i;la AN{X,}=a, € U, for each a € M, where i : X, — [[{X,:a € M}. Since the
uniform space (X,, U,) for each a € M is countable-star, then for uniform covering
a, € U, there exist a countable-star uniform covering 5, € U,, a € M such that

Bo > a,. Letp = gM a,. Then according to the sum of uniform spaces of the
a

definition of a uniform covering of uniform space the family g forms uniform
covering of (J1gzem X Llaen Ug). We proof that f > a. Each element of the family
B as one of the elements of the family S, for some a € M, will be contained in some
element of the covering a,, i.e. in some set i;1A n X, and therefore in A € a. Thus,
each element of the covering f is contained in some element of the covering «a, i.e.
B > a. Now we prove that the covering g is countable-star. Let x € X be an arbitrary
point and x € X, . Since the covering S, is countable-star, then [St(x,S,)| is
countable. Then, by virtue of the disjointness of spaces X, we conclude that
|St(x, B)| is countable. Therefore, £ is a countable-star covering. Hence, the uniform
space ([Igem Xo L aem Ug) is countable-star.

Proposition 3. The completion (X, ) of countable-star uniform space (X, U)
IS countable-star.

Proof. Let (X, U) is completion of the countable-star uniform space (X, U) and

@ € U be an arbitrary uniform covering. Put a = {An X:A € &@}. Then a € U and
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there exist a countable-star uniform covering f € U such that 8 > a. It is clear that
S > &. We show that £ is countable-star uniform covering of the uniform space
(X,0). Let ¥ € X be an arbitrary point. Then i % = x € X, where i:X — X is
uniformly isomorphism. We proof that the family St(%, ) is countable. By the
completion construction, for every Beg i~'B = B, i.e., every element B of the

uniform covering f extends to an element B = X\[X\B]x of the uniform covering
S . Since B is countable-star uniform covering of (X,U), then |St(x, )| is
countable, where x = i~'&%. Then |St(&, )] is countable. So, the completion (X, 0)
Is countable-star space.

Theorem 3. The product of any number of countable-star uniform spaces is
countable-star space.

Proof. Let {(X,,U,):a € M} be an arbitrary family of countable-star uniform

spaces and B, be base of uniformity U, consisting of countable-star coverings. By B’
i1=11
we denote the family of all coverings type A mg'a,,, where a,, € By, {a;:i =

1,2,...,n}is an arbitrary finite subset of the set M, and ,: X = X, is projection onto
the a -th factor, a € M. Then by the definition of the product of uniform space the
system B’ is the basis of the product U = [[,ep U, Of uniformities U,. Since the

projection ,: X — X, is uniformly continuous for each a € M, then for each a € M
iﬁl
the uniform cover n;ilaai is countable-star and the uniform covering A n;ilaai IS

also countable-star. So, the product ([ em X [1zem Ug) 1S cOuntable-star.

Theorem 4. The precompact preimage of countable-star uniform space is
countable-star.

Proof. Let f: (X,U) — (Y, V) is a precompact mapping and the uniform space
(Y, V) is countable-star. Let @ € U be an arbitrary uniform covering. Then from the
precompactness of the mapping f there exists countable-star uniform covering g € V
and finite uniform covering y € Usuch that f™1f Ay > a. It is easy to see that
f7B Ay = agy is uniform covering and |St(a,, x)| is countable. Thus, (X,U) is

countable-star uniform space.
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Corollary 3. The uniform perfect preimage of countable-star uniform space is

countable-star.
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NECESSARY AND SUFFICIENT CONDITIONS OF EXISTENCE
OF QUASI-DOUBLE LINES OF A PAIR OF DISTRIBUTIONS
IN THE FIVE-DIMENSIONAL SPACE
Nurzhamal Kurbanbaeva, Zhyldyz Artykova, Cholpon Mustapakulova
Osh State University

Abstract. In domain Q c E5 it is considered a set of smooth lines such than
through a point X € Q passed one line of a given set. The moving frame R is a Frenet
frame for the line w?! of the given set. Integral lines of the vector fields e, are forming
the Frenet net. There exist a point F$ on the tangent of the line w3 of the Frenet net.
When the point X is shifted in the domain ©, the point FZ describes it's domain in Es.
The partial mapping £ is defined such that f#(X) = FZ. Necessary and sufficient
conditions of existence of a quasi-double lines of a pair of distributions in partial
mapping f# are proved in the case, when a Frenet net is a Frenet cyclical net.

AnHoTanus. B oGmactu () eBximmoBa mpocTtpaHcTBa Es 3alaHO CeMEHCTBO
MIagKuX JIMHUW Tak, 4TO 4Yepe3 KaXAyl Touky X € () NpOoXOAUT OJHA JIUHUS
3aianHoro cemeictna. [loaBrkHOI penep R BEIOpaH Tak, 4TOOBI OH SIBJISUICS PENIEPOM
®peHe 11 TUHUU w?! 3aMaHHOTrO0 ceMeiicTBa IITAIKUX JIMHHI. HNuTerpanbHpie TMHUN
KOOPJIMHATHBIX BEKTOPOB pernepa dpene obOpasyroT ceth dpene. Ha kacaTenpHOM K
muann w3 cetn ®pene onpenensarcs Touka Fi. Korga Touka X gBukercs B 061acTH
Q, Touka F# onuchiBaet cBoro 061acTh (3. TakuM 00pa3oM onpeensercs YaCTHIHOE
0TOOpa)KeHNE EBKIIMIOBA MTPOCTPAHCTBA, KOTOPOE MEPEBOIUT TOUKY X B TOUKY F32.
B cnywae, korma cerb @peHe SABISAECTCA LUKIMYECKOM ceThio DpeHe, T0Ka3aHbI
HGO6XOI[I/IMOC N JOCTAaTOYHLBIC YCJIOBHUA CYHICCTBOBAHUA KBaBHHBOﬁHOﬁ JIMHHUHU IIapbl
pacnpeneneHnid B paCCMOTPUBAEMOM YaCTUYHOM OTOOPaKEHUU.

AHHOTAamuA. £ MeiknHAUTUHUH () aiiMarblHAA YITYHIaH 5KbUIMA ChI3bIKTAPIbIH
Kenrtyry oepuiren: ap oup X € () 4eKuTu apKbpuUlyy OEpWIreH KONTYKTYH Oup raHa
CBI3BITHI OTOT. R KBIAMBLIAYY pelepHH OepUiIreH KONTYKTYH w! CBI3BITBI ydYH

®peHeHuH periepu 0010 TypraHjail TaHaan anaObl3. e; BEKTOPJAYK TajlaajJapblHbIH
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MHTErPAIIBIK ChI3BIKTAaphl (DPEHEHMH TOPYOCYH Ty3yIIeT. Byl TopuoHyH @3

ChI3BITBIHBIH KAHBIMACHIHIA F32 YEeKUTH KamanT. X yekuTu () aliMarblHAa KbIMbLITa
kenrene FZ uekutu Es MeHKMHIUTUH/IE ©3YHYH aiiMarbIH chI3bN ublrat. Hatslitkana
X 4eKknuTu F32 YEKUTUHE 6TO TypraHaai 4arbuITyyCy aHbIKTajnaT. OpeHeHUuH TOpUYOCyY
HUKJIJIUK TOPYO OOJITOH yuypjia f32 O6JYKTOIl YarbUITYyyCyHJa OenyIITYpYYAepAYH
TYFGﬁYHYH KBa3HMKOIIIMOK CBI3BIKTAPBIHBIH JKAIlAallbIHBIH 3apblll JKaHa KCTHUIITYY
HIapTTaphbl JaJWIAECHIEH.
Key words: partial mapping, Frenet cyclic net, Frenet frame, pseudofocus, pair of
distributions, quasi-double line, Euclidean space
KiroueBbie cJI0Ba. 4acTHYHOE OTO6pa)KeHI/Ie, OUKINYECKasA CETb CDpCHC, peucp
®pene, nceBaodokyc, napa pacnpeneneHnid, KBa3uaBOWHAS JIUHUS MApbl, €BKIUI0BO
IIPOCTPAHCTBO.
YpyHrTyy ce3nep: benykren yarsuityy, ®peHeHUH LUKIAUK TOpuocy, DpeHeHnH
TOpUOCy, TIiceBIO(MOKYyC, TYreil OONYMITYPYYiep, KBAa3HUKOIIMOK CBI3BIKTap,
EBxmuaank MENKUHIUK.
1. Introduction

In domain Q c E. it is considered a set of smooth lines such that through a point X €
Q passed one line of given set. The moving frame R = (X,e,)(i,j, k = 1,5) is a Frenet
frame of for the line w?! of the given set of smooth lines. Derivation formula of the
frame R have a form:

X ='s,,  d& =w 1)

Do' =" Aok, Dcoik:a)ij/\a)'j‘, a)ij+a)}:0 (2)
Integral lines of vector fields e, are forming the Frenet net X for the line w! of the
given set of lines. Since frame R is constructed on tangent of lines of the net X5, the
forms w¥ are principal forms [3]; in orther words:
of = Afjo ®3)
Taking in to account (3) from (2) we have:

Alfj - —/\i k J (4)
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If we differentiate externally (3) then we have:
By using formula (2) from here we have got:

a),J/\a) dAk Awo) + A iAo' A )

Taking in to account (3) from last formula is follows that:

o] /\Ajfa) —dAk Ao A,Ja)ﬁ A’

or Akga)I A@ —dAk N Ak N N

From here we found: dA§j A 0’ — A, @] A @' — A0 A’ =0

or (A —Ajw —Ajw ) Aw' =0
By using lemma of Cartan from here we have: dA A,Za) Afja) —A,Jma)
or
dAf; = (Al + Ay Ay + AfjAjy) 0" ()
The system of variable {A{‘J A’fjm } is formed geometrical object of second order. The
Frenet formulas for the line w?! of given set have a form
0,8 = A718;, d18; = 43,81 + 43,85, 183 = A6, + A%,
dlé4 = AjléS + AiléS’ dléS = Aglé4
and A} =—A% =0, Ajy=—A% =0 Afl = _Agl =0 (6)
Agl = _Aél =0, A21 = A41 =0, Agl = _Agl =0 (7)
There ki = A%, ki =43, ki =A%, ki = A5, = —A%, are a first, a second, a third
and a fourth curvature of line w?! respectively (there d; is the symbol of differentiation
along line w?!).
A pseudofocus [4] Fl.j (i # j) of tangent of the line w® of the X5 is defined by radius-

vector:

=X +—F6 (8)

Fl=X-—¢
A A



There are exist four pseudofocuses on each tangent (X,e;): on the straight line
(X, e))_F{, F},FLFP,  on (X&) F3,F3,F3,F3, (X, e3)_F3,F§,F§,F3, on
(X, e)_Fi, F2,F}, F§, (X, 5)_F2, F2,F3,F¢.
The net X in Q c E: is called a Frenet cycle net [5] if the frames
= (X’é1’§27§3’§47§5), iRz = (X’é2!§3’§4’és’§1)’ SRs - (X’§3'é4’§57§1’é2)’

=(X,€,,6;,€,6,,6,), R, =(X,E,6,€,,6,,6,) are Frenet frames for lines

1 2 3 4 5 . .
w,0 ,0 ,® , @ respectively of net Xz simultaneously.

Let the net X5 be Frenet cyclical net [4]. We will denote it by X<. Pseudofocus

FZ € (X, e3) are defined by radius-vector:

F=X-—=8&=X+—"-§ 9)
A% Ay

When the point X is moving in the domain Q c Es, pseudofocus FZ describes it’s
domain Q3. Thus defined the partial mapping f#: Q —» Q% such that fZ(X) = F2. We

will join to Q3 c Ex the moving frame R’ = (F2,¢,), where vectors ¢, have a form:

= 4 C321 S T C322 S /132 3
€1 = 263 — e-, €2 = z€3 — 5 €
( 32) 432 ( 32) 432
2. = 8. + Chs 2 /1%35_8 — 3, + Cha 3 A34é>
37— F3 23 7 "2 Cirbg — C4 2%3
2) A3, b /152) 43, v
2 {
5 — €5 2 \2°3 7 2 Ci
(A32) A32
Taking into account that the Frenet net is a cyclic Frenet net we have:
2 2 A% Ch1 < A% o 2 2 Cp2 < A‘3‘2_>
C1=el__ez+ 2e3__E4'C2=ez+ 7 €3 — €4,
A3z (Agz) A3 (A 2) A§2 ,
2 C3s 8 A§3—>
Cz3 = [1 Az — €4, (10)
( 32) 32
S Mo Chs A35—> Cirs = A3s
C4—_A2e + ze3+e4,C5 Az 2+ ZE3 Az e4+e5.
32 A%,) 32 A%,) 32

It is considered a pair of 3-dimensional distributions A4 = (X, &1 es,€:2)

f3(Aaas)) = Auasy = (F2,C1,¢q,C5 ). Let the line a belong to the distribution

A(145).
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Tangent vector of line « has the form: @ = a'é; + a*é, + a°@. We find the tangent
vector @ of the line @ = f2(a): a=a'¢, +a’c, +a’c,
Taking into account formulas (10) from here we have:
a=a'e +(a'c’+a'c +a’cl)E, + (a'cd + a'c + a’cd)E, + 1)
+(a'c! +a’ +a’cl)E, + a’g,
Where cij is j — th coordinate of the vector c;.
Definition. If the tangent of the line « at the point X and tangent of the line £?(a) =
@ at the point FZ belong to the same 3-dimensional space (X, e;, e, , ez ), then lines a,
a are called quasi-double lines of a paire of distributions (4(145);4'(145)) in the partial
mapping f£: Q - 03.
From the condition a, @ € (X, &7, e,, ez ) We have:
{alclz + a*c? + a’ct =0,
alcd + a*cl + a’cd =0.
From here, taking into account formulas (10), we find:
{ AL al + AS.at + Aisa® =0,
C2,,al + C3,,a* + C%,.a® = 0.
From here we have:
Ny A
C§24 C%ZS

2 2
A35 A31
2 2
C325 C321

If the coordinates of the tangent vector a satisfy the conditions (12), then the lins

2 2
A31 A34-
2 2
C321 C324-

1

ol = 4 _

B =

5 _

= (12)

)

a,a are quasi-double lines of a pair of distributions (A(145),A’(145)) in the partial
mapping f3.

Thus the following theorem is proven.

Theorem: lines a and @ = f2(a) are quasi-double lines of a pair of distributions
(4(145),4'(145)) in the partial mapping £ if and only if when the coordinates of the
tangent vector a of the line a are satisfy the conditions (12).

Here A%, A3%,, Ais are the second, fourth, third curvatures of lines w?!, w*, w® of

Frenet cyclic net of t respectively.
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MSC 68T10
NECESSARY EMERGING OF PARTIAL PATTERNS AND METHODIC

OF ARTIFICIAL INTELLIGENCE

PANKOV P.S.
Institute of Mathematics of NAS of KR

Surveyed the hypothesis of arising the Universe as an order (cosmos) from chaos and
ideas on this topic including the law of the transformation of quantity into quality when
quantity exceeds the limit. Arising of partial patterns under random exposures in
discrete media (irg06d) and continuous media (synergetic) is mentioned; examples of
necessary emerging of partial patterns including Kolmogorov-Arnold theorem with
artificial intelligence are given.

Keywords: cosmos, chaos, quantity, quality, pattern, artificial intelligence

AaJ'IaMI[BIH TapTHUII (KOCMOC) KaTapsbl 6aIHaJ'IaMaHI[BIKTaH KCJIUII YbIT'bIIIbI JKOHYH-
AOery rulioTe3albl U3UJIICTCH KaHa YCTMHCH allbIll KETKCHAC CAHABIH CallaTKa
aliylaHyy MBIf3aMbIH KaMThITaH OyJ1 TeMajarsl uiesap kapanar. JJuckpeTTux
yeiipene (Mpree) xaHa y3TyIATYKCY3 4elpe1e (CHHEPreTHKa) KOKYCTYKTap acThIHAA
KapbIM-KapThUlail cxeManapablH naiiaa Ooylly alThuIaT; KacaaMa UHTEIEKT
MeHeH KonmoropoB-ApHoIIb TEOpEMACHI, aHBIH HUMHJE KapbIM-KapThLIail
MOJIEACPIUH 3aphUI Maii1a 00YITyHYH MUCATAAPhl KEITUPUIITEH.

YpyHTTYY ce3nep: Aamam (kocMmoc), OamagaMaH/IbIK, CaH, camar, caiiMa, »)acaaMma
HUHTCJIJICKT.

Cnenan 0030p runoTe3bl BO3HUKHOBEHUS! BeenenHoil kak nopsiaka (kocmoca) u3
Xxaoca u I/I,Hef/i Ha 9Ty TECMY, B TOM YHUCJIC 3aKOH IICPCXOJd KOJINICCTBA B KAYCCTBO,
KOTrJa KOJMYCCTBO IMPECBLIIIACT ITPCACII. YnoMmuHaeTcss BOSHUKHOBEHNE YaCTUYHBIX
3aKOHOMEPHOCTEH MpHU CIy4yaHOM BO3JEHCTBUU B IUCKPETHBIX cpefiax (Mpree) u
CIUTOIITHBIX Cpelax (CHHEPreTHKa); MPUBEACHBI IPUMEPHI HEOOXOAMMOTO
BO3HUKHOBCHUSA YaCTUYHBIX 3aKOHOMepHOCTCﬁ, BKJIIO4as TCOpEMY KOJ’IMOFOpOBa-
ApHOJIBI[a, C UCIIOJIb30BAHUCM UCKYCCTBCHHOI'O MHTCIIJICKTA.

KiroueBrsle ciioBa: KOCMOC, Xa0C, 3aKOHOMCPHOCTb, I/ICKYCCTBCHHBIﬁ HHTCIIJIICKT.
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1. Introduction

We consider the hypothesis of arising the Universe as an order (cosmos) from chaos.
Platon (4th century B.C.) explained arising patterns in nature as tending to non-material
ideas.

G.F.Hegel (1800s) declared the law of the transformation of quantity into quality; the
change in quantity will transform into the change in quality when it exceeds the limit.
Remark. Probably, G.F.Hegel meant addition of matter to the system. Further
investigations demonstrated that input and dissipation of energy are necessary. We do
not consider patterns arising with addition of matter (fractals). Also, the system must
be compact.

We distinguish two items: (*) arising of partial patterns under random exposures;
(**) necessary emerging of partial patterns.

(*) Basing on ancient notion of phenomenon of irg66 (random vibration of balls
of different sizes of same material in a wide symmetrical vessel yields migration of the
biggest one to the center of their surface) in Kyrgyz language and results of numerical
experiment (2012) we formulated the effect of irg60, the effect of numerosity and the
notion of constant of numerosity. If there are sufficiently many (greater than the
constant of numerosity) discrete objects within a compact domain and their arbitrary
arrangement has a non-zero probability then a partial pattern under random exposures
may arise.

The spontaneous formation of hexagonal structures (solidified lava, honeycombs,
the latest example at the pole of Saturn) is known. Basing on the phenomenon of
Rayleigh-Bénard cells (1900) notion of synergetic (in narrow sense) appeared. If there
is a dissipative object of homogeneous continuous media then a partial pattern under
random exposures may arise.

Remark. The natural appearance of definite waves on water under the influence of
wind, on sand under the influence of wind or water (at the bottom) can be related to
synergetic too (the phase of wave is random). Crystallization is not related to synergetic

because it is defined by quantum (discrete) properties of atoms and molecules.
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(**) F.P.Ramsey [1], Theorem 2. For any natural numbers m,n,r there is a natural
k such that if X has at least k elements, and we partition the sets of subsets of X of size
n into r parts, then there is a subset Y of X with at least m elements such that every
subset of Y of size n is in the same part of the partition. The value of k is denoted as the
Ramsey Number R,(m,r).

Particular case for two-colored-edge-complete graph. For any natural numbers c;,C»,
there is a natural k= R(c1,c2) such a graph with k vertices contains a 1st-colored-
subgraph(clique) of c; vertices and/or a 2nd-colored-subgraph of c; vertices.

These results are interpreted as follows. There cannot be complete disorder in a
(stationary discrete) object. Given a large enough number of elements, some of them
are bound to form a pattern.

2. Examples of necessary emergent partial ordering

Example 1. Take two identical objects and other two identical objects and arrange
them randomly in a row. It turns out that symmetry or order must arise: 0110 0101 QOII.

Example 2. Compose a 2x3-rectangle of three white squares and three black squares.
Then there will arise an anti-symmetrical 2x2- and/or 2x3-rectangle.

These examples continue results [1].

Example 3. We fix a string (of any length d) at the ends and hit it in an arbitrary way.
It turns out that the resulting sound (any periodic function with a zero at the beginning)
can be expanded into a Fourier series:

f(x)= basin (x/d-z)+ bosin (2x/d-z)+ bssin (3x/d-7z)+...

And a set of several numbers - Fourier coefficients: by, b2, bs ... gives a sufficient
idea of the sound. For example, a person is recognized by it.

Example 4. Let us take any (bounded) object. It can be (approximately) represented
by a graph of a (continuous) multivariate function f defined on a bounded domain (on
a coordinate parallelepiped). The Kolmogorov—-Arnold representation theorem (or
“superposition theorem”) [2-4] states that f can be written as a finite composition of
continuous functions of a single variable and the binary operation of addition.

J&x[1],..x[n])=Sum{ U[q] (Sum{V[q][p](x[p]):p=1..n}):q=0..2n},

G. Lorentz [5] proved that all functions U[q] may be same. Particularly,
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fixy)=Sum{ U (V[a]l(x)+ W[a](y)):a=0..4}.

Remark. P. A. Ostrand [6] generalized this theorem to real-valued functions on
compact metric spaces.

The simplest example. We need to calculate the product xy if we only have devices
that can do everything with one number, and a device to add two numbers.

The Kolmogorov-Arnold theorem states that this is possible.

We transform: xy = (x+Y)%/2 +(— (x+0y)?/2) +(- (0 x+y)?/2).

We need two pieces VO of multiplying a number by 0, three pieces of the function U
= 7%/2, two pieces of the VM “unary minus” function, five pieces of the function (+) of

two numbers. We are building a neural network (slightly different from G. Lorenz’s

type).

X

y
T T
(+) »U V0> (+)»>U—>VM (+)>U->VM

—
w5 o

N\ Xy

Let's use this example to show how Al works. Let's assume that we do not know
algebra, we only know how to multiply small numbers, and we need a device for
multiplying large numbers (for simplicity, we will consider only non-negative
integers).

We calculate 2-3=6, 5-5=25, 7-9=63. We give the task to create a neural network that
gives such results.

Al sorts through millions of options, also intelligently, and builds such a neural
network. It may contain thousands of elements and thus be incomprehensible to the
human mind, but it will work.

At the same time, it will probably give errors for 2-0, 1-17, 9-7 - this is our omission
- it was necessary to insert such examples, because the above examples do not give any

clue, and it may be wrong for some large numbers, as noted in the literature.



5. Conclusion

The work was carried out within the framework of the project of the Institute of
Mathematics of the National Academy of Sciences of the Kyrgyz Republic.

We hope that facts, techniques and methods listed above would help students
and research workers to grope and obtain new results, at the same time to avoid

mistakes and hallucinations of Al.
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MSC 80A05
SPECIFICATION OF LAW OF ENTROPY INCREMENT

IN AFFECTABLE (ALMOST CLOSED) MULTI-POINT SYSTEMS

PANKOV P.S., TAGAEVA S.B.
Institute of Mathematics of NAS of KR

The authors propose general laws and derive estimations from below on entropy
increment while transformations with dissipation of energy between definite
stationary states (examples of two points) on depending on time in almost isolated,
permanently unstable (affectable) systems. For short times it is inversely
proportional to the square of the transition time. Such estimations are generalized in
this paper, the laws are proven as the addition to the second law of thermodynamic.

Keywords: entropy, thermodynamic, second law, control, differential equation,
affectable system, heat.

ABTOPJIOp JPIPJIMK 000UOJIOHTOH, TaaCHUp ITUIIYYUYy cUcTeMaliapia yOaKbITKa
JKapaia OeNTuiyy CTallMOHAPABIK abaliapabiH (9KHU YEKUT YUYH MHUCAJIBI) OPTO-
CyH/ia DHEPTUSIHBI TUCCUTIAIIMSIIOO MEHEH TpaHchopManusiiap Kypyn KaTKkaH 1a
SHTPOIUSHBIH 6CYYCYHO bUIIbIIIaH 0aa OepuIl, *KalIbl Mblii3aMIapabl CyHYIITAIlIAT.
Kpicka yOakbITTa a1 0TKeeJ yOaKbITTBIH KBaIpaThIHA TECKEPU MPOTIOPIIUOHAIITYY.
Mpeinpaii 6aa 6epyyJiep OyJ1 SMIeKTe *KallbUIaHTaH, MbIH3aMIap TEPMOJUHAMUKA-
JIBIK DKMHYH MbBI3aMra KOoIIyM4a KaTapbl JAJIHUIIACHI'CH.

YpyHTTYY ce3nep: SHTpOMHs, TEPMOANHAMUKA, OalIKapyy, nuddepeHrnanIbK
TEHJEME, TaaCUpP DTTUIYY4YY CUCTEMA, CYPYIYY, KBUIYYIYK.

ABTOPBI IIpeJIaratoT 00IIKe 3aKOHOMEPHOCTH | MOJTYYaloT OIEHKH CHU3Y MpUpa-
[ICHUS SHTPONUU MpU NMPEoOPa30BAHUIX C AUCCUTIAIIUEN YIHEPTUU MEXKIY Onpe-
ACJICHHBIMHU CTAlITUOHAPHBIMU COCTOSHUAMHA (HpI/IMepBI A IBYX TO‘ICK) B 3aBU-
CUMOCTHU OT BPCMCHHU B IIPAKTHYCCKH U30JIUPOBAHHLBIX, IICPMAHCHTHO HGYCTOﬁqHBBIX
cuctemax. Ha manbix BpE€MCHAX OHO 06paTHO IMPOIMOPHUOHAJIBHO KBAApPaTy BPEMCHU
nepexona. B ganHoil cTaThe Takue OI[eHKH 0000IIEHBI, 3aKOHBI JJOKa3aHbl KaKk

AOIIOJIHCHHUEC KO BTOPOMY Ha4dally TCPMOJMHAMHKH.
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KiroueBbie cnoBa: sHTponusi, TepMOJIMHAMUKA, yIIpaBieHue, M epeHnnanbHoe

YpaBHEHUE, BO3JEHCTBYEMAsl CUCTEMA, TPEHHE, TEIJIOTA.

1. Introduction

The second law of thermodynamics for isolated systems stated that entropy
increment is positive always but does not give quantitative estimations (see [1] for
discussion). We found two attempts in publications:

Example 1 [2]: the minimal energy (entropy increment) to treat one bit of
information is the Shannon-von Neumann-Landauer boundary in entropy form: 4Hy;
>kg - In 2, kg is the Boltzmann constant.

Example 2 [3]: “In any mechanical system the energy that must be expended to work
against friction is equal to the product of the frictional force and the distance through
which the system travels. Hence the faster a swimmer travels between two points, the
more energy he or she will expend, although the distance traveled is the same whether
the swimmer 1is fast or slow.”

Basing on the notion of economic (cruising) speed, taking into account ideas of
Ecological Rallies and Shell Eco-marathon for cars we specified the second law of
thermodynamic for controlled “almost isolated”, “permanently unstable”, “affectable”
systems: the entropy increment is asymptotically inversely proportional to the square
of the transition time between two stationary states. We proved some estimations in
mathematical models describing such concrete systems with one point.

In this paper we consider systems with two points.

Remark. All actual processes are not ideal. Thus, all definitions and terms below are
meant to be “almost”.

2. Known definitions and formula for entropy
There are many definitions of general notion of entropy. We will use the
following: entropy is the measure of a system’s thermal energy per unit temperature
that is unavailable for doing useful work. Because work is obtained from ordered
molecular motion, the amount of entropy is also a measure of the molecular disorder,

or randomness, of a system. In processes considered below the entropy increment is
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defined by the formula AH=2{A4Q/ ®) where AQ is a quantity of transferred heat energy
or energy that was converted to heat irreversibly and @ is an absolute temperature.
3. Addition to the second law
Let there is an almost isolated affectable physical system. Let it is in any stationary
state A now and there it can pass to any other stationary state B.

Definition 1. Denote the minimal entropy increment AH of the system for any

transition from the state A to the state B as economic entropy increment AH, and the
minimal time for such transition as economic time To.

If such transition is then To may be called adiabatic time too.

Law 1. There exists such positive constant Cythat for any transition from the state A
to the state B during the time T: AH > max{4Ho, Co /T 2} (T< To)
the dimension of Cy is mass x length x length /temperature.

Proof. It is obvious (and was noted in [3]) that AH must increase as T decreases. the
dimension of AH is one of entropy: mass x length xlength /(time xtime xtemperature).
Only time is a variable. Hence, AH ~ mass x length x length / temperature/(T-T).

Consider a more concrete situation. Let, in a homogeneous media, any point of mass
m does not move in any inertial coordinate system at the moment t; and it is at the
distance d from its initial state and does not move at the momentt, =t; + T.

Law 2. There exists such positive constant C; that for any transition from the state
A to the state B during the time T inequality AH>G;-m-d ?/T 2 for any transition from
the state A to the state B during T<T, (the dimension of Gy is 1/ temperature).

Proof. To move the point has to acquire velocity ~ d/T, i.e. the kinematical energy
Ewin~ m-d?/T 2. As the point is motionless in the final state, this energy has to transform
into other kinds of energy. But possibilities of kinematical energy to pass into potential
(recuperation), chemical etc. ones during bounded time are bounded. Hence a greater
part of kinematical energy has to pass into heat, i.e. the entropy increment must be AH
~m- d?/T ?/@.

4. Denotations, initial examples

Denote t€[0,T]; x(t) for horizontal movement; v(t) for velocity; u(t) (force) for
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control function. They meet the boundary conditions
X(0)=A; x(T)= B, v(0)=x"(0) =0, v(T)=x"(T) =0.
If sgn(x”(t))=-sgn(x’(t)) then there is dissipation of energy (entropy increment).
Example 3. Let AB=[0, d] be an ideal horizontal road of length d. There is the load
of mass m being standing at many compressed short almost ideal springs at the point A
and the massive brake with the absolute temperature @ at the point B. It is necessary to
deliver the load from the point A to the point B during the time T.
By the Newton’s second law, the controlled equation
x”(t)=u(t)/m; u(t)=const-Xt) —const-KT-t), (1)
To~ c0; AHo~ 0.
We release some springs to push the load with velocity v=d/T, x’(t)=const/m,
x(t)=constt/m, (0<t<T); x(T)=const-T/m =d, const =d/T-m.
Its kinematical energy will be m- d?/T?/2 until the point B. All this energy transforms
to heat energy at the point B with the absolute temperature &,
AH =1/2-m- d?/T %/ @. (2)
Remark. Let there be compressed springs (possibility of pushing) on all the way (u(t)
may be arbitrary) in this example. If we engage some springs within the segment then
the load will pass some part of the road with a less velocity than v=d/T and the time
will be greater than T. Hence, the result (2) is optimal for this more general case too.
Example 4. Let AB=[0, d] be a horizontal road of length d with the friction
coefficient «>0. There is the load of mass m being standing at many compressed short
almost ideal springs at the point A and the massive brake with the absolute temperature
@at the point B. It is necessary to deliver the load from the point A to the point B during
the time T.
By the Newton’s second law, the controlled equation
x”(t)=u(t)/m — gu; u(t)=const; -At) — consty-AT-1). (3)
We release some springs to push the load with initial velocity vy, v(t)=vi—gut,

X(t)= vat— gut?/2 (0<t<T). It must be x(T)=d, viT-guT?/2 =d, v,=d/T+ guT/2,
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The initial kinematical energy to be transformed to heat: E(T)=m(guT + 2d/T)/8.
Minimizing: To=W 2d /(g)); AHo=4- 2dgum/8/® = mdg /6.
If T<T, then
AH=m(guT + 2d/T)?/8 /@~ md*T%2 /® (T—0). (4)
5. Examples with two points

Example 5. Let there be two points as in Example 3, they move consequently. We
have AH =1/2- (my- di2/T1? +my- d2T2) /O, T+ T, =T.

As well as in Example 3, To~ o0; AHy~ 0.

For T<oo: my- di%T1% +my- d22/(T-T1)2¥ min.

Differentiating: —2mz- di?/T3 +2m,- d2?/(T-T1)3=0;

(T=To)/ Ty) 3=my- dx2/(m;- d;?).

Optimal values T1= T/(1+(m;- d22/(my- d12)3); To= T/(1+(my- d1?/(m2- dy?)*3).

Denote 4= m;- di?. We have the minimal entropy increment

AH =112 (i (14 (2 ) PYIT? g0 (L (g 112) P)2T?) 1O =

=112 (e (1+ (2 1) ) + 12 (L4 (e 112) ™)) IT?1 O,

Example 6. Let there be two points as in Example 4, they move consequently.
We have AH =( (myguT1+ 2d/T1)?+(mguT+ 2d/T)?) /816, Ti+ T, =T.
Substituting T,=T-T; and differentiating yields an equation of 6th power for a
critical point. Hence, a computer program is necessary.
6. Conclusion

The work was carried out within the framework of the project of the Institute of
Mathematics of the National Academy of Sciences of the Kyrgyz Republic. We
substituted declared Laws 1, 2 by some examples and we hope that these laws would
be substituted by investigation of other processes. We see: the less is the time of
transition (more generally, of execution of any action), the more is spending of energy
for braking and the more is the (unavoidable) entropy increment being approximately
proportional to pollution of environment. Probably, it explains some processes of
modern civilization.

May be, legal restrictions on cars’ speed, for examples [7-9], are also due to this fact.
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DEPENDENCE OF SOLUTION DELAY ON ZEROS OF EIGENVALUES

Alybaev K. S., Narymbetov T. K., Matanov Sh. M.
Jalal-Abad State University named after B. Osmonov, Jalal-Abad
Research Institute of Medical and Social Studies, Jalal-Abad

Ala-Too International University, Bishkek
Abstract. In this work, using an example of a system of autonomous singularly perturbed equations,
the dependence of the solution delay interval near an unstable equilibrium position on the zeros of
the eigenvalues of the first approximation matrix is proven. This dependence has not been previously
investigated.
AHHOTanus. byl )XKyMymTa aBTOHOMIYK CUHTYJISPABIK KO3TOJITOH TEHJEMEJEP CHCTEMACBIHBIH
MHCAJIBIH KOJIAOHYII, TYPYKCY3 TCH CaJIMaKTYYJIYK a0aJIBIHBIH JKaHblHJIa YCYHMMIHWH KapMalyy
MEC3TNJIIMHUH 6I/IpI/IH‘lI/I KAKBIHAOO0 MaTpHUIACblHBIH ©3JYK MAaHWICPHHUH HOJIA0PYHO KO3
KapaHAbUIbITBl JAJTUJIICHICH. By.]l KO3 KapaHAbUJIbIK MYypJa U3UJIJACHICH OMCC.
AHHoTanusi. B naHHOMl paboTre Ha mpumepe OAHOM CHUCTEMBbl ABTOHOMHBIX CHHTYJISIPHO
BO3MYIICHHBIX ypaBHeHHfI, AOKa3aHa 3aBUCHUMOCTb OTpE3Ka 3aJCPKKH PCHICHUS BOIM3U
HGYCTOP'I‘IHBOFO IMOJIOKCHHA PaBHOBECUA OT HyJ'IeI71 COOCTBEHHBIX 3HAYECHUN MaTpulbl IICPBOroO
npubmkeHus. Panee Takast 3aBUCMMOCTD He ObLIa HCClIEeI0OBaHa.
Keywords: singular perturbation, equilibrium position, stability, solution delay, domain, successive
approximations.
AYKBIY €O340P: CUHTYJISPIBIK KO3TO0JyYy, T€H CaIMaKTYYyIyK aball, TYPYKTYYJIyK, YbITBIPbUIBIILITHIH
KapManyycy, aiMak, yaaanail >KaKkbIHI00.
KiaroueBnle ci1oBa: CUHTYJIAPHOC BOSMYIICHHUE, ITOJTOKECHUC PABHOBECH I, YCTOﬁqHBOCTL, 3aACPIKKa

pereHus1, 00JacTh, OCIE0BATEIbHBIC TPUOIMKEHUS.
Introduction
The concept of solution delay (SD) in the theory of singularly perturbed
equations was first discovered in [1]. The essence of this phenomenon is as follows. In

[1], the system
ex'(t,e) = A(Y)X(t, &) + yV(X(t, ) X(t, €), (1)
y'=1 (2)
Is considered, where 0 < ¢ is a small real parameter;
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x(t, &) = colon(x1(t, €),x,(t, €)), X(¢t, &) = colon(x,(t, &) — y,x,(t, €)),

y — const, V(%(t, &) = (x,(t, &) — y)? + x2(t,2)),

an=0 7)) 22

System (1) is called the system of fast variables, and system (2) is called the
system of slow variables (in the terminology of L. S. Pontryagin) [2]. System (1) has
an equilibrium position at the point (y;0), and the matrix A(y) has eigenvalues
A1 2(y) =y xi. Consequently, the equilibrium position is stable for y < 0 and
unstable for y > 0. From [2], it follows that if the equilibrium position becomes
unstable, the solution of the system of fast variables should immediately leave the
unstable equilibrium position and move a finite distance away. The solution of (2) was

taken in the form y = t, and for the solution of (1), the initial problem

1X(=1, &)l = 0(e) (3)

was considered. It was proven that the solution of problem (1), (3) does not
immediately leave the unstable equilibrium position but remains near it on the interval
[0,1]. In [4], general methods for investigating singularly perturbed equations under

the violation of stability conditions were developed.

In [5], it was proven that in the presence of poles in the eigenvalues of the matrix A(y),
the SD interval can be extended to +oo by changing the initial value t,. The dependence
of SD on the zeros of eigenvalues has not been investigated. In this work, we solve this
problem.

Problem Statement
Consider system (1)-(2) under the condition (2a), where 0 < a € R - is a set of real

numbers. The solution of (2) is taken in the form y = t, and the problem
”f(_tOJ 8)” = C1€, (4)

Is considered, where t, > 0. Here and further, the letters c;, c,, ... denote positive

constants independent of e.
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The solution of problem (1)-(4) is investigated for SD and the dependence of SD on

the zeros of the eigenvalues A, ,(y) = y + ia, i.e., on a.
Preliminary Transformations and Geometric Constructions
In (1), new unknown functions are introduced:
x1(t, &) —t =uq (t,€), x,(t,€) =uy(t, e),u(t,e) =colon(u(t, €),u,(t, €))
and we obtain (arguments of the unknown function will be omitted):
eu' = A()u — e +yV((u,u)u, (5)
lu(=to, Il < c1¢, (6)
where e = colon(1,0), (u,u) = u? + u2.

In system (5), the second equation is multiplied by i, and then the first equation is

added and subtracted from the second, resulting in the system

ez, =)z, — € +v(2,25)z, k=12 (7)
with the condition

1z (—t0, ©)| = |z| < ¢y (8)

Problem (6)-(7) is replaced by the integral equation

Fe®@ 1t Fi(D)=Fn(7)
r +;f—t0[_g+Y(21'ZZ)Zk]exp%dT 9)

Zy = Zpexp
where F,(t) = f_tto A (D)dT = f_tto(r + (D Lia)dr = < [(¢ + (—1)FLia) —

—(=to + (=1)*tia))

To (9), the method of successive approximations is applied, defined as

Fr(t) | 1 ot F(t)—Fn(7)
Zkm = Zl(c)exka + Ef—to[_g + y(zlm—l'ZZm—l)ka—l]exp%dT; (10)

Zro=0m=1,2,..
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Now, the main task is to estimate and prove the uniform convergence of (10). (10) will

be considered in the domain
D = {t € C — complex domain, |t| < 1y, 1y > t,}.

Some geometric constructions are carried out using the functions ReF; (t).. The
functions ReF;(t) and ReF,(t) have double zeros at the points t = —ia, t = ia,
respectively, and the level lines passing through these points branch out.

Further, it is assumed that t, > « , and a straight line passing through the points
(—ty;0) and (0; —a).t, = kt; +b,t, =0,—kty+b =0,b = kty; t, = k(t; + 1);

t1=0,t2=_a, _a=kt0, k=_£

to
a a a a
L=—rh-—Th= _t_(tl t 1) ty = _t_(tl +to)
0 0 0 0

The part of this straight line connecting the points (—t,; 0) and (0; —a) is denoted as
(k,). The segment connecting the points (0; —a) and («; 0) is denoted as (k,). The

segments (k,) and (k,) symmetric to (k,) and (k,) are defined. Further, symmetry

is understood with respect to the real axis.

The domain bounded by (k,), (k,) and (kq, k) , is denoted as D, (Figure 1).

ty

Figure 1. Domain D,
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ta

ty

Figure 2. Division of the domain D,

Segments are drawn through the points By, B, , B, Bs. The segments passing through
and (By, B,) are parallel to the straight line t; — t, — a, and the segments passing
through the points (Bs,B,), (B, B,), (ByB,) are parallel to the straight line
t; +t, —a = 0. The point B, has coordinates (q; 0), where (a@ — q) is independent
of &, B; has coordinates (a —+/¢;0) (Figure 2). After dividing D,, the domains
Dy, D,, D3, Dy, Ds, D, Ds are obtained (Figure 3).

t

D
*®,

—ty

Dy

Figure 3. Domains D;(j = 1,2,3,4.5) and Dy (k = 4,5)
Now, the integration paths for (10) are chosen. For z,,,, the path consists of:

Ift € D, UD, UD, U Ds, then the part of (k,) connecting the points (—t,; 0), (&; t,)
and the part of the straight line {t; —t, —§ = 0, —a < § < a} connecting the points
(t1; £5), (ty; t); If t € D3 U Dy, then the part of (k,) and the part of (k,) connecting
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the points (—t,; 0), (£1; t,) and the part of the straight line {t; +t, —§ =0, —/e <

g < a} connecting the points (t;; ;) and (ty;t,) .

For z,,,, the path is chosen symmetrically to the paths of z,,,. According to the
chosen integration paths, the boundedness and uniform convergence of (9) are proven.
All calculations are carried out as in [6, 7]. As a result, for the solution of (9),
we have the estimate
Izl < c;0(t, €), (11)

where 0 < ¢, is independent of &;

gt €Dy;

t,e) = S —
w(t,€) {\/E,tEDZUD3UD4UD5UD4UD5

If the estimates are considered for real values of ¢, then we obtain
|z]] < cowo (2, €), (12)

-ty =t=<gq

where w(t, €) :{\/E (< t<a

From (12), the following theorem follows:

y —«a
a y
for the solution of problem (1), (4), SD occurs on the interval [t,, «], and as a moves

Theorem. Consider problem (1)-(2), (4) under the condition A(y) = ( ) Then,

away from the boundary of the violation of the stability of the equilibrium position, the
SD interval expands, and as it approaches, the SD interval narrows. Note that in [5, 6,
7], cases were considered where the first approximation matrix A(y) as several
complex-conjugate eigenvalues, and all eigenvalues influence the stability of the

equilibrium position.
References

1. Shishkova M. A. Consideration of a system of differential equations with a small
parameter at higher derivatives, Reports of the USSR Academy of Sciences, 1973.
Vol. 209, no. 3, pp. 576-579.

77



2. Pontryagin L. S. Asymptotic behavior of solutions of systems of differential equations
with a small parameter at higher derivatives, Izvestiya of the USSR Academy of
Science, 1957, Vol. 21, No. 5, pp. 605-626.
3. Alybaev K.S. The method of level lines for the study of singularly perturbed
equations under the violation of the stability condition, Bulletin of KSU. — Series 3,
Issue 6. — Bishkek, 2001, pp. 190-200.
4. Tursunov D.A. Asymptotics of the solution to the Cauchy problem under the
violation of the stability of the rest point in the plane of ‘fast motions, Bulletin of
Tomsk State University. Mathematics and Mechanics, 2018, No. 54, Pp. 46-57.
5. Matanov Sh. M. Asymptotic behavior of a function of a complex variable with a
parameter and zeros, Bulletin of Science and Practice. 2022. Vol. 8. No. 11. p. 24-30.
6. Alybaev K. S., Dzhuraev A. M., Nurmatova M. N. Delay in solving autonomous
singularly perturbed equations near an unstable equilibrium position. Lobachevskii
Journal of Mathematics, 2024, vol. 45, no. 3, pp. 1178-1187.
7. Alybaev K. S., Nurmatova M. N. The phenomenon of delay in loss of stability in the
theory of singular perturbations. Bulletin of Science and Practice. 2023, Vol. 9, No.
12, pp. 12-19.

Information about the authors
Alybaev Kurmanbek Sarmanovich, ORCID: 0000-0002-7962-534X, SPIN code:
2396-5503, Doctor of Physical and Mathematical Sciences, Jalal-Abad State
University named after B. Osmonov, Jalal-Abad, Kyrgyzstan,
alybaevkurmanbek@rambler.ru, +996555463737
Narymbetov Talantbek Kanatbekovich, ORCID: 0000-0003-0921-4542, SPIN code:
7607-8505, Candidate of Physical and Mathematical Sciences, Research Institute of

Medical and Social Studies, Jalal-Abad, Kyrgyzstan, talant83@mail.ru,
+996778618902
Matanov Sherali Matanzhanovich, ORCID: 0000-0002-9979-7069, SPIN code: 7182-

1303, Candidate of Physical and Mathematical Sciences, Ala-Too International

University, Bishkek, Kyrgyzstan, sherali.matanov@alatoo.edu.kg, +996551474248

78


mailto:alybaevkurmanbek@rambler.ru
mailto:talant83@mail.ru
mailto:sherali.matanov@alatoo.edu.kg

MSC 45A05, 45B05

UNIQUENESS OF SOLUTIONS FOR CERTAIN LINEAR EQUATIONS
OF THE THIRD KIND WITH TWO VARIABLES

Asanov A.2P Kadenova Z.A.P, Pirmatov A.Z.c, Bekeshova D.A.2

abInstitute of Mathematics of NAS of the Kyrgyz Republic,
bKyrgyz-Turkish Manas University,
¢ Osh University of Technology

B nannoit pabote, ¢ MOMOIIBIO METO/Ia HEOTPUIIATEIBHBIX KBAIPATHUHBIX (HOPM, METOIaM
(bYHKI_II/IOHaJ'ILHOl"O daHaJIn3a JOKa3bIBACTCA € AUHCTBCHHOCTD peI_I_IeHI/Iﬁ JIMHEUHBIX UHT CTpaJIbHBIX
ypaBHeHI/Iﬁ TPETLEI'O poJaa cc ABYMsI HC3aBUCUMbIMHU IIEPEMCHHBIMU.

KiawueBble cjoBa:  JMHEUHBINA, HMHTErPAIBHOE  YpPaBHEHHE, TPEThEro  poja,
CAUHCTBCHHOCTD.

In the present article the theorem about uniqueness of the linear integral equations of the
third kind two independent variables, with method of nonnegative quadratic forms and functional
analysis methods.

Key words: linear, integral equation, third kind, uniqueness.

Bbyn makanazna tepc sMec KBaApaTThiK dopmanap yCyayHYH, QyHKIIMOHAIIBIK aHATU3IMH
YCYAOApBIHBIH JKapJaMbl MEHEH YYYHYY TYPAOILY OKU ©3ropMOJYY CBHI3BIKTYY HHTETPalIIbIK
TCHACMCIICPAVH YbITapbUIBIIITEIH KaJITbI3ABIIBl JAJTAJIIACHIN.

Herusru ce31ep: CbI3bIKTYy, HHTETPAJJBIK TEHAEME, YUYHUY TYPIAOTY, KAJITbI3/bIK.

1. Introduction

Inverse and ill-posed problems are currently attracting great interest. Various
problems of the theory of integral equations of the first and third kind were studied
in [1-14]. Theories of ill-posed problems, the foundation of which was laid by
AN. Tikhonov [1], M.M. Lavrentiev [2], [3] and V.K. Ivanov [4], is an
outstanding achievement of mathematics and allowed a new level in the
development of new technologies in various fields of activity. But fundamental
results for Fredholm integral equations of the first kind were obtained in [3, 5],
where regularizing operators in the sense of M.M. Lavrent’ev were constructed.
Results on non-classical Volterra integral equations of the first kind can be found
in [6]. In [7,8], problems of regularization, uniqueness and existence of solutions
for Volterra integral and operator equations of the first kind are studied. In [8-10],
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uniqueness theorems were proved and reqularizing operators in the sense of
Lavrent'ev were constructed for systems of Volterra and Fredholm integral
equations.

In the prezent paper, on the basis of the methods of integral transformation,
nonnegative quadratic forms and functional analysis the issues of uniqueness,
stability of the solution for a new class of the linear integral equations of the third
kind with two independent variables.

Consider the linear integral equations of the third kind with two independent

variables

Ku = m(t, x)u(t, x) + ffK(t,x,y) u (t,y)dy + fttOH(t,x, s) u (s,x)ds +

ftto f;C(t, x,s,y) u(s,y)dyds = f(t,x),(t,x) € G = {(t,x) ER*:ty <t <T,

a <x<b}, €y
where

At x,y),to <t<T, a<y<x<)h,
B(t,x,¥),to <t<T, a<x<y<)h,

K@txy) = | @)

A(t,x,y),B(t,x,y),B(t,x,y),C(t,x,s,y) are known functions defined on

the domains
Gl = {(t;X,Y),tO S t S T, a S y S X S b}'

G, ={(t,x,y),ty <t <T, a<x<y<bh}
Gs ={(t,x,5,y),tg <s<t<T, a<x<b}
Gy ={(t,x,5,¥),tp <s<t<T, a<y<x<b}
m(t,x) and f(t,x) are the known functions, (t,x) € G, u{(t,x) is an
unknown function, u(t,x) € L,(G), where L,(G) is the space of square summable

functions in the domain G. Let's denote

P(s,y,z) = A(s,y,z) + B(s,z,v),(s,y,2z) € G, (3)

Assume that the following conditions are satisfied:

a) m(t,x) =0, for all (t,x) € G,
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P(s,b,a) € C[t,, T],P(s,b,a) =0 for allt € [t,,T],
Py(s,y,a) € C(G),Py(s,y,a) <0 for all (s,y) €G,
P/(s,b,z) € C(G),P,(s,b,z) 20 for all (s,z) €G,
Py, (s,y,2) € C(G1), Py (s,y,2) <0 for all (s,y,z) € Gy,
b)H(T,y,t,) € Cla,b],H(T,y,t,) =0 for allt € [a,b],
H (s, y,ty) € C(G),Hs(s,y,ty) <0 for all (s,y) € G,
H,(T,y,t) € C(G),H(T,y,t) =20 for all (s,y) € G,
Hs(s,y,t) € C(G3),His(s,y,7) <0 for all (s,y, 1) € G3,
and for anyone v(t,x) € L,(G),

f;A(t, x,y)v (t,y)dy, fbe(t, x,y) v (t,y)dy, f;H(t, x,5)v(s,x)ds €
G,where C [t,,T],C(G),C(G,), C(G4) are the spaces of continuous functions
respectively in [t,,T], G, G4, G5.

c)C(T,b, ty,a) =0

Ci(s,b,ty,a) € C[ty, T],Ci(s, b, ty,a) <0 for almost all s € [t,, T,
C,(T,b,t,a) € Clty, T],C/(T,b,t,a) = 0 for almost all T € [t,, T],
Cy(T,y,ty,a) € Cla, b], Cy(T,y,tp,a) <0 for almost all y € [a, b],
C,(T,b,ty,z) € Cla,b],C,(T,b,ty,z) = 0 for almost all z € [a, b],

C;;,(s, v, to,a) € C(G), Cs’g,(s, Y, tg,a) = 0 for almost all (s,y) € G,
Cry(T,y,7,ty) € C(G),CLy,(T,y,7,t5) < 0 for almost all (y,T) € G,
Cys(s, b, ty,z) € C(G),C(s,b,ty,z) <0 for almost all (s,z) € G,
C,,(T,b,1,z) € C(G),C.,(T,b,1,z) = 0 for almost all (t,2) € G,
Cisy(s,y,7,a) € C(G3), Crgy(s,y,7,a) = 0 for almost all (s,y,T) € Gs,
Crys(s,b,1,2) € C(G3),Cry5(s,b,7,2z) <0 for almost all (s,1,z) € G3,
Crsy(S,¥,t0,2) € C(Gy),Crsy(S,Y,t0,2z) 2 0 for almost all (s,y,z) € Gy,
Cizy(T,y,7,2) € C(Gy),Cz),(T,y,7,2z) < 0 for almost all (1,y,z) € Gy,
Cizsy (5,7, 7,2) € C(Gy),Clz5y(5,¥,7,2) 2 0 for almost all (s,y,7,2) € Gy,
C.s(s,b,t,a) € C(Gs),Cs(s,b,T,a) < 0 for almost all

(5,7)€EGs ={(5,1)ity <T<s<T}
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Cry(T,y,t0,2) € C(Ge),Czy (T, y,t0,2) < 0 for almost all
,2) € G ={(y,2):a<z<y<Db}

d) With almost everyone (s,7,y,z) € G, and forall ay, a,, as, @, € R:

1

S — —p! 2 _ ! 2 _
(S—to)(Y—a) {( Py(S, y' a)) al HS(SI }7; to)az

L(S,T,y,2,a,®y,Q3,xy) =
2C(s,y,to, A)asa; — (s — to) [His(s, y, 1)az + 2Ci(s,y, 7, )aza,] —
(y — a)[ZCZI(S' V,to, Z)aza, + Py (s, y, Z)a’f] —2(s —t))(y —
a)C,(s,y,T, Z)0(3C¥4} > 0.
e) If in front of everyone (s,y,7,2) € G4, L(s,T,y,2, a1, 03, a3, a4) = 0,
then at least one of the following conditions is met:
Da; =0, 2)a, =0, 3)a; =0, 4)a, = 0.
Theorem 1. Let conditions a),b),c),d) and e) be satisfied. Then the

solution of the equation (1) is unique in L, (G).

Proof: In the proof we use integration by parts, and methods of functional
analysis, the method of non-negative quadratic forms.

By virtue of (2), we write equation (1) in the form
m(t, x)u(t,x) + f;A(t, x,y)u (t,y)dy + fbe(t, x,y) u (t,y)dy +
t t rx
S Htx, ) u(s,0)ds + [, [, C(tx,s,y) uls,y)dyds = f(t,x),(t,x) €G =
{(t,x) ER*:ty <t <T, a<x<b}, (4)

We multiply both sides of equation (4) by the functions u(t,x) and integrate over

the domain G:

b (T
m(t,x)u(t,x)+f f fyA(S,y,Z)u(s,z)u(s,y)dzdsdy
b T (b
-|-j J JB(s,y,z)u(s,z)u(s,y)dzdsdy
a Jto Jy

b T ,s
+ f f j H(s,y, ) u(t, y)u(s,y)drdsdy
a to to
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b T rs ry
+ j j f f C(s,y,7,z) u(t, 2) u(s,y)dzdrdsdy
a t t a

0 0

b T
_ f £(s,y)u(s,y)dsdy. (5)

Integrating by parts and using the Dirichlet formula we obtain

b T ry
j j f A(s,y,z) u(s, z)u(s,y)dzdsdy
a Jto Ja
b T rb
+ j f f B(s,y,z) u(s, z)u(s,y)dydsdz
a Jtg ’y
b T frs
+ j j f H(s,y,t)u(t, y)u(s,y)drdsdy
a to to
b (T rs ry
+ j j J j C(s,y,7,z) u(t, 2) u(s,y)dzdrdsdy
a Jty Yty Ja
b T
— [ [ reutsyydsay.
a Jt,
b T ry
m(t,x)u(t,x)+J j j [A(s,y,2z) + B(s,z,y)] u(s, z2)u(s, y)dzdsdy
a Yty Ya
b /T ,s
+ + j J H(s,y,t)u(t, y)u(s,y)drdsdy
a Jty Jt,

b T s ry
+ j f f j C(s,y,7,z) u(t, 2) u(s,y)dzdrdsdy
a Jt, Jty Ja

b (T
= j f(s,y)u(s,y)dsdy. (6)

Taking into account notation (3), we obtain

b T
m(t, x)u(t,x) +f f fyP(s,y,Z)u(s, z)u(s,y)dzdsdy

b /T (s
+ f f f H(s,y,t)u(t, y)u(s,y)drdsdy
a Jty, Jt,
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b T rs ry
+ f f J J C(s,y,1,z)u(t, z) u(s,y)dzdrdsdy
a t t a

0 0

b T
_ f £(s,y)u(s,y)dsdy. 7)

to
Let us transform each of the integrals on the left side of equation (7). Integrating

by parts twice and applying the Dirichlet formula for the first integral, we obtain

b T ry
j j f P(s,y,z2)u(s, z)u(s,y)dzdsdy
a Jtyg Ja

= — jab LT jayP(s,y, z)%(Lyu(s, v)dv)dzu(s,y)dsdy

T b 2

:%f P(s,b,a) <f u(s,v)dv) ds

to a
T (b b 2

_% j f Py(s,y, a) < f u(s,v)dv) dyds
ty Ya a

1 (T (b b 2
+ —j j P/(s,b,z) (j u(s, v)dv) dzds
2 tg Ya z

1 ¢T (b ¥ y 2
_Z j j J P, (s,y,2) ( f u(s, v)dv> dzdsdy, (8)
2 to Ya Ya z

where P/(t,x,s), P, (t, x,s) are the partial derivatives.
Integrating by parts twice and applying the Dirichlet formula for the second

integral, we have

fab ftT [H (s, y, Dulr, y)uls, y)drdsdy
= —fab ft:L:H(s,y,f)%(f:u(f»y)df)dtu(s,y)dsdy

1 (P ’ i
=§f H(T,y,to)(f u(f,y)df> dy —



% L b ft :H;(s, ¥, to) ( ft :u(f, y)df)z dsdy
[ [y ([ ) wa

- | ’ J J :H4; (5,,7) ( I e y)d€>2 dzdsdy. (9)

To transform the third integral we use the relation
Cvrz = (CV)zz — (Cv) — (Cv)7 + Crpv.
Then, integrating by parts, we have

jbjTjs jyc(s,y, 7,2) u(t, z) u(s,y)dzdrdsdy

a Jto Jto Ja
= fab ft: C(s,y, to, a)(j: fayu(f,v) dvd®)u(s, y)dyds
+Lb jtTf:CT’(s,y,r, a) (j: Lyu(f,V) dvd&)u(s, y)dsdrdy
+jab LT LSCZ'(S,)', to, Z) (f: Lyu(f,v) dvd&)u(s,y)dydsdz

* Lb LT LT J catsyn f S f "u,v) dvdgu(s,y)dydsdrdz.

Further, keeping in mind that

" 1 " 1 ’ ’ 1 ' ' 1 n "o
Cvvsy =3 (Cv3)gy — E (Csv?)y — E (Cyvz)s +> Csyv? — Cvyvg,
and applying the Dirichlet formula we

getff ftTO f:o f;’ C(s,y,t1,2) u(t, z)u(s, y)dzdrdsdy =

%C(T, b, tOl a) (f: ft:u(f, V)dﬂ,;dv)z —

_%fTCS’ (s, b, tg,a) (Lb f:u(v, f)dvdf)z ds

1P y (T Zd
- = C,(T,vy,t,,  &)dvd
zfa y( ytoa)Ua Jtou(V5)VE> y+
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+%Lb LTCs”y(S, Y, to, @) (J: Jayu(é’, v)dvd{)2 dsdy
- Jb fTC(S, Y, to, ) (Jsu(f, Y)df> (Jyu(s, v)dv) dyds +
1 TO TO b 2
+§LO C.(T,b,7,a) (j L u(f,v)dvdf) dt
1 (T (T, s b 2
_EL)L C.s(s,b,1,a) <L Lu(g‘,V)dvd{) dsdt —
_%Lb jtTCTHy(T, Y, T, ty) <£T jayu(f, v)dvdf)2 dtdy
+ %fb jTjTCT":sy(S, y,T,Q) <fs fyu(€, v)dvdé)2 dsdtdy —
a “to 7t T Ja
- Lb jt: LTCT'(S,y, T,Q) (Lsu(f,Y)d€> (fayu(s,v)dv> dsdtdy
+ %fabCZ'(T, b,to,2) <LOT Lbu(f, v)dvdf)z dz —
1 (b (T s ~b 2
-5 fa jt 0 Cys(s,b, to, 2) ( jt 0 j u(g, v)dvdf) dsdz
_%_[ab _LbCZHy(TJYr to, Z) <LOT .Lyu(st' V)dVd€>2 dydz +
+%fab ft: .Lbszsy(s'y’ to,Z) (ft: fzyu(g,v) alvdé)2 dydsdz —
—jab jt: LbCz'(S,y, to, 2) <ft:u(f,y)d€> <Lyu(5, v)dv) dydsdz +
+ % fa b ft OTCT"Z(T, b,7,2) ( f ' f u(e, v)dvd.5>2 drdz —

1 (b (T P T ry 2
-5 | | ey ( ] u(f,V)dvdf> dydrdz -
2 a Yty Jz T Yz
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2

1 b T T s b
_Ej J f C.ps(s,b,7,2) (f Ju(f,v) dvdf) dsdtdz +
a tO T T z
1 b T /T b s~y 2
+= j j f J Cr(gslg);(s,y,r,z) ( f J u(f,v)dvdf) dydsdtdz —
2 a Yty VT VA r Jz

_ jab LT LT LbCT"Z(s, Y,T,Z) (Lsu(f, y)df) (Lyu(s, v)dv) dydsdtdz.

From here, applying the Dirichlet formulas, we obtain

L0 2 CGs, 2y ulx, 2uls, y)dzdrdsdy =
=101, b,to,a) (J7 ] u(g,v)deav)
%ftz C_S:(S, b, to, (1) (f; fti) u(V, E) dVdE)Z ds —

%f; CJ;(T, Y, to, @) (f; ftz u, ) dfdv)z dy +

1 b (T S ry 2

5| | eyt ( [ u(E,v)dvd€> dsdy -
2)y Je, to Ja

b T

j j C(s,y,tya) <jsu(€, y) dE) <Jyu(s, v)dv) dsdy +
+%jT C.(T,b,7,a) <Jiju(f,v) d{dv)z dt

_%j;: L:CTS (s,b,7,a) <f: fabu(f, V) dvdf)2 drds —

_%I]'Ct';(T, y,r,to)[jjy‘u(é,vhvde dzdy +

at,

b m 2
LTS ey sy a)(fF S u(E, v)dvds) drds -

- f; ftTO f:o Co(s,y, v @) (f w(€,»)dE)([) uls,v)dv)drds +

+%iC§(T,b,to,z){ﬁu(é,v)dvdf}zdz—

a ty 2

b " b 2
I I G (5,b,t0,2) () f) u(E v)dvde) dsdz —
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2

1 b ry i T ry
! j j Cyy (T, 9, t0,2) ( f f w(E,v)dvde | dzdy +
2 a “a to /z

+ f ’ | ' j 6 (5,9 0, 7) ( | S | (e, V)dvdf> dzdsdy —
f ./;0 J C, (s, ¥, to, z)( tou(f y)df)( yu(s,v)dv) dzdsdy +
%j j Cr, (T, b,7,2) (j f u(é, v)dvdf) dtdz
a “io
—EL jt Ja Crzy(T,y,7,2) <L L u(é, v)dvdf)z dzdrdy —
_%jb ijs C.ys(s,b,7,2) <fsfbu(f, v)dvdf)2 drdsdz +
j j f j (253),(5 Y, T,Z) <J$ Jyu(f,v)dvd.f)Z dzdtrdsdy —

- fa fto fto f; Crz(s5,¥,7,2) (f: u(é,y)dé) (fzy u(s,v)dv)dzdrdsdy. (10)
Substituting expressions (8), (9) and (10) into (7), we obtainm(tx)u(tx) +

%C(T, b,ty, a) (f: ftz u(é, 1/)d.$dv)2 + %ft:{P(s, b,a) (f:u(s, v)dv)2 —
Cs(s, b, ty, a) (fab ftzu(v, S)dvdf)z +

C Tbsa)[

6Ty t0 ) (7 [ uCw, )avae) +

{ e ddej ]d“lf HT,y,t0) (] (@ )dg) -

O ey, —|

T b 2
+ C, (T, b, ty,y) (J f u(é, v)dvdf) }dy +
to Yy

%fab ft:jt:jay{ (s v,7,Z, Lyu(s v)dv, Jtou(f y)dé, j W€, y)ds, jyu(s v)dv)

RETSIOER
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2

b T 2
X [Py (s, b,y) (f u(s,v)dv) + Hy(T,y,s) (J u(f,y)df)
y s

s 2
+ +C5y(s,y,tp, ) (J fyu(f, v)dvdf)

T ry 2
— C4y(T,y,5,t0) (f J u(f,v)dvdf)

2

— —Cys(s,b, to,y) (J J u(é,v)dvdé

+ C¢y(T,b,s,y) (J J u({,v)dvd{)
s Yy |

2

1 m * y
++yTa Crsy(s,y,T,a) <L Lu(f,v)dvdf)

s rb 2
- C‘L"”S( ,b, /] )( (E' )d df) ]
vs($,b, T,y L fy u(¢,v)dv
1| s (Y ’
+ e [Czsy(s, Y, to, Z) <ft0 L u (¢, v)dvdf)

T 2
— Cepy(T,y,5,2) <J jyu (&, v)dvdf) +

S ry 2
CT(QS/J), (s,y,1,2) ( f f u(é&,v)dvdé ) }dzdrdsdy —
T Z

__ft ft Crs(s,b,7,0) <£ Lbu(f,v)dvdé’)Z drds —

LR Tyte ) ([ u(E vdvdg) dzdy = J° [T f(s,yuls, y)dsdy.
(11)

Substituting expressions (8), (9) and (10) into (7), we obtain f(t,x) =
0, (t,x) € G. Then, taking into account conditions 1), 2), 3) and 4) from (11) we

have f:} u(é,y)dé =0,Y(s,y) €G or f;u(s, v)dv =0,V (s,y) €G.

89



From here u(t,x) =0, in front of everyone (t,x) € G. Theorem 1 has been
proven.

Example. Consider the equation (1) with A(t, x,y) =

mo(t)Bo(X)yo (), B(t, x,¥) = mo(£)my(x)Bo(¥),
H(t,x,s) = my(t)p1(x)B2(s),C(t, x,5,¥) = y1(£)y2(x)y3(s)v2(¥),

where m (t), my (£), mz(£)B2 (), B2(6), ¥1 (£, ¥1(£), ¥3(£), ¥3(t) € Clto, T,
Bo(x), Bo (), ¥o (%), ¥ (x), my (x), my (x), By (%), ¥2 (%), ¥2.(x), Y4 (x), Y4 (x)
€ Cla, b],
my(t) = 0,my(t) = 0,my(t) < 0,B,(t) 2 0,5,(t) = 0,y,() = 0,y1(t)
<0,y3(t) =0
and y;(t) = 0 for everyone t € [t T], Bo(x) = 0, By(x) < 0,¥,(x) + my(x) =0,
Vo(x) +my(x) = 0,51(x) 2 0,7, (x) = 0,y,(x) < 0,7,(x) 20,7,(x) 20  for
everyone x € [a,b],y3(ty) = 0,v4(a) = 0,y4(a) + my(a) # 0,my(£)Bo(x) <O
for almost everyone (t,x) € G, mo(s)Bo (M) [¥o(2) + my(2)Im,(s)B1 (), (T) —
~(s = t) (¥ = D[ (Y2 (Y5 (DYs(D)]" 2 0 for everyone (s,y,7,2) € Gy,
In this case

P(t, X, y) =my (t)ﬁo (x) [VO (y) + my (y)]r (t' X, y) € Glr L(Sr 1,z a1,Q, A3, a4)

1 / 2 _
= G-t —a) {=mo()Bo W yo(a) + my(a)]ai
AR AGLS:

—[(s = to)m3(s)BL (V) B (Va2 + (y — a)my (s) BNy (2) +
+my (2)]a2 + 2(s — to) v — Y1 (V2 y:(Dya(@azas]}, (s,y,7,2) € G,

Then conditions a), b), ¢) and d) are satisfied.
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Boundedness of Solutions of a Class of Linear Integro-differential
Equations of the Second Order on the Semiaxis

Asanov A., Asanova K.A.
Institute of Mathematics of NAS of the Kyrgyz Republic, Bishkek, Kyrgyzstan

Annotation. In this paper based on a formula for one class of second order linear
integro-differential equations with variable coefficients sufficient conditions of
exponential estimate of solutions for one class of second order linear integro-
differential equations on the semi axis were established.

Keywords. Formula, linear integro-differential equations, second order,
boundedness, semi axis.

AnHoramusi. byn Makamana esrepyiame koddduiMeHTTepu Oap IKUHYHU
TAPTUOTETH CHI3BIKTYY IU(PEepeHIHAIIbIK TEeHAEMEIEepAUH OHUp KIAcchl YYYH
dbopMyIaHbIH HETU3UH]IE KaPbIM OKTOTY SKUHYHM TAPTUITETH CHI3BIKTYY UHTETPO-
muddepeHInanaplk  TEHJAEMEJIEepAUH Oup KIACCHIHBIH  YbITapbUIBIIITAPBIHBIH
YCKTCIUIIMHWH KCTUIITYY IIAPTTAPbl KOPCOTYJITOH.

Ypyurryy ce3mep. Dopmyna, CbIBBIKTYY HHTErpo-auddepeHIranIbk
TCHACMC, OKMHYH TAPTUIITCTHU, YCKTCITCHANK, )KapbIM OK.

AnHoTaums. B nanHolt pabGore Ha ocHOBE (POpMYJIBI IS OJHOTO Kjacca
JUHENHBIX AuddepeHnanbHbIX ypaBHEHUH BTOPOTO TOPSIKa C MEPEMEHHBIMU
KOB(l)(l)I/IHI/IeHTaMI/I YCTAaHOBJICHBI JO0CTATOYHBIC YCII0BUA OTPaHUYCHHOCTH
pEIIeHU OJHOTO Kjacca JIMHEWHBIX HHTETPO-Iu(PepeHINaTbHBIX YpaBHEHUN
BTOPOTO MOpsAAKa Ha ITOJIYOCH.

KiawueBbie ciaoBa. dopmyna, JuHEHHOE uUHTErpo-auddepeHuaibHoe

YPaBHEHHUE, BTOPOTO MOPSJIKA, OTPAHUYEHHOCTb, ITOIYOCh.

Consider the linear integro-differential equation

Y POy +a@©)y + J Kt 9)y(s)ds = (D), t 21, (1)

with initial conditions
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y(to) =m,y'(t,) =n; m, n€R, (2)
where K(t,s),p(t),q(t), f(t) are known functions.

The questions of boundedness and asymptotic stability of solutions on the
semiaxis for differential and integro-differential equations were studied in [1-6]. In
this paper, on the basis of the results of [7] and the method of transformations, we
establish sufficient conditions for the boundedness of solutions of the integro-
differential equation (1) on the semiaxis.

Assume the following conditions are met:

a) q(t) = qo(t) + q1(8), t =y, 3
qo(t) = a(®)[p(t) — a(®)] = 1?(t) + a' (D), t = t,, (4)
() = rexp{ [} [2a(s) — p(s)]ds}, (5)

where a(t),a’(t), q.(t), p(t), f (t) are known continuous functions on [t,, ),
reR,r+0;
by a(®)+l(t)= 0 and a(t)—-Il(t)=0 for all te ][ty o),

Fife {exp |- [ (a@ + 1) — p(@)de| exp |- [ (a() - 1(2))de| +

+exp [— ftso(a(r) —1(7) - p(r))dr] exp [— ftto(a(r) + l(T))dT]}dS < ¢y,

forall t € [t,, ), where 0< ¢, is a constant;
0) la: (&) {exp |~ [} (@@ +1(x) = p(@)dz|exp |- [} (a(x) - 1(D))dr| +
exp [— f:o(a(r) —1(7) — p(r))dr] exp [— fti)(a(r) + l(T))dT]} < 1, (s),

forall (t,s) € G = {(t,s):ty <s <t < oo}, where [,(t) € L [ty,),l;(t) =0
for all t € [t,, o0);

d) fst“((‘[, s)| {exp [— f;(a(r) + (1) — p(r))dr] exp [— ftto(a(r) — l(T))dT] +

+ exp [— f;(a(r) — (1) - p(‘[))d‘[] exp [— ftto(a(r) + l(T))dT]} dt < 1,(s)
forall (t,s) € G ={(t,s):ty <s<t< o}, [,(t) € Ly[ty, ), [,(t) =0 forall
t € [tg, ).
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Substituting (3) into (1) we have
Y+ +q®y = f(O) — a Oy - [ KE)y()ds t=to.  (6)
Taking into account the corollary of Theorem 1 from [8], from (6) we obtain

y(©) = 2L [ (i(ty) — a(ty)) — n] + 22 [n + m(I(to) + a(te))] + y5(©), (7)

21(to) 21(to)

where
y1(6) = exp |~ [ (a(s) + U(s))ds] (8)
y2(£) = exp |~ [ (a(s) - U(s))ds], (9)

ys(®) = [£ [F(8) = a1y (s) = [L K (s, Dy(@ydr| x

X [21(8)y1(8)y2 ()] [y ($)y2 (1) — y1 (D) y2(s)]ds, t = t,. (10)

Substituting (8), (9), (10) into (7) and taking into account (5) we get
21(1%) [m(L(to) — a(ty)) — nlexp {— ftto[a(s) + l(s)]ds} +
[n+ m(I(t) + a(ty))]|exp {— fti)[a(s) — l(s)]ds} +

y(t) =

1
21(to)

+ I Zexp [ p@dr| [£(5) = a1 ()y(s) = [} K(s, Dy (n)dr] x
x {exp [— ftso(a(r) + l(r))dr] X
X exp [— ftt)(a(r) — l(r))dr] — exp [— fti)(a(r) + l(T))dT] X

X exp [— f:o(a(r) — l(T))dT]}dS, t=>t,. (11)

In the double integral in (11), applying the Dirichlet formula, we introduce the

+

notation:

F(t) = - [m(r — a(t)) — nlexp{~ [, [a(s) + I(s)]ds} +

+o-[n+m(r + a(to))|exp {- f [a(s) — I(s)]ds} +

+= [ £() (exp [~ J; (a(@) + 1) — p(@)dr| exp - [ (a(2) - 1(D))dr] -
—exp |~ [ (a(@) — 1) — p(@)dr| exp |- [} (a() + 1(D)dz|}ds,  (12)
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H(t,5) = =22 exp |- [} (a(r) + 1(2) — p())dz| exp |- [ (a(r) - 1(2))dr]
—exp [— f;(a(r) — (1) - p(T))dT] exp [— fti)(a(T) + l(T))dT]} —
_ifstl((r, s) {exp [— f;(a(r) +1(7) — p(‘[))d‘[] X

X exp [— ft(a(r) — l(T))dT] — exp [— Jr(a(T) — (1) — p(r))dr] X

X exp [— fti)(a(r) + l(T))dT]} dr. (13)
(t,s) € G ={(t,s):ty <s <t <oo}.
Taking into account notations (12) and (13), we write equation (11) in the form
y(®) = F(0) + [, H(t,9)y(s)ds, t = t, (14)
Theorem. Let conditions a), b), ¢) and d) be satisfied. Then the solution of

the Cauchy problem (1)-(2) satisfies the following estimate:
vyl < ¢, t = ty, (15)

where ¢; = c,exp [ZI If (L(s) + lz(s))ds]

C2 =50 —[|m(r = a(ty)) = n| + In + m(@ + a(te))| + ).

Proof. Considering condition b), ¢) and d), from (12) and (13) we have:

IF(O)| < ¢ t=t, (16)
H(t,9)| < 2222 (65) €6, (17)

Then, by virtue of (16) and (17) from (14) we obtain:
YOI < e, + 5= [ [ + LEly(S)lds, £t (18)
Further, due to the Granwall-Bellman inequality, from (18) we have estimate

(15). Theorem proven.
Example. Consider problems (1) - (2) for t, = 0, p(t) = 2(1 + t),

q(6) = (14 )2 + 2exp [—%tz - 4t], £(t) = 3exp [—%tz - 3t], t € [0, ),

t2
K(t,s)=e 23 (t,s) €G={(ts):0<s<t< o}
In this case, conditions a) are satisfied for
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1
a(t) =1+t,r=1,q,(t) = (1 +1t)?,q.(t) = 2exp [_Etz — 4t],
[(t) =1,t € [0,00).
In addition, conditions b) and c) are satisfied for
Co =6, L(t)=4e7%, [,(t)=2e"".
Indeed a(t) + I(t) =2+t =0,a(t)— I(t) =t =0,t € [0, 00),
F@®l{exp |- f, (a(®) + (1)~ p(1)) dr| + exp[- [ (a(r) - I(z) — p(r))dr]} =
— 36—(t2/2+3t)(et2/2 + et2/2+2t) <6et, te [0, ),
a1 {exp [~ [ (@) + 1(x) = p(0))dz| + exp [~ [ (a() - 1(2) -

—p(r))dr]} =2~ (/2440 [ot/2 1 2/2] < 4e7% = 1, (t) € L1[0, ),

LK (@ 8){exp[— [T (a(@) + () — P(x))dt] +

t+exp[— [T (a(®) + 1(2) — P(2))dt]}dr < [[ e77/273775 (7 /2 4 €7 /2427)dr <
<2e”s fste‘fdr < 2e75 = 1,(s)eL,[0, o).
Thus, all conditions are met. In this case

[In] + n+2m| + 6] =

C, = [In] + |n+ 2m| + 6], (19)

N |-
N |-

c; = Cexp [ﬁfooo(ll(s) + lz(s))ds] = c,e3.
Therefore, to solve this Cauchy problem (1) - (2), estimate (15) is valid for, where
the number c, is determined by formula (19).
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SYSTEMS OF LOCAL EQUATIONS AND FUNCTIONAL RELATIONS
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The authors considered local operators on non-continuous functions: coinciding of two
functions in any neighbor of a point implies a same value of the operator on such
functions in the point. The notion of derivative was extended to all functions in metrical
spaces. A local equation for a scalar fractal function was constructed. In the paper these
results are extended to vector-functions.

Keywords: functional relation, local operator, local equation, ordinary differential
equation, fractal

ABTOPJIOp Y3TYATYK QYHKIMsTIAp 00I0HYA KEPTHIIMK OTIEPATOPIIOP Kapaibl:
YEKUTTUH KaaJlaraH aiJlaHaChIH/1a KU (DYHKITUSHBIH a1 KeJTUIITH YSKUTTETH MBIH 1Al
¢yHkuusiap O0roHYa ONepaTopAyH Oupael MaaHuCUH OmnaupeT. TyyHay TYIyHYTY
METPHUKAJIBIK MEHKUHIUKTEPETH OapAbIK QyHKIUsAIApTa KaubUIThUI b, DpakTan
(YHKUHMACH YUYH KEprIIMK TeHAEeMe Kypyiny. by Makanana MpiHaai
KBIMBIHTBIKTAP BEKTOP-PYHKIUSTIAPTa KaIblIaHaT.

YpyHTTYY ce3nep: GYHKIIMOHAIABIK OaiIaHBbIII, KEPTUIUK OIepaTop, KEPrUIHK
TeHJIeMe, KaauMKu AudpepeHImanabik TeHaeMe, ppaxran

ABTOpBI PaCCMOTPEJH JIOKAIbHBIE ONEPATOPhI HAJl PA3PbIBHBIMU: COBIIAJICHUE IBYX
GyHKUUN B 1100011 OKPECTHOCTH TOUYKH BJIEUYET 32 COOOM OIMHAKOBOE 3HAUCHHE
oriepaTopa HaJl TAKUMHU (PYHKIIUSIMU B 3TOM Touke. [loHATHE MPOn3BOAHON OBLIO
pacmpocTpaHeHO Ha Bce (PYHKIIMU B METPUYECKUX MPOCTPAHCTBaX. bbio mocTtpoeHo
JIOKaJIbHOE ypaBHEHME i PppakTaibHON QyHKIMU. B 1aHHO#M cTaThe 3TH
pe3yNbTaThl paCIpPOCTPAHEHBI HA BEKTOP-(QYHKIUH.

KiroueBbie cnoBa: pyHKIIMOHAIBHOE COOTHOIICHUE, JTOKATBHBINA OTepaTop,

JIOKaJIbHOE ypaBHEHHE, OOBIKHOBEHHOE NH(DepeHInaibHOe YpaBHEHHE, (PpaKTas
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1. Introduction

We consider the notion “local” in meaning “infinitesimal”. Considered a general task
on relations between equations with global and local operators for a same function.
Obviously, a global operator involves values of the function in different points of
domain. Previously, definitions of local operators involved any kind of smoothness
of a function defined on a domain with locally linear structure.

The first local operator on sufficiently non-smooth functions was introduced in [1]:
upper and lower right and left derivative numbers of certain continuous functions.
Also, there were publications on differential operators on “almost differentiable” (for
instance, convex) functions and “differentiable almost everywhere” functions.

Section 2 contains definitions on local operators in topological and metrical
spaces.

Section 3 connects local operators and functional relations.

2. Definitions of local operators in topological and metrical spaces

A satisfactory definition of a local operator was given in [2].

Definition 1. A general local operator Q of the function u:X—V, where X is a
topological space, at the point x X satisfies the condition: if for some neighborhood
U of the point x the restrictions u; |y = u; |u hold then Q(uy, X) = Q(uy, X).

Six months ago we asked artificial intelligence. Gemini and ChatGPT could
not give satisfactory definitions.

Now we asked chat.deepseek.com:

Definition 2. Let X be a topological space, and let F and G be sheaves of
functions (or sections of some bundles) on X. An operator 7:F—G is called a local
operator if, for every open set U <X and every function (or section) feF(U), the
value of T(f) at any point xeU depends only on the germ of f at x.

In other words, if two functions f and g agree on some neighborhood of x,
then T(H(X)=T(g)(x).

A proper mention of germ proves that artificial intelligence either did not read

definition 1 or sufficiently improved it.
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Local operators are common in fields like differential equations, functional analysis,
and geometry. For example:
Differential operators are local because the value of a derivative at a point depends
only on the behavior of the function in an arbitrarily small neighborhood around that
point.
In image processing, local filters (such as blurring or sharpening filters) apply
changes to each pixel based on its surrounding pixels, making them local operators.
In contrast, a non-local operator depends on the values of the object over a larger or
even the entire domain.
A local operator in mathematics can be strictly defined within the context of
functional analysis or differential geometry, where it typically acts on sections of a
vector bundle or functions defined on a manifold.
In other words, the action of the operator T on a section over an open set U only
depends on the values of the section in small neighborhoods within U.
3. Examples of local operators over non-smooth scalar functions
Definition 3 [1]. The upper right derivative number in a point X, is the upper limit
limsup{(f(x) —(x0))/(X—Xo0)| X— Xo+0} (1)
(if it exists). Similarly, the lower right, the upper left and lower left derivative number
are determined.
Such limits exist not for all functions.
Definition 4. We proposed to change (1) to
limsup, liminf {(f(x)—f(x0))/ (x=X%0)/ (| f(X)—f(X0)| /[Xx—Xo|+1) |X— X020} (2)
Such four real numbers exist for all functions of real variable. We called them
“reduced derivative numbers”.
4. Examples of local operators over non-smooth functions in more general
spaces
We generalized (2) to functions from metrical spaces to metrical spaces.
Definition 5. Let f be a map of a Banach space B to R; xeB; veB\{0}. Upper and
lower reduced derivative numbers by direction:
limsup, liminf {(f(x+tv)-(X))/ (t]|v]]) /([f(x+tv)FX)|/ (t][v]])+1) [t— +0}. (3)
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It may be generalized to functions from metrical spaces to metrical spaces.
Definition 6. Two numbers
liminf, limsup{o(f(x), f(x0))/ o (X, Xo)/( p(f(X), f(X0))/ o (X, X0)+1) | X— Xo} (4)
may be considered as “lower” and “upper” estimations of “rate of changing” of the
function.
5. Non-differential local equation in R?
We introduced the general notion of functional relations [3], [4].
We consider the functional relation for a continuous function u(x,y) eC(R?> —R)

(fractal, concentric circles)

u(2x,2y)= ku(x,y), (x.y) € R%. (5)

Theorem 1. Solutions of the equation (5) for k >1 fulfil the local equation
Q(u,0,0)=a, eR, (6)
Q(u,x,y) := limsup{measure {|(x—x",y —y’)|<h | u(x’,y’)>0}(#h?)| h— +0}; (7)
ay:= sup{ measure {|(x,y)| e[1-t, 2]: u(x,y)=0}0 <t <1/2}/((3-2t)). (8)

Proof. The assumption “u(0,0)=0” implies contradiction: we have u(1,1)
=k"u(2™",2™) for all neN, hence |u(1,1)| is unbounded. Hence, u(0,0)=0.

Theorem 2. Solutions of the equation (5) for k <-1 fulfil the local equation (6)
with
ay:= sup{ measure {|(x,y)| €[1-t, 2—1]: u(x,y)=>0}|0 <t <3/4}/(#(3-2t)).

Remark. The functional relation for a continuous function

u(2x,2y)= ku(-vy, x), (x,y) € R? k>1 9)
presents a spiral fractal.

4. Conclusion

The work was carried out within the framework of the project of the Institute of
Mathematics of the National Academy of Sciences of the Kyrgyz Republic. We hope
that the paper would draw attention to general local equations and such methods would

yield new classes of properties of solutions of equations with functional relations.
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