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MSC: 54E15
CONSIDERING OF GENERALIZED COMPRESSING MAPPING
Borubaev A.A., Abdykaimov I.Z.

Institute of Mathematics of National Academy of Sciences

In this paper, Banach's theorem, known in functional analysis, is generalized to the case
of linear spaces with a structure consistent with the uniformity specified on the corresponding
carrier. In the category of metrical spaces there is proposition, which is called as Banach’s
theorem. It proposes existence and uniqueness of the fixed point of the compressing operator,
acting on the complete metrical space. Uniformed structure is generalization of the idea about
metrical space. It has been shown by Borubaev that, how it is possible to use ideas of Boltiansky
and Sarymsakov for transbringing some propositions, having place for metrical spaces, to the
objects of the category of uniformed spaces and uniformly continuous mappings. In such
investigations the concept about multimetrical spaces is used. Uniformed structure can be
associated with multimetrical one. It is the basis for having been made of made and being made
of being made in this work generalizations.

Key-words: multimetric space, uniformed structure, topological ring, generalized compressing

mapping, complete uniformed space, Cauchy-net, limit, fixed point.

B kareropuu meTpudeckux IpoCTPaHCTB CyIIECTBYeT TeopeMa banaxa, koTopas
YTBEPKAAET CYLIECTBOBAHUE U €IUHCTBEHHOCTh HEMOIBIKHOM TOUKU YIS CKUMAIOIIETO
oTepaTopa, 3aJJaHHOTO B MOJTHOM MIPOCTPaHCTBE. PaBHOMEpHAs CTPYKTYpa SBJISIETCS
0000111eHEM MOHATHUS 0 MeTpUKe, puuéM bopybaeBbiM A.A. MoKa3aHO TO, KAaK MOKHO
UCIoJIb30BaTh uaeu bontsuckoro nu CappiMcakoBa AJis TOTO, YTOOBI IEPEHECTH YACTh
YTBEPKACHUI, UMEIOITUX MECTO JUII METPUUECKUX MPOCTPAHCTB, HA 0OBEKTHI KaTErOPHH
pPaBHOMEPHBIX IPOCTPAHCTB U PABHOMEPHO HETIPEPHIBHBIX 0TOOpakeHui. [Ipu sTom
UCTOJIb3YyeTCs MOHIATHE MYJIbTUMETPHUECKOTO NMpOCcTpaHCTBa. JIroboe paBHOMepHOE
IIPOCTPAHCTBO MOYKHO aCCOLIMUPOBATH C OMPEACIEHHON CTPYKTYPOH MYJIbTUMETPUUYECKOTO
MPOCTPAHCTBA. DTO U SBIIAETCS OCHOBOU JJIsl OCYIIECTBIEHHOCTH OCYILIECTBIEHHBIX U
OCYILECTBIICHHSI OCYIIECTBISIEMbIX B JaHHOU paboTe 06061eHnid. B nanHoii pabote Teopema
banaxa, u3BectHas B GyHKIIMOHATHHOM aHalIM3e, 00001IeHa Ha cITy4dai TMHEHHBIX MTPOCTPAHCTB

(¢{0) CTPYKTypOﬁ, COIJIaCOBaHHOM ¢ PaBHOMCPHOCTBIO, 3aJJaHHOM Ha COOTBCTCTBYIOLIEM HOCHUTCIIC.



Knrouesvie cnosa: MynbTUMETPUYECKOE IPOCTPAHCTBO, PABHOMEPHOCTB, TOIOJIOTHYECKOE
KOJIb110, 0000IIEHHBIE CKUMAIOIINE OTOOPAXKEHHUS, TIOJTHOE PaBHOMEPHOE PO CTPAHCTBO,

HaIpaBJICHHOCTb KOH_II/I, npeacii, HEMOABUXKHAA TOYKA.

MeTpukanblk MEMKUHAMKTEPUH KaTETOPUACHIH/IA TOJYK MEUKUH/IETH aTKapbulyydy
0achUITBIPYYy4y ONIEPAaTOPIYyH KbIMMBUICHI3 YEKTUHUH Oap OOITOHIYTYH aHa >KajrbI3/IbITbIH
KepcoTyyuy banaxTeiH Teopemacsl 6ap. bup KansImTyy CTpYKTYpa METpUKa )KOHYHIO
TYIIYHYTYHYH >KaJIblIaHbIIIBI 00J10T, ait sMu bepy0OaeB MeTpukanblk MEHKUHIUKTEP YIYH Oap
0oJroH OaiiaHbIITApEIHAH OMp KaHJak OainanbiuTapsld bontsaHckuit Menen CapbIMCaKOBIYH
uesUIapblH NaiiiagaHbllIbl apKbLUTYy OUp KaJIBINTYy MEHKUHIMKTEPAUH jKaHa YarbUITyyJ1apablH
KaTeropusChlHA aJbIll KUPTUPYYHYH KOJYH KOPCOTKOH. MylIbTHMETPHUKANIBIK TYIIYHYTY OMsIKTa
naiiianansiiaT. Ap kaHaai Oup KaJabITyy MEMKUHINK MYJIbTUMETPUKAIBIK MEKUHIUKTHH
TYPYH/J© 3JIECTeHHUIIN MYMKYH. OII0JI amManra ambIpbUIraH sKalblIaHyyJapIblH amanra
alIbIPBUITaHbITBl YUYH KaHa Oyl UIITe aMaira amblpbulyyyy *KalllbUlaHyyIapIblH aMaira
alIbIpbljia TypraHbl YUYH Heru3u 00y10T. by makanana GyHKIMOHAIABIK aHAIU3e OeNrmiyy
baHaXThIH TEOpEMACHIH >KaINbUIAHTBIPHIN, OUP KAJIBIITYYIYKTY 33JIET€H CBI3BIKTYY
MEHKUHIUKTEPre OIIONIOPro K001 OepreH OUp KajbIITYYIYTy ChI3BIKTYY MEHKUHIUKTHH
CTPYKTYpachl MEHEH KEJUIIUIIYY/1e OONTOHAYTYH 1A aJlblll aMaJira allbIpblIraH/bII bIHA
KAPTUPYYHYH apaKkeTu aTKapbLiar.

Ypynmmyy ce30ep: MylbTUMETPUKAIIBIK MEMKMHIUK, OUP KAJIBINTYYIYK, TOMOJOTUSIIBIK
TOTOJIOK, KaJIIbIJIAHTHIPBUIraHYa KbICYY4y YarbuITYyy, TOJYK OUp KalbIITYy MEMKHH]UK,

Kommunna JKOHIOTYJIYII MHTHJIITCHAWT' U, ITPCICII, KBIMMBLIIOAC YEKHT.

Let a complete uniformed space (X, U), that is generated by the set of
pseudometrics {(X, p;): i € I}. Let the operator A: (X,U) — (X, U) is compressing,
that is that for any i € I exists such a positive number «; < 1, that for any x of the
space X it’s true, that:

pi(Ax, Ay) < a;p;(x,y) (1)

The space R/, that is made having the natural uniformity and nature acting
the same on every component operations of adding and extracting form the
semilfield the club and uniformed space.

As it has been well known ([1]), on (R, +,-) the uniformed structure is

interunisistented with its algebraic structure in the meaning, that such ring of



scalars has uniformly continuous operations of its signature in the relation to the
natural uniformity of multiplication on R.
Quotient of compressing from R/,

Net, that is indexed with natural numbers, id est, as consequence, being
represented in the form (A™b),,cy for some b € X, is being considered, and as 4 it
will be thought compressing in the meaning (1) operator. For any index i and any
natural number m because of (1) it is true that:

pi(Ab,A™*1p) = p,(Ab, A(A™D)) < a;p;(b, A™b).
Suppose, that for some natural number n it is true, that:
pi(A"b, A""™b) < ai'p;(b, A™b) (19
It means, that:
pi(A™1h, A1 Mp) = p.( A(A™b), A(A™*™D)) < a;p;(A™b, A™*™b) <
< q;al'p;(b,A™b) = al**'p;(b, A™b),
id est: p; (A" b, AV M) < al*t1p; (b, A™D).

Because of the principle of mathematical induction from higher proved for
any n, for which (1") is true, it can have been got, that for any natural numbers m,
n it is true, that:

pi(A™b, A" ™b) < af'p;(b,A™b) (2)
But from the definition of pseudometrics:
pi(b,A™b) < p;(b,Ab) + p;(Ab, A™b) <
< p;(b,Ab) + p;(Ab, A?Db) + p;(A*b,A™b) < -+ <
< p;(b, Ab) + p;(Ab, A%b) + - + p;(A™ b, A™D).
So from (2) it can have been got, that:
p;(b,A™b) < p;(b,Ab) + p;(Ab, A%b) + ---+ p;(A™ 1b, A™b) <

(b, Ab
< p;(b,Ab) + a;p;(b,Ab) + -+ + a"1p;(b, Ab) < M
l
From (2) and from the last interrelation it has been got, that:
(b, Ab
pi(A™b, A™*™b) < al'p;(b, A™b) < a{‘M. (3)

4]



But for given b for any € > 0 it exists such N € N, that it is true, that

(n>N) =>q; < &. So from (3) for a given b € X for any € > 0 exists

1-q;
such N € N, that (n > N) => p;(A™b, A™*™b) < &. Then for any b € X for any
e > 0 exists such N € N, that: (n > N,m € N) => p;(A™b, A™*™b) < &. That is
why for a given b € X it is true that net (A™b),,cy is Cauchy-net in the
pseudometrical space (X, p;) by the definition of Cauchy-net. Because of having
by us as a considered an abstract index i € I, it has been got, that in the relation to
the abstract pseudometrical space (X, p;), where i € I, it is true, that (A™b),,ey IS
Cauchy-net in this space. Then by the properties of supremum it is true, that that,
what is (X, U) is supremum of uniformities of pseudometrics of the set
{(X, p;):i € I}, means that being of (A™b) ey the Cauchy-net in the relation to
every uniformity of the corresponding set means being of (A"b),,cy the Cauchy-
net in the supremum of those, id est, in (X, U). But (X, U) is complete, so
(A™b),en has its limit in this. Let it have been signified as x. It will be needed
some evener.

Let an indefinited cover of a canonical base of the supremum of uniformities

of the considered set: /\{ﬁirk: k=1,..,n}, where i, €1, Bi € Uy forany k =

1,..,n. Here Bf = {07, :x € X}, 0%, = {y:p; (x,y) < r}. Letan being
indefinited element 05 ;, of an indefinited cover g; from the set be considered
here. Let an indefinite ¢ > 0 have been selected. Then for any x and y, for which it
is true, that p;, (x,y) < ai it is true, that p;, (Ax, Ay) < a; p;, (x,y) < . By the
definition of a uniformly continuous mapping it means, that 4 is uniformly
continuous. Then from another definition of uniformly continuity for any cover
ﬁ’[kthat Is from being considered set of coverings it is true, that A‘l(ﬁ{k) € Uj,.
Then by the properties of uniformed coverings A= (A{] :k = 1, ...,n}) =
MATB] -k =1,...,n} is uniformed. Because of that A{f] :k = 1,...,n} is
considered as indefinited covering of a canonical base of uniformity U, by the

properties of uniformities and uniformly continuous mappings it is true, that



preimage of any uniformed covering in the sense of mapping A is uniformed
covering, what means that A is uniformly continuous operator. Then A4 is
continuous in the sense of inducted by uniformity U topology by the properties of
uniformly continuous mappings. But because of proved higher there is such point
x, that x = lim((A™b),,en), then because of continuity of A it is true, that:

Ax = A(im((A"D) pen)) = im((A™" b)) peny) = lim((A"D)pey) =%, (4)
by the properties of continuous mappings.

So, because of (4) it has been got, that there exists such point x of the space
X, that Ax=x. Id est, it has been proved the following theorem.

Theorem 1. In the sense of the (1) compressing operator has a fixed point,
and it has only one fixed point.

Particularly, if for any i € I there exists such one positive quotient a; = a,
that is less than 1, that for any point x of the space X it is true, that:

pi(Ax, Ay) < ap;(x,y) (5)
then with consequence of interconnected sentences, that is analogical to such,
which were constructed higher, for the particular case of that, what is that for any
[ €[ itistrue, that a; = a, it can have been got, that if for any i € I there exists
such one positive number «; = a, that is less than 1, then there exists such point x
of the space X, that Ax=x, and the point with this property is unique.

So, in the resulting of constructed consequence of interconnected sentences
it is starting to have been realized, that the operator A, that is compressing in the
sense, that for any x and y and for some a<1 would be true the interrelation (5),
would have unique fixed point. Id est, the following theorem has just been proved.

Theorem 2. In the sense of the (5) compressing operator has a fixed point,
and it has only one fixed point.
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MSC: 54E15
COMPACTNESS AND REMAINDERS OF MAPPINGS

M.K. Beknazarova!, B.Z. Rakhmankulov?, B.N. Nurlanova? and B.E. Kanetov?
LJalal-Abad State University named after B.Osmonov

2Kyrgyz National University named after J. Balasagyn

Recently, many concepts and statements of general topology have been extended from the case of
spaces to the case of continuous mappings. In this case, space is understood as the simplest
continuous mapping of this space into a single-point space. The studies conducted allowed many
basic statements of the General Topology of spaces to be transferred to mappings. The method of
transferring results from spaces to mappings is universal and not simple, but it allows many results
to be generalized. Therefore, the problem of extending some concepts and statements concerning
spaces to mappings has not yet been fully solved. In this paper compact types of continuous
mappings are investigated, as well as the perfection of the remainder of continuous mappings.

Keywords: continuous mapping, compactness, open cover, finitely additive cover,
remainder.

AKblprbl  Me3eunoepoe  Jcainvl  MONOJNOSUAHbIH — OUp  MONn  MYWYHYKMOPY  JHCaHd
HCHIUBIHMBIKMAPLL  MEUKUHOUK YUYPYHAH OUp Kanielnmyy Y3eyUmyKCy3 4aculioblpyy Yu4ypyHd
aocauviimoliean. MvlHOa MONONOUANBIK MEUKUHOUK OV MONONOSUSNBIK MEUKUHOUKMUH OUup
UeKUMmMYyy MeUuKuUHOUKKe O0JI20H HCOHOKOU Y32YAMYKCY3 4a2blIObIpYYCy Kamapvl myuyHOypyiom.
HS’L{JZOGGJZGP JCANNBbL  MONONO2UAOASLl  MEUKUHOUKINUH KON  He2us2u DbellelHl’l’ZbleapblelH
YazuLIObIPYYIapea  HCAUbLIMbLIbIUBIHA ceben  0010y. Kbvitibinmbikmapovl  MetuKuHOuKmepoeH
YazuLIObIPYYAAPea HCAUBLIMYY bIKMACHL YHUBEPCAOYY OOAYN CAHANAM JHCAHA IHCOHOKOU dMec,
OUPOK KON AHCHIULIHMBIKMAPObLL HCAINBIIO020 MYMKYHOYK Oepem. OuionOyKman meukuHouKmepae
OQUNAHBLIUKAH AUPLIM MYULYHYKMOPOY HCAHA HCOILIHMBIKIMAPObL 4aAbLIObIPYYIAP2aA HCAULLIMYY
macenecu azvipkvled yYeluH moJayk deuune snek. byn makanaoa y3eyaimykcy3 4acvliobipyyiapOobiH
KOMNAKmmyy Mmunmepu, OWOHOOU 3je Y32yImycy3 HacvlioblpyyiapovlH  OCYHOYIOPYHYH
HCEMKUNEHOY Y2y UBUTOEHE.

Ypynmmyy cezoep: yseyamykcys uacvliovlpyy, KOMRAKMMYYIYK, AYblK Hcabyy, 4ekmyy
aooumugoyy aHcabyy, 6CyHoy.

B nocneonee epemsi mHocue nowsmusi u ymeepyxcoeHuss oodwel mononocuu  Owvliu
PACNPOCMPAHEHbl CO CAY4as NPOCMPAHCME HA CYYAll HeNnpepuleHblXx omoopadicenutl. Ilpu smom

npocmpancmeo NnoHUMaencs KdK npocmeﬁmee HenpepbvleHoe 0m06panC€H1/l€ moco



NPOCMpPancmea 6 00HOMOUYeUHoe npocmpancmeo. IIposedennvie UCCIEO08AHUS NO3BONUNU
nepenecmu Ha 0MoOPANCEeHUsI MHO2UE OCHOBHbLE YMEEPAHCOeHUS 00ueti MONoI02UU NPOCMPAHCNS.
Memoo nepenecenus pe3yrbmamos ¢ RPOCMPAHCING HA OMOOPANCEHUSA SNAEMC S YHUBEPCANbHBIM,
U He NpPOCMbIM, HO NO3BONAOWUM 0000Wums MHO2Uue pezyromamoul. I[losmomy 3adaua
PACNPOCMPAHenUss HEeKOMOPbLIX NOHAMUL U YMEEPAHCOeHUU, KACAIOWUXCS NPOCMPAHCME, HA
omoobpaxcenus 00 cux Nop He peulena noIHocmvlo. B dannoii cmamve ucciedyiomes KOMnakmmubvie
MUnsbl  HeNpepulHbIX OMOOPANCEHULl, a MAKICe COBEPULEHHOCTb HAPOCMA HENpepbleHbIX
omoopasiceHuil.

Knrwuesvie cnosa: nenpepvienoe omobpasicenue, KOMIAKMHOCHb, OMKPbIMOe NOKpblmue,

KOHEeYHO A0OUMUBHOE OmKpbslmoe nokpsimue, Hapocm.

Throughout this paper all topological spaces are assumed to be Tychonoff and
mappings to be continuous.

For covers a and S of a set X, we have: aAf ={ANB:A€aB€EB}.HC
X. For covers a and S of the set X, the symbol @ > 8 means that the cover a is a
refinement of the cover £, i.e. for any A € « there exists B € 8 such that A c B.

A topological space (X, t) is called compact if every arbitrary open cover has
an open finite refinement [1]. A topological space (X, t) is called index compactness
< t if every arbitrary open cover has an open cardinality < t refinement [4]. A
topological space (X, t) is called T-compact if every arbitrary open cover cardinality
< 7 has an open finite refinement [4].

Letf: X — Y be a mapping between topological spaces X and Y.

The mapping f is called to be
1. compact if preimage f~1y is compact for each y € Y [4];
2. closed if the image of every closed set is closed [4];
3. perfect if it is both compact and closed [4].

Let cX be a compactification of the topological space X. The complement of a
given space to its compactification is called a remainder and is denoted by cX\X.
The mapping cf: X — Y is compactification of the mapping f: X — Y, if

1) X cX;
2) [X] =X,

10



3) cfis perfect [6].

We will call the mapping Cle\X:)?\X — Y is remainder of the mapping f[6].
Let f: (X, 1) — (Y, o) be a continuous mapping between (X, 7) and (Y, o).

Definition 1. A continuous mapping f: (X, 1) — (Y, 0) of a topological space
(X,t) onto a topological space (Y,o0) is said to be compact, if for each finitely
additive open covering a of the space (X, 7) there exist open covering g of the space
(Y, o) and finite open covering y of the space (X, 1), suchthat f 71 Ay > a.

Proposition 1. Let f: (X,t) — (Y, 0) be a continuous mapping between (X, 1)
and (Y, 0). If (X, ) is a compact space, then the mapping f is compact.

Proposition 2. If f: (X,t) — (Y,0) is a continuous mapping between (X, 1)
and (Y,0) ,Y = {y} is compact, then the topological space (X, t) is compact.

Lemma 1. If eand S are open coverings cardinality < t of (X, 1), then the
covering a A 3 is open covering cardinality < 7 of (X, 7).

Proof. Let a and S be finite open coverings of the space (X, 7). It is clear that
a A B is open covering. From the definitiona A ={ANB:A € a,B € 8} we have
a A B is a cardinality < .

Lemma 2. Let f: (X, 1) — (Y, o) be a continuous mapping between (X, t) and
(Y,0). If B is an open covering cardinality < 7 of the space (Y, o), then f~1f is open
covering cardinality < 7 of the space (X, 7).

Proof. Let f be a continuous mapping and 8 be an open covering cardinality <
7 of the space (Y, o). From the continuity of the mapping f it follows that f~1p is
open covering. Let a = f~1B. Since a« = {f"'B:B € B} and p is cardinality < 7,
then « is cardinality < 7.

Proposition 3. Let f:(X,t) = (Y,0) be acompact mapping of a topological
space (X, t) onto a topological space (Y,o) and g:(Y,o0) — (Z,6) be a compact
mapping of a topological space (Y,o) onto a topological space (Z,8). Then the
mapping g o f: (X,U) = (Z,W) of a topological space (X,7) onto a topological

space (Z, §) is compact.

11



Proof. Let f: (X,7) = (Y,0) be a compact mapping of a topological space
(X, t) onto a topological space (Y,0),g9: (Y,0) = (Z,5) — a compact mapping of a
topological space (Y, o) onto a topological space (Z,§) and a be an arbitrary finitely
additive open covering of (X, 7). Then there exist open covering S of the space (Y, o)
and finite open covering y of the space (X, 1), such that f =18 Ay > a. By virtue of
the compactness of the mapping g there exist open covering A of the space (Z, §) and
finite open covering n of the space (Y,o0), such that g7*AAn > B%. Then(g o
AN > B> . (g HTANfTInAY > fTIBAY >a . Let
f~In Ay = 6. Itis easy to see that 8 is finite. Then (g o f)"1A A 0 > a. Therefore,
the mapping g o f of a topological space (X, t) onto a topological space (Z,6) is
compact.

Theorem 1. If f and (Y, d) is compact, then the topological space (X, 1)is
compact.

Proof. Let f and (Y, o) be compact and a be an arbitrary finitely additive open
covering of the space (X, t). Then there exists open covering g of the space (Y, o)
and finite open covering y of the space (X, t), such that f~1f Ay > a. By virtue of
the compactness of the space (Y, o) there exists a finite open covering ,, such that
Bo > B. Obviously, f~1B, Ay > f~1B Ay. By virtue of Lemma 2 the open covering
f~1B,is finite. Denote f~1B, Ay = A. By virtue of Lemma 1 the uniform covering A
is finite. Hence, the space (X, t) is compact.

Proposition 4.1f f: (X,t) — (Y, 0) is acompact mapping of a topological space
(X, t) onto a topological space (Y, &), then the mapping f|: (M,ty) = (Y,0) of a
closed subspace (M, t,,) onto a topological space (Y, &) is compact.

Proof. Let f:(X,7) = (Y,0) be acompact mapping of a topological space
(X, t) onto a topological space (Y, o) and (M, t),) be a closed subspace of (X, 7). Let
aybe an arbitrary finitely additive open covering of the space (M, t,,). Then there is
a finitely additive open covering « of the space (X, 7), such that a A {M} = ay, a =
{ay, X\M}. Since the mapping f:(X,7) = (Y,0) is compact, there exist open

covering $ of (Y,0) and finite open covering yof (X, ), such that f~1p Ay > a.

12



Then it is easy to see that f =18 Ayy > ay, Y = ¥ A {M} and y,, is finite. Therefore
f|m 1s compact.

Definition 2. A mapping f: (X,t) — (Y, 0) of a topological space (X, 7) onto a
topological space (Y,o0) is said to be index compactness < 7, if for each finitely
additive open covering a of the space (X, t) there exist open covering g of the space
(Y, o) and open covering y cardinality < 7 of the space (X, 1), such that f "1 Ay >
a.

Proposition 5. Let f: (X, 1) — (Y, 0) be a continuous mapping between (X, 1)
and (Y,o0). If (X,7) is index compactness < t space, then the mapping f is index
compactness < .

Proof. Let (X, ) be index compactness < 7 space and « be an arbitrary finitely
additive open covering. Then there exist open covering cardinality < ty of the space
(X, 1), such that y > a. For open covering 3 of the space (Y,o) we have f"18 Ay >
«. Consequently, f is index compactness < t.

Proposition 6. If f:(X,t) — (Y,0) is a continuous mapping between (X, 1)
and (Y,0),Y = {y} is index compactness < t, then the topological space (X, 1) is
index compactness < .

Proof. Let f be index compactness < T mappings and « be an arbitrary finitely
additive open covering of the space (X, 7). Then there exists open covering 8 of
(Y,o) and open covering cardinality < 7y of (X, 1), such that f~18 Ay > a. Since
Y = {y}, then f~1p Ay = y. Thus, (X, 1) is index compactness < .

Proposition 7. Let f: (X,7) = (Y, o) be index compactness < T mapping of a
topological space (X, 7) onto a topological space (Y,o) and g: (Y,0) = (Z,6) be a
Lindel6f mapping of a topological space (Y, o) onto a topological space (Z, ). Then
the mapping g o f: (X, U) — (Z, W) of a topological space (X, t) onto a topological
space (Z, 6) is index compactness < t.

Proof. Let f and g be index compactness < t continuous mappings and « be
an arbitrary finitely additive open covering of (X, 7). Then exist open covering S of

the space (Y, o) and open covering cardinality < ty of the space (X, t), such that
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f~1B Ay > a. There exists open covering A of the space (Z,8) and open covering
cardinality < n of the space (Y,a), such that g2 An > g%. Then (go f) 1A A
fTia>=f1B>f B (e AN Ay > fTIBAY > a. LetfTInAy = 6.
By Lemmas 1 and 2 the covering @ is cardinality < 7. Then (g f)"1AA0 > a.
Thusg o f is index compactness < .

Theorem 2. If f and (Y, o) is index compactness < t, then the topological
space(X, t) is index compactness < t.

Proof. Let f and (Y,o) be index compactness < t and a be an arbitrary
finitely additive open covering of the space (X, t). Then there exists open covering 5
of the space (Y, o) and open covering cardinality < ty of the space (X, t), such that
f~1B Ay > a. By virtue of the index compactness < t of the space (Y, §) there exist
an open covering cardinality <z f,, such that g, > 5. Obviously, f™18, Ay >
f~1B Ay. By virtue of Lemma 2 the open covering f 18, is cardinality < 7. Denote
f~1Bo Ay = A. By virtue of Lemma 1 the uniform covering A is cardinality < t.
Hence, the space (X, 7)is index compactness < t.

Proposition 8. If f: (X,1) — (Y, o) is index compactness < t of a topological
space (X, t) onto a topological space (Y, o), then the mapping f|y: (M, ty) = (Y, 0)
of a closed subspace (M, 7,,) onto a topological space (Y, o) is index compactness <
T.

Proof. Let f:(X,7) = (Y,0) be index compactness <t mapping of a
topological space (X,7) onto a topological space (Y,o) and (M, t,,) be a closed
subspace of (X, t). Let a,,be an arbitrary finitely additive open covering of the space
(M, ty). Then there is a finitely additive open covering a of the space (X, ), such
that a A {M} = ay, @ = {ay, X\M}. Since the mapping f: (X,t) = (Y, o) is index
compactness < T, there exist open covering S of (Y, ) and open covering cardinality
< 7y of (X, 7), such that f™18 Ay > a. Then it is easy to see that f~18 Ayy > ay,
Yu = ¥ AN{M} and y,is cardinality < t. Therefore f|,, is index compactness < t.

Definition 3. A continuous mapping f: (X,t) — (Y, 0) of a topological space

(X,7) onto a topological space (Y, o) is said to be t-compact, if for each finitely
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additive open covering « cardinality < t of the space (X,t) there exists open
covering S of the space (Y, o) and finite open covering y of the space (X, 1), such
that f71B Ay > a.

Proposition 9. Let f:(X,7) = (Y,0) be a continuous mapping between
(X,t)and (Y,0). If (X,7) is T-compact space then the mapping f is countable
compact.

Proof. Let (X, 7) be t-compact space and a be an arbitrary finitely additive
open covering cardinality < z. Then there exist finite open covering y of the space
(X, 1), such that y > a. For open covering f of the space (Y,o) we have f71 Ay >
a. Consequently, f is index compactness < t.

Proposition 10. If f: (X,7) = (Y, o) is a continuous mapping between (X, 7)
and (Y,0) ,Y = {y} is T-compact, then the topological space (X, t) is T-compact.

Proof. Let f be T-compact mappings and a be an arbitrary finitely additive
open covering cardinality < t of the space (X, 7). Then there exists open covering 5
of (Y,0) and finite open covering y of (X, 1), such that f~1 Ay > a. Since, Y =
{y},then f~1B Ay =y. Thus, (X, 1) is T-compact.

Theorem 3. If f and (Y, o) is T-compact, then the space(X, 7) is T-compact.

Proof. Let f and (Y, o) be a T-compact and a be an arbitrary finitely additive
open covering cardinality < tof the space (X, t). Then there exists open covering 5
of the space (Y, o) and finite open covering y of the space (X, t), such that f~18 A
y > a. By virtue of the T-compactness of the space (Y, o) there exist a finite open
covering By, such that B, > B. Obviously, f™18, Ay > f"1B Ay. By virtue of
Lemma 2 the open covering f =15, is a finite. Denote f ~1, Ay = A. By virtue of
Lemma 1 the uniform covering A is a finite. Hence, the space (X, t) is tT-compact.

Proposition 11. If f: (X,t) = (Y, 0) is a T-compact mapping of a topological
space (X,7) onto a topological space (Y,o), then the continuous mapping
flyu: (M, ty) — (Y,0) of a closed subspace (M, t,,) onto a topological space (Y, o)

IS T-compact.
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Proof. Let f: (X,7) — (Y,0) be T-compact mapping of a topological space
(X, t) onto a topological space (Y, o) and (M, t,,) be a closed subspace of (X, 7). Let
ay be an arbitrary finitely additive open covering cardinality < t of the space
(M, t,,). Then there is a finitely additive open covering cardinality < ta of the space
(X,7), such that a A {M} = ay,, a = {ay, X\M}. Since the mapping f: (X, 1) =
(Y,o0) is T-compact map, there exist open covering f of (Y,o) and finite open
covering y of (X, 1), such that f =18 Ay > a. Then it is easy to see that f "8 Ay >
Ay, Yu =y A {M} and y,is finite. Therefore f|,, is T-compact.
Theorem 4. For a continuous mapping f:(X,7) = (Y,0) the following
condition are equivalent:
1. f is compact;
2. f is T-compact and index compactness < t.
Proof. 1.= 2. Obviously.
2.= 1. Let f is T-compactand index compactness < t-compact. Let a be an arbitrary
finitely additive open covering of the space (X, t). Then there exists open covering 5
of the space (Y, o) and open covering cardinality < ty of the space (X, t), such that
f~1B Ay > a. By virtue of the T-compactness of the map f for the open covering
cardinality < ty of (X, t), there exist an open covering g, of the space (Y, o) and
finite open covering y, of (X,7), such that f~18, Ay, > y. It is easily to see that
FTYBLAB)AYL > fTIB Ay > a. Let By AB = B,. B, is an open cover of (Y, o).
Then f~18, Ay, > a. Thus f is compact.
Theorem 5. The remainder cf|cx\x: cX\X — Y of the mappingf:X - Y is
perfect if and only if the space X is open subspace of cX.
Proof. Let cf|cx\x: ¢cX\X — Y be a remainder of fis perfect. Then cX\X is
closed in cX. Thus, X is opened in X.
Conversely, subspace X is opened in cX. Then subspace X\X is closed in X.

Thus, the remainder cf|,?\X:)?\X - Y is perfect.
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MSC 80A05
ENLARGED LIST OF EFFECTS IN MATHEMATICS AND ITS
APPLICATIONS
PANKOV P.S., TAGAEVA S.B.
Institute of Mathematics of NAS of KR

In the Institute of mathematics, the history of mathematics was presented as a
successful treatment of phenomena arising both in mathematics and in life; phenomena
are consequences of effects. In this paper, improved framework definitions and
enlarged list of effects in mathematics and its applications are presented, both well-
known and new-identified effects and phenomena are surveyed.

Keywords: entropy, thermodynamic, second law, control, differential equation,
affectable system, heat.

MaremMaTka HHCTUTYTYH/Ia MATEMAaTUKaHBIH TaPhIXbl MATEMAaTHKA A J)KaHA
TYpPMYIITa Ke3AEHIYYUYy KyOyayIITapsl UATUINKTYY U3HIIJI00 KaTapbl TAAHBIIITHI -
pbUITaH; KyOoynymTap ap Kanna 3ppexkTrepaAnH HaTblikackl 6oiyn caHanart. byn
Makaliaja MaTeMaTHKa >KaHa aHbIH KOJITOHMOJIOpYHAA Ke3enyy4ay 3¢ dexkrrepant
TaKTOOJIOPYH >KaKIIBIPTHUITAH TYIIYHIYPMOCY *KaHa KEHEUTUITeH TU3MECH OepuIIeT,
OIIIOH/IOM 3J1e OCNTHITYY KaHa KaHbl aHbIKTaNTaH 3P eKTTep kaHa KyOyaymTap
KbICKauda OastHaanar.

YPpYHTTYY co310p: MaTeMaTuKa, Tapbix, 3h ek, KyOyIyI, aHbIKTama.

B MHcTuTyTE MaTeMaTUKKU UCTOPHUS MaTEMATUKU ObliIa MIPEICTaBIICHA KaK MMOCIE10-
BaTeJIbLHOE MCCIICIOBAaHUE SIBICHUH, BO3HUKAIONIUX KaK B MATEMATHUKE, TaK U B )KH3-
HU; SIBJICHUS SABIIAIOTCS ciencTBusIMU 3 dekToB. B manHoi paboTe npencraBieHbl
YTOYHEHHBIE ONPEACIICHNAS U PACIIUPEHHBIN CTUCOK 2(()EKTOB B MaTeMaTHKE U €€
MPUIOKECHUSX, TaH 0030p KaK M3BECTHBIX, TaK M BHOBb BBISBICHHBIX 3P(HEKTOB U
SIBIICHUU.

KiaroueBble cjioBa: maTemaTuka, uctopus, 3pdeKr, sBiIeHne, onpeneacHue.
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1. Introduction

In the Institute of mathematics, the history of mathematics was presented as a
successful treatment of phenomena arising both in mathematics and in life; phenomena
are consequences of effects (see, for example, [1], [2]). In this paper, improved
framework definitions and enlarged list of effects in mathematics and its applications
are presented, both well-known and new-identified effects and phenomena are

surveyed.
2. Definitions

Notions "effect” and "phenomenon™ were used widely including mathematics. We
proposed a framework definition for "phenomenon” and noted that in history of
mathematics, phenomena and paradoxes appeared in mathematics itself (or in life) and
researchers tried to explain or to create any theory around them. We also noted that
various phenomena were not logically connected but had the same origin (“effect™).

Consider a theorem in general as an implication of conditions A = B, or, more
concrete, if there is a general class X of objects xand Ac X, Bc XthenAcBor (x
A) = (x € B). To prove sufficiency of A for B one is to construct an example without
both A and B. An (interesting, nonpresumable, single) way of violating B is said to be
a phenomenon.

If P is a property (or some properties) of elements x € X having a property E
such that a logical proof (E A C) = P (where C is any additional condition) is too
complicated and the property P was discovered not by a logical way but by meeting
paradoxes, by experiments in physics and chemistry or by computational experiments
in mathematics then E is said to be an effect.

Briefly, if a (real or imagined) concept has various unexpected consequences and
these consequences develop some part of mathematics or bring to life a new branch of
mathematics, then this concept is called effect, and these consequences are called

phenomena.
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3. Geometry

Careful analysis of Euclid's Elements in the 18th century demonstrated that they were
not an axiomatic system of geometry, many theorems were proven by "common sense".
A complete axiomatic system was developed at the end of the 19th century but it turned
out to be too complicated and is not used actually. Moreover, mathematicians firstly
found any phenomenon (as examples, cycloid, projective transformation) and further
described it by means of analytic geometry. Hence, geometry and its generalizations

are developed not on an axiomatic base.
4. Effect of infinity

Anaxagorus, 5th century BC inserted the notion “homoeomeria” (similar-to-part).
The phenomenon "A part of an infinite object can be equivalent to itself" was
formulated by Galileo, 16th century. This phenomenon refuted the intuitively evident
statement fixed as Euclid's fifth axiom "the whole is greater than the part". The further
development of mathematics was significantly connected with attempts to overcome
such paradoxes. At the end of the 19th century it turned out that Cantor's theory of sets
is controversial. To "complete” this theory, various proposals have been made
including attempts to overcome "saying about itself" such as Russell's theory of definite
descriptions. At last, P.Cohen (1963) demonstrated that it is impossible.

Hence, infinite notions were and are investigated not on any axiomatic base.
5. Effect of singular perturbations

To explain the physical phenomenon of boundary layer in flow of a slightly viscous
fluid near a solid boundary L.Prandtl (1905) discovered the effect of singular
perturbations. One of mathematical implementations: the effect of parameter 0 <¢ <<1
by the highest derivative in a differential equation. Some authors discovered
phenomena of interior boundary layer. We have searched consequences of the effect
of singular perturbations systematically, and we found the phenomenon of singular
(lengthening as ¢ tends to 0) cycle, the phenomenon of the deepening boundary layer

and other ones.
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6. Integrity effect

Definition. If a change in one part of a mathematical object changes the entire object,
then that object is said to be holistic. For example, absolutely elastic solid, sphere, five
regular polyhedra are holistic.

Consequences of such property are called phenomena of integrity.

Analyticity effect is a particular case: some tasks being incorrect for continuous and
even infinitely differentiable functions became correct for analytical ones, on the base
of following phenomena found in Kyrgyzstan: existence of level lines for singularly
perturbed ordinary differential equations; convergence of the grid method for partial
differential equations out of the domain covered by characteristics; correctness of the
final value problem for the heat equation; correctness of some integral equations of the
first kind; correctness of the initial value problem for the Laplace elliptical equation.

These results were primarily discovered by numerical experiments.
7. Effect of higher dimensions

It is well-known that passing from 1D (numbers) to 2D (2x2-matrices) yielded
many phenomena: non-commutability of multi-plication; zero product of non-zero
factors etc. Passing to next dimensions yields possibilities of new combinations of
eigenvalues of matrices. Passing from 2D to 3D in the theory of non-linear differential
equations yielded an unexpected phenomenon of strange attractors. Passing from 3D
to 4D vyielded "mechanical strange attractor” as a round bowl with odd number of
symmetrically arranged bulbs on the edge and a little ball moving within the bowl

under gravitation.
8. Effect of self-organizing

New phenomena in virtual spaces are found and will hopely be found. One of them
is an “even-odd” phenomenon in a virtual space mentioned above. It may be considered
as a consequence of the effect of higher dimensions too because it appears only for

many objects, a “constant of numerosity” arises.
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9. Continuity-Smoothness Effect

Consequences: such functions are bounded on a closed bounded domain, have
extrema, possess derivatives, their graphs have tangent lines, and equations involving
such functions have solutions... On their basis, mathematical analysis, the theory of
differential and integral equations, and differential geometry are built.

Note. Such consequences seem natural, which is why they are not called
"phenomena.” On the contrary, in mathematical analysis, "unnatural™ examples are
considered as "phenomena" and require the introduction of new concepts.

Note. From the 16th century, mathematical analysis developed successfully
without any justification (all functions were assumed to be continuous and piecewise
smooth). Only after Weierstrass provided an example of a function that is continuous
but "jagged” (non-differentiable) everywhere (1875) mathematicians did attempt to

justify mathematical analysis through "actual infinity."
10. Conclusion

The work was carried out within the framework of the project of the Institute of
Mathematics of the National Academy of Sciences of the Kyrgyz Republic. We do not

consider logical paradoxes because they do not lead to new mathematical results.
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MSC 35G35
SINGULARLY PERTURBED LINEAR EQUATIONS WITH A
LOGARITHMIC POLE
Alybaev Kyrmanbek Sarmanovich, Ermatali uulu Bayaman

Jalal-Abad State University named after B.Osmonov

Abstract. In this work, a linear singularly perturbed equation with a logarithmic pole is
considered. The objective is to investigate the asymptotic behavior of the solution to the studied
equation and the influence of the logarithmic pole. To address this problem, a conformal
transformation is applied, which reduces the equation and the domain in the complex plane to a
simpler form. Polar coordinates are introduced to facilitate the asymptotic estimates.

byn xymymra norapudManblk HOJIOCTYY CHI3BIKTYY CHHTYJSPIYY KO3TOJITOH TEHJEeMe
Kapaliat. Kapanmn JKaTKaH TCHJACMCHHMH YCYMMHWHHUH ACUMIITOTUKAJIBIK JKYPYMY JKaHa
Jorapru(MaltbIK TOFOCTYH TaacupH m3uiAeHeT. Koronran maceneHn yedyy YUYH TeHJIEMEHH KaHa
KOMIUIEKCTYY TETHU3IUKTETH OOJACTTHI )KOHOKOW TYPre KeITHpPYYdy KOH(DOPMIyK e3repTyy kaHa
HOJIAPABIK KOOpAUHATaIap KOJIOOHYJIraH.

B nmanno#i paboTe paccMaTrpuBaeTcs JUHEHHOE CHHTYISAPHO BO3MYIICHHOE YpaBHEHHE C
morapumudeckumM  morocoM.  McciemyeTcss  aCHMOTOTHYECKOE — TOBEICHHUE  PEIICHUS
paccMaTpuBaeMOro YpaBHEHHUS U BIUSHHE JOTapUPMUYECKOTO IOJIOCA. Hns  peuienus
MMOCTaBJICHHOW 3aJa4d MPUMEHEHBI KOH(OpMHOE NpeoOpa3oBaHUE, MPUBOJAIICE ypPaBHCHHUE H
00J1aCTh B KOMILJIEKCHOM IIJIOCKOCTH, T'IC€ paCCMaTpuBacCTCsAd YPaBHCHHUE, K 0oJee MMpoCTOMY BUAY, H
IOJISIPHBIC KOOPAWHATHI.

Key words. singular perturbation, logarithmic pole, analyticity, harmonic function, level line,
integration path, boundary layer line and region.

CI/IHFyJ'IHpI[LIK KO3roJyy, J'IOl"apI/I(i)MaJ'ILIK MOJIKOC, AHAIWUTHUKAIYYIYK, TapMOHHKAJIBIK
q)YHKHI/I}IJ'Iap, JACHTIIJI ChI3BIKTAPbI, HHTCI'PAJIA00 KOJIY, YCKTHK KaTMap CbhI3bIK KaHa 00J1aCTh.

CI/IHFYJ’IHpHOG BO3MYIIICHHUEC, JIOFapI/I(I)MI/I‘leCKI/Iﬁ IIOJII0C, aHAJIMTHUYHOCTb, I'apMOHHYCCKHEC

(GyHKUMU, TUHUS YPOBHS, MyTh MHTEIPUPOBAHUS, IOIPAHCIIONHAS JIMHUSA U 00J1aCTh.

Introduction. If a small parameter multiplies the highest-order derivative, such
equations are called singularly perturbed. We will consider only ordinary singularly
perturbed differential equations. Hereafter, such equations will be referred to as SPEs

(singularly perturbed equations). Systematic studies of SPEs began in the 1950s.
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They were investigated by L.S. Pontryagin [1], A.N. Tikhonov [2], E.F. Mishchenko
[3], A.B. Vasilieva [4], M.1. Imanaliev [5], and many others.
Consider the system of equations

ex' = ft,x,y), ¥y =gtxy), x=0p. X0,y = 1) Ym) 1)
with initial conditions

x(to, &) = x°, y(to, &) = y°, (2)
where 0 < € is a small real parameter; t € [t,, T1;

By setting € = 0 in (1), we obtain the unperturbed (degenerate) system
ft.¢§,h) =0, g(ts h)=h. ©)
Suppose that the system (3) has a solution &,(t), hy(t) defined for any t € [t,, T].

Problem. If there is a solution to the problem (1)-(2) that exists for t € [t,, T,
is the limit transition possible for t € [t,, T]

lim x(t,e) = fo(t);!ei_f)% y(t, &) = ho(t)? (4)

This problem was solved in its most general form by A.N. Tikhonov [2]. It was
proven that the first limit in (4) holds over the entire interval [t,, T] but is not
uniform. In the vicinity of the point t, a so-called boundary layer appears, where
x(t, €) and &,(t) significantly differ from each other. In proving the relation (4), the
stability of the equilibrium point of the associated system (in A.N. Tikhonov’s
terminology) was used.

Subsequently, A.B. Vasilieva [4] developed the method of boundary functions
and performed an expansion of the solution to the problem (1)—(2) in positive integer
powers of the small parameter €. The expansion consists of two functions: one function
Is significant only in a sufficiently small (along with ¢) neighborhood of the point ¢,
while the other is significant outside this neighborhood. The first function decays
exponentially outside this neighborhood. The asymptotic stability of the equilibrium
point was required to perform the expansion [4]. M.I. Imanaliev developed a simpler
and more practical algorithm for computing the terms of the solution expansion and

performed the expansion of solutions for integro-differential SPEs.
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L.S. Pontryagin [1] proposed a different perspective for studying the

asymptotic behavior of solutions to autonomous SPEs of type (1).

ex' = f(x,y), y' =g(xy), ®)
L.S. Pontryagin suggested starting the investigation of solutions to systems (5)) by
analyzing the system (5) (the system of fast variables) based on its stationary solutions.
If the system (5) has only equilibrium positions and some stable equilibrium position
loses stability at a certain y = y,; bifurcation value of the parameter, then a transition
of the solution of system (5), accompanying the stable equilibrium, to another stable
equilibrium may occur. In such transitional processes, the methods proposed in [6] are
inapplicable.

L.S. Pontryagin proposed another method and performed an asymptotic
expansion of solutions up to (and including) the boundary of stability loss. It was
assumed that when the equilibrium position loses stability, the solution of (5)
immediately moves a finite distance away from the newly unstable equilibrium.
However, it turned out that this is not always the case; specifically, when an
equilibrium position becomes unstable, the solution of (5) does not immediately leave
the newly unstable equilibrium but remains close to it for a finite time. A specific
example of this phenomenon was constructed in [6]. This phenomenon was later
generalized in works [7-8]. In all these works, cases were considered where the first-
approximation matrix function (the linearized part with respect to the unknown vector
function) has complex conjugate eigenvalues that determine the stability of the
equilibrium position.

In [9], singularly perturbed equations with analytic functions in some domain D
of the complex plane are studied. Using the method developed in [9], new concepts of
boundary layer lines, boundary layer regions, regular and singular regions are
introduced, and their existence is proven. In [10], to address the limit transition
problem, the concept of attraction regions was introduced. These are regions where the
solutions of the considered SPEs are attracted to the solutions of unperturbed equations.
Their existence and interrelation were proven. It was found that attraction regions do

not exist for all solutions of the unperturbed equation. In all the listed works, cases
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were considered where the eigenvalues of the first-approximation matrix function do

not have poles. In [11], specific cases were considered where the first-approximation

1
(t+in’

coefficient matrix has eigenvalues with poles 4, ,(t) = Thus, the study of such

cases is highly relevant. In this work, a linear SPE with a single logarithmic pole will
be considered.
Object of study and problem statement

Consider the equation

OB 6
EX = a(t) X & ) ( )

with the initial condition
x(to, &) = x° (7)

and the conditions
Cl. a(t),b(t) € Q(D) - the space of analytic functions in D, where D is some disk in
the complex plane.
C2.3!Ty € D(a(Ty),a'(Ty) + 0).
According to condition C2, we say that equation (6) has a logarithmic pole.

Problem. Investigate the influence of the logarithmic pole on the asymptotic
behavior of the solution to the problem (6)—(7).

Solution to the problem

Replace the problem (7)—(8) with the following

a(t)
a(ty)

t 1 )
+ [, b(r)exp;ln%dr. (8)

x = xoexp%ln
To simplify (9), map the domain D ((in the t -plane), to some domain H in the u,
such that
u = a(t). 9)
By conditions C1-C2, the mapping (9) is conformal and bijective. Assume that
(10) maps D to some disk H, in the plane with center at the point (0; 0) and radius ro.
Under this mapping, the point T, is mapped to the point (0; 0).

From (10), we determine the function t = ¢(u). Then (8) can be rewritten as
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u
0 1 u 5 1 u
y=x expglnﬁ-k fbl(u)expglnadu, (10)
uO

y = x(pw), &), by (@) = b(p@) - ¢'(@), u° = a(to).
Note that concentric circles centered at the point (0; 0) are level lines of the
function u? + uZ. All level lines are attracted to the point (0; 0) i.e., to the logarithmic

pole.

Draw a circle of radius r;, = \/m denoted by H.. Introduce the notation
H\H, = Ho, assuming that the boundary of H; does not belong to Ho.

For u® take the point (r; 0) as the initial point and, for convenience of
calculations, rewrite (11) in polar coordinates, setting

u; = reosa,u; =rsina,0 <r <r,,0 < a < 2m.
We have

1 1

S e

o &)s d(7(cos@ + isind)). (11)

Choose the integration path for the integral in (12). The disk H is divided by
the real axis u; into two parts: the upper and lower parts, denoted as

Hi = Hoy U Hyy, HY = Hop U Hyy,
Hy, and Hy,, H,; and H;, are, respectively, the upper and lower parts of the regions
H, and H;.
First, consider the regions Hy; U H;;. In this case, the path goes from (ry; 0) to (ry;
&) (this point lies on the boundary of H}), then along the ray a = & from the point
(ro; @) to (1; ).
Consider the following cases:

1. (r; a)€ly- the boundary of HY; 2. (r; @)€Hyq; 3. (r; a)EH4;.

1. Let (r; a)€l;. Then, considering the chosen path, from (12) we have
2 i(a-&) .
y =x(e®)e + foa bi(ry, @) (e & riet?da.
Integrating the right-hand side by parts and passing to the modulus, we obtain

|1x° = Cie| < Iyl < x| + Cie, (r; @) €1y (12)
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2. Let (r; a)€Hy,. In (11), perform the following transformation
Ny ORI i(a-a) .
y = (E) [xo(e‘“)f + [, bi(rg,@)e” € roie®dd] +
1
+ f:o b, (F, &) - (E)‘E (cos@ + isind@)d. (13)
In (14), the expression in brackets [...] given y(ry, @) ((ry, &) € 1. Considering this,
rewrite (14) as

1 T
&

1
y = y(ry, &) (;) + J b, (7, & (;)‘g (cos@ + isin@)dr. (14)
0

r

!
JrZ+eme<r<rv 1+Z <l <1
0 7§ To

Then, passing to the modulus in (14), we obtain
||y(r0, a)| - Cle| <yl < |y(ro, @)| + C1¢, (r, @) € Hyy. (15)
3. Let (r,a) € Hy4. Then, passing to the modulus in (14), considering thatr1< 1, we
0

obtain
ly| < o(e™) + Cl|f:°(r/r’)1/'9dr’| = 0(e™) + C1e(1 — (r/T9)"/¢) < Cye,

ly| < Cye,(r, @) € Hyq. (16)
Separately, consider the case when r —0. From (15), we have

1

Yl < Ci(r/ro)e + €, | fjo(r/r')?dr'| = (—) +C6—(1- (r/ro)i) <

<G=+(0-65) (r/ro).
Thus, asr — 0 we have  |y| < Cq i Similarly, the cases are considered:
1. (r; a)€l, - the boundary of H2 ;2. (r; a)€Hy, ; 3. (r; a)EH;,.
For these cases, estimates analogous to those in (12), (15), and (16) hold.
Conclusion. Thus, for the function (10) there exist a boundary layer region Ho,
a boundary layer line (the boundary of Hi) and an attraction region H;. Since the
mapping (9) is conformal and bijective, analogous regions exist in D. As the

calculations show, the logarithmic pole does not affect the asymptotic behavior of the

solution to the problem (6)—(7).
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MSC 34E05
ON DELAYED SOLUTIONS IN THE THEORY OF SINGULARLY
PERTURBED EQUATIONS
Alybaev K.S., Nurmatova M.N.
Jalal-Abad State University named after B. Osmonov
Abstract. We investigate singularly perturbed dynamical systems consisting of several
fast variables coupled with a single slow equation. Particular emphasis is placed on
situations where the matrix of the principal approximation of the fast subsystem admits
more than one pair of complex-conjugate eigenvalues. The study focuses on the
stability of equilibrium states and on the evolution of the real parts of the eigenvalues
under variation of the slow variable. It is demonstrated that a solution delay
phenomenon occurs in parameter intervals where all eigenvalues simultaneously
change sign. The analysis combines the Laplace method, the method of stationary
phase, and successive approximation techniques. The principal results are rigorously
established and stated in the form of theorems.
Key words: equilibrium position, stability, analytical, harmonic function, delayed
solutions.
AnHoTaumus. B crarbe 0000mar0TCst pe3ynbTaTbl MCCICNOBAHUNM JTHHAMHYECKUX
CUCTEM, BKJIIOYAIOIIMX HECKOJIbKO OBICTPHIX M OIHO YpaBHEHHUE MEIJICHHBIX
nepeMeHHbIXx. Oco0oe BHUMaHUE YICICHO CIydasM, KOTJa Yy MaTpHIbI-PyHKIIHH
NEpBOTO TPUONMIKEHHUS OBICTPBIX TEPEMEHHBIX HMeeTcss Ooliee OIHON mmapbl
KOMIIIEKCHO-COMPSKEHHBIX COOCTBEHHBIX 3HaUYeHui. PaccMaTrpuBaeTcst yCTOHYHBOCTD
MOJIOKEHUH PAaBHOBECHUS W TIOBEJACHUE JIEHCTBUTEIBHBIX dYacTeld COOCTBEHHBIX
3HQYCHUM MpPU MU3MEHECHHM MEIJICHHOW nepeMeHHoM. [loka3aHo, 4To 3amepxka
pElIeHHs] BO3HUKAET Ha OTPe3KaX, I7Ie BCe COOCTBEHHBIC 3HAUYCHUSI MEHSIOT 3HaK. J[Jist
JIOKa3aTeIbCTBA  HMCIONB30BaHBI  MeToabl Jlammaca, cramuoHapHod (a3el u
MOCJIEIOBATEIILHBIX MMPUOTMKCHIH; Pe3yTbTaThl CBEICHBI B BUJIC TEOPEM.
KiioueBble cj10Ba. TONOXKEHHE PABHOBECHS, YCTOMYMBOCTH, AaHAJIUTHYECKas,

rapMoHHYecKas QyHKLHUS, 3a1€pKKa PEIICHH.
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AnHoTaums. byn Makanana Oup Heue Te3 e3repMesiopy KaHa >kail esrepMesiep YuyH
OUp TEHJIEMEHU KaMThITaH JTUHAMUKAIIBIK CUCTEMAaJIap/ibl M3WIJIOOHYH HaTbINKalaphl
KaNMbUIaHTaH. Te3 e3repMeNiepayH OWPHUHYHM IKAKBIHIANIYyCYHYH MaTpHIla-
GbyHKIUACH OUPIEH KOIl KOMIUIEKCTUK-TYHYHAOII ©31yK MaaHujepre 33 OOJIroH
ydypiapra e3rede keHys Oypymar. JKaii e3repMe e3repreHi® TEH CalIMaKTyyayK
ababIH TYPYKTYYIIYTY jKaHa ©31YK MaaHWJIEPUH YbIHBITEI OOJIYKTOPYHYH KYPYMY
Kapaar. UsIrapbUIBIIITRIH KaPMAaJTBIIIBI OapbIK ©3IyK MaaHUJIep OCITHCHH ©3TOPTKOH
apanpIKTapna mnaiga 0osioopy kepcetyireH. Jlamunmee yuyH JlammacteiH ycymy,
CTallMOHApAbIK (a3a jkaHa yAaanall >KAKbIHAAIITHIPYY YCYJIAAphl KOJIJOHYINAT;
HaTBIKaIap TeopeMaliap Karaphl KaJbUIaHTaH.
YPYHTTYy c€6316p: TEH CaJMakTyylyK alajbl, TYpyKTYYJAyK, aHaJIUTHKaJbIK,
TapMOHUKAJBIK (DYHKITUS, YbITAPBUIBIIITHEIH KapMAaJIbIIIIbI.
Introduction
In the 1970s, under the guidance of Academician L.S. Pontryagin, the

phenomenon of delayed solution (DS) in singularly perturbed equations (SPE) near
newly arising unstable equilibrium position (EP) was first identifed [1]. In these
studies, the system was considered

ex1(t,€) = y(x (te) —¥) — x,(t &) +y[(1 (t, &) — ¥)* + x5 (¢, £)],

exy(t,€) = x,(6,€) — ¥ + yx,(6,€) +y[(x1(6,€) — ¥)? + %28, ©)],

y' =1 0.2)

where y is const.

0.1)

System (0.1) is referred to as the system of fast motions, while equation (0.2) a
describes the slow variable, in the terminology introduced by L.S. Pontryagin [2].

From the results of studies conducted [3], it follows that if an EP loses stability at
a certain bifurcation value of the slow variables, then the reduced system the solution
should immediately depart a finite distance from the newly unstable EP. However, this
is not always the case. In particular, for the system (0.1) — (0.2), it was proved that
when the focus equilibrium loses stability, the solution of the full singularly perturbed
system (0.1), satisfying the initial condition

|x1(=1,€)| = 0(e), |x2(=1,€)[ = O(e) (0.3)
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remains in the vicinity of the focus for values of the slow variable y € [—1;1].

Thus, a new phenomenon was discovered in the theory of singularly perturbed
equations, which was subsequently termed the delay of stability loss or the delay of
solutions (DS) near an unstable equilibrium position. Henceforth, we will use the term
DS.

DS in [1] was established by analytically continuing (0.1) — (0.2) into the complex
plane (CP). Solution (0.2) was represented as y = ¢, and a square K with vertices at the
points (-1; 0), (0; 1), (1; 0), (0; -1) was defined in the complex plane. System (0.1) was
replaced by integrals. Taking into account (0.3) and applying the method of successive
approximations (MSAs), the existence of a solution on the entire K and the
phenomenon of DSs were proven.

S. Karimov generalized the results of [4] to a wider class of systems of the form
(0.1). The methodology used remained the same as in [1]. A.I. Neishtadt [5-6]
considered a more general system of autonomous singularly perturbed equations
(ASPEs) under the condition that the matrix-function of the first approximation has
one pair of complex conjugate eigenvalues (EVs) that intersect the imaginary axis with
a nonzero velocity, while the remaining EVs have negative real parts. It was proven
that, for analytical systems, the phenomenon of DSs occurs under certain conditions.
This work did not consider even a single pair of complex conjugate eigenvalues for
which the axis intersects with zero velocity.

K.S. Alybaev [7] developed a general methodology for studying ASPEs under the
loss of stability of a EP. He introduced the concept of labeled sets and formulated
sufficient conditions for DSs in terms of sets. Whether these conditions are also
necessary has not yet been investigated.

The asymptotic behavior of solutions to ASPEs is an important topic in the theory
of differential equations and dynamic systems. Early works explored various aspects
related to the behavior of solutions as the stability of the equilibrium position changes.

1. Problem statement
The object of study of this work is the following types of ASPEs:

ex'(t, &) = A)X(t, €) + V¥ (%(t, €)X (¢, ), (1.1)
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y' =1, (1.2)
with initial condition

x(to, &) = x%y(ty) = to (1.3)
where 0 < ¢ is small real parameter; k = 1,2,
teQcC - set of complex numbers, a Q= {t€eC,|t] <ry1o€R—
set of real numbers and ry > |t,|},
x = colon(xq, ..., xy), X =colon(x; —y, X3, X3 =V, X4, ,Xon-1 =Y »X2n)»
A(y) =diag{A;:i = 1..n},
V(E(t8) = (1 =) + x5 + (3 =) + x5 + -+ (Xanoa — Y% + x5).

2. Results obtained:

The following cases were considered in works [8-14]:

cLan=(4 8 ) a0r=( Tham=( o= )

The matrix function A(y) has eigenvalues: 1, ,(y) =y + i, A3,(y) =y + 2i.

2 40 =(z ') G=1.m),

The matrix function A(y) has 2n pairwise complex conjugate eigenvalues of the

form: A,;_1(y) =y +iaq;, ;@) =y—ia, j=1,..,n,a <ay; < .. <a,.

y —a; 0
C3. A(y) = (Ofl y 0 ) ci (V) =y tia, A3(y) =y —a3,0<a;,0<ay,
0 0 a
Ai(y) 0 y -1 1-y* 2y
Ca. A =<1 ),A =( ),A =( )

V2= (x; —y)2+ x5 + (x5 — y)* + x5,
The matrix function A(y) has eigenvalues: 4, , =y +i, A3, = —(y £ i)? i = V-1
CS. The matrix function A(y) has eigenvalues of the form: 4,;_;(y) =y — a; + i,
Li=y-—aq -1, j=12,.,n0=0 <a, < <a, <1

A distinctive feature of the cases under consideration is that system (1.1)-(1.2) has
an equilibrium position in the space of fast variables at the point (y, 0,7y, 0, ..., y,0) and

the stability of the equilibrium position is influenced by all eigenvalues of the matrix

function A(y).
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The equilibrium position is stable for values of y, when the real parts of the
eigenvalues are negative.

In cases C1 and C2, the real parts of the eigenvalues (44 (y), A, (y)) vanish at
y = 0 and change sings from negative to positive.

For C3 the real parts of the two eigenvalues (/11 (y), A, (y)) vanish at y = 0, and
A3(y) vanishesaty = a, >0(0 < a, < a;)andata; > 0(0 < a; < ay).

For C4 the real parts of the two eigenvalues A, ,(y) vanish at y = 0, and A3 4(y)
vanish aty = +1.

If we consider C5, then the real parts of the two eigenvalues A;;_1(¥), A, (y)
vanish at the pointsy = a; j = 1,..,n),0 =a; < a, < ... < a,.

Definition 1. If the stability of the EP is lost at certain values of y, but the solution
to equation (1.1) does not immediately leave the resulting unstable EP, but remains
near the resulting unstable EP for a finite time. We say that a DS occurs near the
unstable EP (DSs).

Problem 1. For all the cases under consideration, investigate problem (1.1)-(1.2)
for the DSs and solve all problems related to the DSs (the influence of the DS
eigenvalues and determining the DSs boundary, etc.).

For case C1 [8], new unknown functions (NUF) are introduced in (1.1)
Uy =X1 — Uy =Xy, Uz = X3 — L, Uy = Xy;
Zi = Uy + Uy, Zp = Uy — Uy, Z3 = Uz + [Uy,Z4 = Uz — LUy

and the equation is reduced to the following form:

€zj = (t + kji)zj + V2(21,22,23,z4)zj — &, (2.1)
zi(ty, €) = 27, zj0 < Mze, (2.2)
where kl = 1, kz = _1, k3 = 2, k4_ = _2, V(Zl,Zz,Zg,Z4) =714y + Z3Zy.
A2 A2
Denote E(t,7) = exp <(t+kjl) ;{Etﬁkﬂ) )

(2.1)-(2.2) is replaced by the following integral equation
1t
z; = F(z);F(z;) = z)E(t, to) + ;fto(—s +V3)zE(t, 1)dt (2.3)

and the method of successive approximations was applied:
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Zim = F(zjm_l),zjo =0, 2.4)

Vin-1 = Zim-1Z2 m-1 + Zzam-1 Zam-1, m=1,2,....
Successive approximations (SA) (2.4) are considered in the constructed domain D [8,
15 p.]. An estimate is made, and the uniform convergence of SA (2.4) is proved.

The following is proved:

Theorem 1. There exists a domain D, € D and a solution to problem (2.1)-(2.2)
z(t, €) defined in this domain, and for this solution the following estimate holds [8,
p-18]:

g te Dl U Dz,
< —
Iz <Ml 2 e s (0B U, @3)

According to the transformations carried out, the estimate follows from (2.5)
_ - g, tED,UD,,
15 <M 7 e 3 (b uD;) U, 2.6)
If we consider (2.6) on the real axis, we obtain

g tg <t <1—+/g
Ve, 1-Ve<t<1.
Corollary 1. (2.7) implies that the solution of problem (1.1)-(1.2)-.1.3) is delayed

1X(t, o)l < Ml{ (2.7)

near the unstable EP that has arisen on the segment [0;1].
For case C2 [9] in (1.1) using the coordinate notation of vectors we have
eu’zj_l =tuyj_g — & Upj + V(Uy, e, Upp) Upjog — &,
eu’zj =ajUpj_q Uy +V(Uy, o, Upp) Ugj j = 1,.0,10
From here we got the system
ezéj_l = (t + aji) Zyj1 + Vo(21, Zg, e, Zop) Zj—q — &, (2.8)
€Z,; = (t — aji) zy; + Vo(21, 23, ..., Zop) 23 — €,
with initial condition
Zpj1(to, &) = 23, 1,23 (t,€) = z3;,j = 1,..,m, (2.9)
where Vy(21,29, ) Zopn) = 21" Zo + -+ Zyp_1 " Zop -

The following is proved:
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Theorem 2. There exists a domain D, € D and a solution to problem (2.8)-(2.9)
z(t, €) defined in this domain, and the following estimate holds [13, p.14]:
g, teD,UD,,
Ve, t € (Uz=3(Dyx U Dy)).
According to the transformations carried out, the estimate follows from (2.10)
g, teD,UD,,
Ve, t € (Up=3(Dx U Dy)).

If we consider (2.11) on the real axis, we obtain

lz(t, &) < Mz{ (2.10)

1%t )l < Mz{ (2.11)

g to<t; <a; —e
\/E, al—\/EStl Sal.
Corollary 1. (2.12) implies that the solution of problem (1.1)-(1.2)-(1.3) is

delayed near the unstable EP that has arisen on the segment [0; a4].

1%L, o) < MZ{ (2.12)

For case C3 [10] in (1.1) let's introduce the NUF (for convenience, we will omit
the arguments of the unknown function) x; — y =uy, X, = Uy, X3 —y = Uy
and we get the system
guy = tuy — aquy + V2(uyg, Uy, uz)uy + &,
Uy, = aquy + tuy + V2 (uy, uy, uz)u,, (2.13)
cuy = (t — ap)usz + V2(uqy, Uy, uz)us + &,
In (2.13), multiplying the second equation by (%), then adding the first equation to
the second, we obtain
ez; = (t +iay)zy +V23(2zq,25,23) 21 + &,
ezy = (t — iay)zy + V2(24,2,,23) Z, + &, (2.14)
ez = (t — ap)z3 + V2(2q,2y,23) 23 + €,
z1(to, &) = 27,2, (to, €) = 23,23 (to, €) = 23, (2.15)
where z; = uy + iUy, 2z, = Uy — iUy, 23 = Uz, V(2q,25,23) = 71 * 2, + 25.
The following is proved:
Theorem 3. If 0 < a; < a, then there exists a domain Dy € D and a solution
to problem (2.14)-(2.15) z(t, ) defined in this domain, and the following estimate
holds [10, p.408]:
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g, t € Dy; UDyy,
Ve, t € U3_3(Do; U Dy;) U Dy,
According to the transformations carried out, the estimate follows from (2.16)
g, t € Dy; UDy,,
Ve, t € U3_3(Do; U Do) U Dys,

If we consider (2.17) on the real axis, we obtain

lz(t, &)| < M3{ (2.16)

1X(t, o) < Mg{ (2.17)

g to<t<a —e
\/E,al—\/EStSO(l.
Corollary 3.1. (2.18) implies that the solution of problem (1.1)-(1.2)-(1.3) is

1%t Ol < Mg{ (2.18)

delayed near the unstable EP that has arisen on the segment [0; a4].
The following is proved:

Theorem 3.2. I[f 0 < a, < a; then there exists a domain D, € D and a solution
to problem (2.14)-(2.15) z(t,€) defined in this domain, and the following estimate
holds [10, p.410]:

g, t €D,

2.19
Ve, t€ DEuD. 2.19)

lz(t ol = M3{

According to the transformations carried out, the estimate follows from (2.19)

g, t €D},

2.20
Ve, t€ DZuD}. (220)

1%t ll < Ms{

If we consider (2.20) on the real axis, we obtain
gty <t<a,—+e,
Ve, a, —Ve< t<ay,
Corollary 1. (2.21) implies that the solution of problem (1.1)-(1.2)-(1.3) is
delayed near the unstable EP that has arisen on the segment [0; a,].
For case C4 [11] in (4) let's introduce the NUF:
x1(t, &) —t =u (L, €), x5(t, &) = uy (¢, €),

1X(t, &) < M3{ (2.21)

x3(t,e) —t =us(t,€), x4(t, €) = uy(t, ) (2.22)
u(t, &) = colon(uq, uy, us, uy), where uj(t, €)(=1,2,3,4)is NUF.
Substituting (2.22) into (1.1) we obtain
cu' = A(t)u + V3u — ea, a = colon(1,0,1,0) (2.23)
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u(ty, ) = u°. (2.24)
In (2.24), multiply the first and third equations by i, then add the first equation to
the second, and the third to the fourth, we have
ez’ = ANt)z+V?z — eay, (2.25)
z(ty, ) = 2°, |2°| < My¢, (2.26)
where z = colon(z; = uy + iUy, Z2y = Uy — Uy, Z3 = Ug + [Uy, Zy = Uz — (Uy),
A(t) =diag(t +i,t—i,—(t+ )2 —({t—0)2),V =22, + 23" 2,
a; =(1,1,1,1).
The following is proved:
Theorem 4. There exists a domain D, € D and a solution to problem (2.25)-
(2.26) z(t, €) defined in this domain, and the following estimate holds [11, 14c.]:

&, tEDl,

t,ol <M D
lz(t, )l 4{51/3, t €D, UD3UD, UD,.

(2.27)

According to the transformations carried out, the estimate follows from (2.27)
g, t€Dy;

g3, teD,UuD; UD,UD,.

If we consider (2.28) on the real axis, we obtain

§tg <t < —q;
el3, —g<t<o,

12t &) < M4{ (2.28)

12t )|l < M4{ (2.29)

Corollary 4. (2.29) implies that the solution of problem (1.1)-(1.2)-(1.3) is delayed
near the unstable EP that has arisen on the segment [-1;0].
In case C5 [12], the NNFs are introduced in (1.1) as follows:
Xpj—1 —Y = Upj_1,X2j = Uyj, j=12,..,n
Received
EUyj_q = (t —aj)ugjog — up; +V2(uy, Uy, ooy Upp)Upjmg — &,

, " (2.30)
ElUyj = Upj1 + (£ — &) uzj + VE(U, Uz, o) Upp)Uyj,

Upj_1(to, &) = x3j_q — to, Upj(to, €) = x3; (2.31)
In (2.30), multiplying the second equation by (i), then adding the first to the second,

we obtain

40



€Zéj_1 = (t - a’] + i)ZZj—l + VZ(Zl, "'IZZTL)ZZj—l — &, (2 32)
széj = (t —aj — i)zzj +V2(24, ., Z2n)Z2j — €
with a condition
Z2j-1(to, €) = Zgj—pZz;'(to»f) = Zgj (2.33)

where V(z1,2,, .., Zop) = 21" 23 + oo + Zypn_1 * Zop.

|Zgj—1| S Mlg,

z9;| < Mye.

Theorem 5. There exists a domain D, c D and a solution to this problem (2.32)-
(2.33) z(t, ) defined in D, and for this solution the following estimate holds [12,
44c.]:

e, ol < mg 2 £ S0 0 2:34)
z(t, o) < — ==, .
> We, t € D;UD,UD;UD,UD;UD,UDs
t € (U3=3(D; U D)) U De.
According to the transformations carried out, from (2.34) the estimate follows
e el < mgf 2 ST 235)
Xt o) < — = = :
> e, t € D;UD,UDsUDgUD;UD,UDs
If we consider (2.35) on the real axis, we obtain
g tg<t<1-+e
el <Msy 20 ’ 2.36
I%(t, &)l s{ﬁjl_ﬁﬂgl_ (2.36)

Corollary 5. (2.36) implies that the solution of problem (1.1)-(1.2)-(1.3) is delayed

near the unstable EP that has arisen on the segment [0; 1].
Conclusion

The following methods [14] were used in studying the asymptotic behavior of solutions
to the ASPEs [8-13]:
1. Transformation of equations and their replacement with integral ones;
2. Geometric constructions and a justified choice of integration paths using level lines
and the properties of harmonic functions.
3. Methods: successive approximations, Laplace one, stationary phase, integration by
parts, and successive replacement of initial conditions with variable initial conditions

on certain lines.
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The obtained results are presented as theorems, where ASPEs, MSAs, which
have a different number (more than two) eigenvalues, and all eigenvalues affect the
stability of the EP, the main point of the study being geometric constructions using
level lines and the properties of harmonic functions.
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MSC 35G35
INVERSE PROBLEM FOR A THIRD-ORDER PARTIAL INTEGRO-
DIFFERENTIAL EQUATION WITH POWER SINGULARITIES

Ashirbaeva Aizharkyn Zhorobekovna, Karimova Gulzat Abdigaparovna
Osh Technological University named after M. M. Adyshev

Abstract. The existence of a solution of the inverse problem for a third-order partial integral-
differential equation with power singularities is proven in this work. The function in the initial
condition is considered to be unknown along with the unknown function in the posed problem.

byn makanmaga y4yHUy TapTHITErM JapaXkalyy ©3Tre4edyry MEHEH JKeKeue TYyHAYIyy
TupepeHInanIblKk TeHAEMe YYYH TECKEpH MAaceleHWH YEeUYMMUHUH >Kallallbl JaJIUJIICHTEeH.
Koronran macenene Oenrucus QyHKIMS MEHEH Oupre OamiTankbl mapTTarsl GYHKIMS 12 OeIrucus
JIeT KapaJiraH.

B nmanHOli paboTe [0Ka3aHO CyIIECTBOBAaHHUS pEIICHHS oOpaTHOW 3agadd IS
¢ epeHInanbHOr0 YpaBHEHUS B YACTHBIX IMPOU3BOJHBIX TPETHEro MOpsSAKa CO CTENEHHBIMU
oco0eHHOCTsIMU. B mIocTaBIIeHHOH 3a71a4u€ BMECTE C HEU3BECTHOM (PYHKIIMEH HEeU3BECTHON CUUTACTCS
(hyHKIIMS B HAYAJIBHOM YCIIOBHH.

Key words. Inverse problem, third order, partial derivative, integro-differential, equation,
singularity, method of additional argument.

Teckepu macerne, yayHUY TapTHII, )KeKede TyyHy, TuddepeHnnanapik, TeHIeMe, 03roueykK,
KOIIIyM4a apryMeHT KUHUPYY YCYIy.

OOpartHast 3a/1aua, TPETUH TOPSIOK, YaCTHAsI TPOU3BOAHAs, MU depeHnanpHoe, ypaBHEHHE,

OCO6CHHOCTB, MCTOJ AOIIOJTHUTCIIBHOT'O apTryMCHTA.

Introduction. The application areas of the method of additional argument
(MAA) are currently expanding. In this paper there is discussed the existence of a
solution of the inverse problem for a third-order partial integral-differential equation
with power singularities.

In this work there is considered an integral-differential equation (IDE) with

partial derivatives (PD) of the form:
D[t™, —x"D2[t™, x"u(t, x) = f(t,x,0) + [, K(t,5,u(s,x))ds, (1)
(t,x) € R? =[0,T] X R,

where D[w,9] = wd/dt +9d/0x and n,m are real numbers.

45



MAA was applied to the IDEs of first and second order:
1) the existence of a unique and continuous solution of the first-order problem was
proven in the case m < 1 in the work [1];
2) the existence of a unique solution of the second-order problem inthe case 0 < m <
1 was proven in the work [2].

Purpose of the Study. Our goal is using MAA to determine the values m, n for
which a solution of (1) equation exists.

Material and research methods.
Let us consider (1) equation with the initial conditions

o*u(t,x)/ 0x%|=o = ¢ (x), k = 0,1,2. (2)

Functions are still unknown functions that we will determine in the course of solving

the problem and ¢, (x),k = 1,2, @y(x) € E(s) (R).

In this work we use the classes of functions introduced in [3].
—3
THEOREM. Let K(t,s,u) € C( )((0 <s<t<T)XR?»nLipM)y,

—(3
f(t,x,u) €C )([0, T]1 %X R*) n Lip(L)|.),
where L, M are positive constants.
Then there exists a continuous and bounded solution to problem (1)-(2) in the

domain

_{OStST*,xeR+,n¢1
Qr = 0<t<T,x€ERn=1

}, where they are determined from the initial data, in
the casewhen 7, < T,1/2<m < 1.
When m > 1, m < 1/2, equation (1) is an equation with an essential
singularity.
Proof. Let's introduce the following notations:
z(t,x) = D2[t™, x™u(t, x) = t>™u (t, x) + 2t™x " up (8, X) + x2 Uy, (¢, x) +
+mt?™ Ly, (t, x) + nx? lu, (8, x), (3)
Z(t, xX)|t=o = Yo(x),incase1/2 <m< 1.
D[t™, x™)]u(t,x)|t =0 =Y;,(x),incase 0 <m < 1.

The equation (1) also can be written in the following form:
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tMO[t2 Uy + 26X Uy, + X2 Uy, + mEP tu, + nx? 1y, ] /0t —
—x"A[t> MUy + 2™ MUy + X2 Uy + mE2™ u, + nx? ] /dx =
= f(t,x,u) + f;K(t, s, u(s, x))ds. (4)
Putting the introduced notation (3) into (4) we have:
t"™oz(t,x)/dt — x"0z(t,x)/dx = f(t,x,u) + fot K(t,s,u(s,x))ds (5)
Incase 1/2 < m < 1 by applying MAA to equation (5) with initial conditions

(2), we obtain

t
z(t,x) = 1o(q(0,¢,x)) + JO f(s,a(s t,x),uls,q(s,t,x))/s™ds +

+ fot fOS K(s,v,u(v,q(s,t,x))/s™dvds = F(t, x; 1), (6)
where
n—-1 m—-1 n-1 B
q(s,t,x) = [(m - 1)/(tm_1 tomm T Sm_l)]l/(n b,
(s,t,x) ED;" ={0<s<t<T,x€R,}
If n+1, then

q(s,t,x) = exp[1/{(m — 1)s™ 1} = 1/{(m — D™ 1}],
(5,t,x) ED; ={0<s<t<T,x€eRIfn=1.
Function q(s,t,x) is asolution of the differential equation
t™q.(s, t,x) — x"q,(s,t,x) = 0, with a condition q(s,s,x) = x.
Indeed, we have
qe(s,t,x) = q" (s, t,x)/t™, (7)
ax(s,t,x) = q"(s, t,x)/t", 8
Multiplying (7) by (8) we get that t™, x™,
t™q.(s,t,x) —x"q,(s, t,x) = 0.
Now we apply MAA to problem (6), (2):
D[t™, x™"u(t,x) = Y1(p(0,t,x) + fotF(s,p(s, t,x);u)/s™ds. 9)
From (9), (2) by using MAA again we obtain:
u(t, x) = @o(p(0,t,%)) + Py (p(0,t,%)/(1 — m) +

+ 1[5 F(p.p(p,t, x);w)/(sp)™dpds  (10)
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where p(s,t,x) = [(m — 1)/(;—_11 e :7;_11)]1/(”_1),

xn—1

(s,t,x) €Dy If n#1,
p(s, t,x) = exp[1/{(m — 1)t™ 1} — 1/{(m — 1)s™1}],
(s,t,x) €Dy, If n=1,
The function p(s,t,x) satisfies the equality:

p(s, T, p(1,t,x)) = p(s,t,x). (11)
For the integral equation (10), we construct successive approximations, assuming

u’(t,x) = @o(P(0, £, ) + t' P (p(0, £, x) /(1 —m) +

t rs
T f f Yo (q(0, p,p(p, t,x)))/(sp)™dsdp,
0 Y0
t S rp
uN(t'x):j J f f@.q,p,p(p,t,)),u" " (v,q(v, p,p))) (vps) "dvdpds +
0“0 Y0

t rs P M
+ jo jo jo JO K@, &u"""(&, q(, p,p(p, t, x)) (ups)™dédndvdpds,

N=123.. (12)
The following inequalities are valid from (12) for N = 1,2,3. ...
¥ (2, x) — w5 ) < QO V(e %) — u R D), (13)

Q) = (L/3Nt3A"™ /(1 —m)3 + (M/4Dt* "™ /(1 — m)*,
From inequality (13) we define T, < T, so that 2(t) < 1.
Therefore, when T, < T successive approximations converge to a continuous and
bounded function u(t,x).
The theorem is proven.

Now, after finding the unknown function, we can determine the unknown
functions given in the initial conditions by taking the derivative from formula (9), then
equating t = 0.

Example. Let f(t,x,u) = f(t), K(t,x,u) = 0 in equation (1) .

Then from formula (10) we obtain the solution of the problem in the form:

u(t, %) = 9,(p(0, £, %) + "™y, (p(0, £,%)/(1 —m) +

+ 05 15w, (@(0, p, p(p, £, X))/ (sp)™dpds. (14)



Let us now define the functions ¢, (x), k =1,2, from (14).
ut(tJ X) = ¢0(p(01 ¢, X)) + tl_mlpl(p(ol ¢, X)/(l - m) +

t rS
+ J f Yo(q(0,p,p(p. t,x)))/(sp)"dpds.
0 Y0

Conclusion. There is proposed the application of MAA to inverse problems.
The function in the initial condition is considered unknown together with the unknown

function in the problem. It is also proven that this equation has a power singularity.

The work was carried out within the framework of the project of the Osh

Technological University named after M. M. Adyshev.
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MSC 34A26, 35A16
LOCAL OPERATORS AND EQUATIONS IN UNIFORM SPACES
Gulay Kenenbaeva, Venera Muratalieva, Elaman Kenenbaev
J.Balasagyn Kyrgyz National University,
Institute of Mathematics of NAS of KR
Supra, the authors gave definitions of local operators for various functions defined on
topological spaces: coinciding of two functions in any neighbor of a point implies a
same value of the operator on such functions in the point. The notion of derivative was
extended to all functions in metrical spaces. A local equation for a scalar fractal
function was constructed. In the paper these results are extended for ‘“almost
coinciding” functions in any neighbor of a point.
Keywords: functional relation, local operator, local equation, equation, fractal, uniform
space.
Mypna aBTopiiop Kkaanaran GyHKOHSUIAP YYYH JKEPTUJIMK OINEepaTopiiop Y4YyH
AHBIKTOOJIOP 6€p,III/II YEKUTTUH KaaJlaraH aﬁHaHaCLIHI[a 3KHU (bYHKHI/I?IHBIH JaJl KEeJINIIn
YEKUTTETHU MBIHJIal PyHKIUsIIap OO0IOHYA OTIEpaTOPAyH OMpIei MaaHUCHUH OUJITUPET.
TyyHay TYIIYHYTY METPUKAIBIK MEWKHHIUKTEpAETHn Oapiablk GyHKIUsIapra
KaWbUITBUIABL. DpakTan QYHKIUACH YYYH JKEPrujuK TeHIeMe Kypynay. byn
MaKaJIaga MbIHIAW >KbIMBIHTBHIKTAP (byHKuI/IHHBIH YEKUTTUH Kaajlarad aiJiaHacbIHIa
“IP3PIIMK 1aj KEJIUIIUHE )KaINbUIaHaT.
YpyHTTYY ce3nep. OaiylaHbIII, KEPTUIUK OIEpaTop, KEPrUINK TCHIEME, KaTuMKH
TeHIeMe, GppaKTal, Oup KaJblITyy MEUKUHINK
Panee aBTOpBI Janu OnpeaesieHus JTOKATbHBIX ONEPATOPOB IS PA3TUIHBIX () YHKITHN:
COBMaJCHHE JBYX (YHKIUKA B JIOO0H OKPECTHOCTH TOYKH BIEYET 3a COOOH
OJIMHAKOBOE 3HAYEHHUE olepaTtopa HaJl TakuMH (QYyHKUUSMU B 3TOM Touke. [loHsaTue
MPOU3BOMHONW OBIJIO  PacmpoCTpaHEHO HAa Bce (DYHKIMHM B METPUUECKHUX
MpoCTpaHCTBax. bbIJI0 MOCTPOEHO JTOKATBHOE YpaBHEHUE NIt PAKTATBHON () YHKIIHH.
B naHHOW cTaTthe 3TH PE3YyJbTAThl PACIPOCTPAHEHBI HA «IIOYTH COBIIAJIAIOIIHNE)» B

000N OKPECTHOCTU TOUKU (PYHKIIUH.
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KiroueBsle ciioBa: (hyHKIIMOHAILHOE COOTHOLIEHHE, JIOKAJIBHBIN OIIEpaTop, JIOKAIbHOE

ypaBHEHHE, ypaBHEHUE, (DpaKTaj, paBHOMEPHOE MPOCTPAHCTBO.

Introduction

We use the notion “local” in meaning “infinitesimal”. This notion in the paper
does not relate to “local operators, local variables” in programming and other branches
of mathematics where it stands for “not global, in a bounded, definite domain.”

Considered a general task on relations between equations with global and local
operators for a same function.

Previously, definitions of local operators involved any kind of smoothness of a
function defined on a domain with locally linear structure.

For example, definition [1], briefly: Local operator refers to the definition of a

local product of fields and their space-time derivatives, and other definitions which
meant any “smoothness”.

We proposed more general definitions. In this paper we extend these definitions.
1. Definition for topological spaces

Definition 1 [2]. A general local operator Q of the continuous (with additional
conditions) function w:U —V, where U—V are topological spaces, at the point u U
satisfies the condition: if for some neighborhood D of the point u the restrictions w; |p
=W, |o, then Q(wz,u) = Q(w- ,u).

Remark. This definition did not demand any structure in the range V.

Example 1. ® of a general local operator defined for all continuous functions
and not related to any “differentiation”. Consider functions we C(R).

Q(w,u) = limsup{measure {x e[u—h, u+h]: w(x)>0}/(2h): h— 0}.

Remark. The statement “Q(w,u)=0" does not imply the statement “u is a point of
a local maximum / minimum of the function w”.

Example. Define w(x):=2{max{0, 4™— [x-2™"|}: neN}. The function w(x) has
positive values in any neighbor of x=0 but the measure (the sum of their “lengths”) is

estimated as (for h=2") O(4™"/2™)= O(2™) tends to 0 as n tends to .
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2. Definitions of derivatives of all functions

Probably, the first example of local operators over non-smooth scalar functions was
Definition 2 [3]. The upper right derivative number in a point Xo is
limsup{(f(x) — f(X0))/(X—Xo)| X— %o+0} (1)
(if it exists). Similarly, the lower right, the upper left and lower left derivative number
were determined.
We [4] modified (1) to extend to all functions:
Definition 3. We proposed to change (1) to
limsup, liminf {(f(x)—f(x0))/ (x—Xo)/ (] f(X)—f(X0)| /[x—Xo|+1) | Xx— X0#0}. (2)
Such four real numbers exist for all functions of real variable. We called them
“reduced derivative numbers”.
We generalized it to functions from metrical spaces to metrical spaces.

Definition 4. “Lower” and “upper” estimations of “rate of changing” of the function.
liminf, limsup{o(f(x), f(x0))/p (X, Xo)/( p(f(X), f(X0))/ o (X, X0)*+1) | X— Xo}. (3)
3. Examples of local equations for fractals

Example 2. Define the function:

f(x)=1 (2<x<1); f(x)= -1 (1<x<2); f(0)=0.
The functional relation f(x)= f(—2x)/2 extends the function to all the axis R.
This function fulfils the following local equations:
liminf{mes{f(x)>0|— h<x<0}/h | h— +0}=1/3;
limsup{mes{f(x)>0|— h<x<0}/h | h— +0}=2/3;
liminf{mes{f(x)>0] 0< x<'h}/h | h—> +0}=1/3;
limsup{mes{f(x)>0| 0< x<"h}/h | h— +0}=2/3.

Example 3. Consider the functional relation for a continuous function
u(x,y) eC(R? — R) (fractal, concentric circles)

u(2x,2y)= ku(x,y), (x,y) € R?. 4)

Theorem 1. Solutions of the equation (4) for k >1 fulfil the local equation

53



Q(u,0,0)=a, €R, (5)
Q(u,x,y) := limsup{measure {|(x—x",y —y)|<h | uix’y’)=>0}H(#?)| h— +0}; (6)
ay:= sup{ measure {|(x,y)| €[1-t, 2]: u(x,y)=>0}|0 <t <1/2} (~(3-21)). @)

Proof. The assumption “u(0,0)=0” implies contradiction: we have u(1,1)
=k"u(2™",2™) for all neN, thus |u(1,1)| is unbounded. Hence, u(0,0)=0.

Theorem 2. Solutions of the equation (4) for k <-1 fulfil the local equation (5)
with
ay:= sup{ measure {|(x,y)| €[1-t, 2—1t]: u(x,y)>0}|0 <t <3/4}/(#(3-21)).

Example 4. The functional relation for a continuous function

u(2x,2y)=ku(-vy, x), (x,y) e R?, k>1 (8)

presents a spiral fractal.
4. Definition for uniform range of functions

Definition 1 does not cover the known
Example 5 of discontinuous everywhere but differentiable at x=0 function
w1 (x)={0, x is a rational number; x?, x is an irrational number} and w(x)=0:
w; ’(0)=0; w-’(0)=0.
We propose
Definition 5. A general local operator Q on functions w:U —U, where U is a
uniform space, at the point u €U satisfies the condition:
If for any n eN there exist such entourages W and W, in U that ((u,x) eW)= ( (w1 (X),
W2 (X)) €Wn)
then Q(ws,u) = Q(wz ,u).
Corresponding definition for metrical spaces:
Definition 6. A general local operator Q on functions w:U —U, where U is a
metric space, at the point u €U satisfies the condition:
if for any n eN there exists such >0 that (o(u,x) <g)= ( p (W1 (X), W2 (X)) <é&/n)
then Q(w1,u) = Q(w- ,u).

For Example 5 we may take e=1/n:



If |x—0|]<1/n then |w; (X) —w; (X)] <|x?—0|<1/n? =&n.
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THE PROBLEM OF OPTIMAL DISTRIBUTION OF SOWN AND
RENTED AREA FOR AGRICULTURAL CROPS

Asankulova M., Nurlanbekov A.N., Iskandarova G.S.
Institute of Mathematics of NAS of KR

The paper formulates an economic and mathematical model of the problem of
determining the optimal size of the sown area for each type of crop on one's own and rented
plots, taking into account financial credit for expanding agricultural production and with possible
minimum and possibly maximum restrictions on rented plots. For the problem under
consideration, in accordance with the given conditions, the maximum income was obtained.

Key words: Peasant farm, sown area, rent, profit, market conditions, mathematical

model, price, unit of weight, products, costs, yield.

Makanana aifplm 4apba eHIYPYIIYH KEHEUTYY YUYH KapKbUIBIK KPEAUTTH OCKE anyy
MEHEH, OIIOHJIOW 3Jie MKapara ajblHIaH Y4YacTOKTOPrO MYMKYH OOJITOH MUHUMAIIYy >KaHa
MYMKYH OOJITOH MakCHMAaJayy YeKTeeJepJy 3CKe aayy MEHEH O31YK jKaHa mxkapara ajablHr'aH
Y4acTOKTOPO albul yapba eCyMAYKTOPYHYH ap Oup Typy OOIOHYA STHH asiHTHIHBIH ONITUMAJIAYy
OJTYOMYH aHBIKTOO MACEJIECHHUH SKOHOMHUKAJIBIK-MaTeMaTUKAJIbIK MOJAENTH Ty3yJreH. byn
Maceseqe OepuiIreH MapTTapra bUlailblk MAKCUMAIIYy KUpPELIe allbIHTaH.

Ypyurryy ce3nep: Jlpiiikan dapOachl, aiji00 asHTHI, PEHTA, Maiiga, PHIHOK IIAPTHI,

MaTeMaTHKaJIBIK MoJiel1, 6aa, caaMak OUPAWTH, TPOIYKIUS, Yblramia, TYIIyM.

B crathe C(i)OpMy.]'II/IpOBaHa OKOHOMHKO-MAaTEMATHYCCKad MOACIIb 3ala4u OIIPCACIICHUS
OIITUMAJIBHOI'O pa3McEpa MOCEBHOM ILJIOMIAAW IO Ka)K,I[BIﬁ BUJ KYJIbTYPbl Ha CBOUX U
ApCHAYCMbBIX  Yy4aCTKax € Y4YC€TOM q)HHaHCOBOFO KpeauTa i paCllUpCHUA ITPOU3BOACTBA
CCJIbX03 MpOAYKIIMM MW C BO3MOXHBIMH MUHUMAJIBHBIMH W BO3MOKHO MAKCHUMaAJIbHBIMU
OTpaHNYCHHUAMHN HAa apCHAYCMBIC YYACTKHU. I[J'IH paCCManHBaeMOﬁ 3aga4yu B COOTBCTCTBHUU C

MMPUBCACHHBIMHA YCJIIOBUSAMH TTOJIYYCH MaKCHMAaJIbHBIHN TOXO/I.

KnroueBble cjioBa: erCTBHHCKOG XO3$II>'ICTBO, INOCCBHELIC TUIOIIAaAU, apC€Haa, HpI/I6BIJ'IB,
PBIHOYHELIC YCIIOBUSA, MATCMAaTUYCCKAA MOJCIIb, [€HA, CAMHUIIA BCCa, IMPOAYKIUA, 3aTpaThl,

YPOKalHOCTb.
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Introduction

Agriculture in Kyrgyzstan is one of the main sources of wealth for the
population of our country. As a result of the reform carried out in the agricultural
sector, rural residents became owners of land plots, but with different soil qualities
in different plots. Having received land plots, many owners began to engage in
agricultural production, dynamically forming numerous peasant (farming)
households, cooperatives, business partnerships and joint-stock companies [6]. At
present, a significant part of the gross agricultural output is produced by the non-
state sector, and peasant farms. The goods they produce are based on small-scale
land and a weak material and technical base. This circumstance determines the low
incomes of peasant farms and forces them to look for ways to increase production
capacity and expand their plots.

Farmers or agricultural enterprises with limited land areas, planning to
increase production capacity, need additional territory to expand crop areas and
increase yields.

The revival of lease relations in the use and expansion of crop areas of farms
is an effective organizational form of production in the agricultural sector of the
rural industry.

Lease is becoming an economically advantageous option for expanding crop
areas [5,7], without the need to purchase land in ownership and, accordingly,
increase yields and profits. Leased lands allow farmers and agricultural enterprises
to quickly adapt to changing market conditions and requirements, for example, if
there is a demand for certain a crop, you can lease land in suitable regions for their
cultivation.

This practice is of key importance in modern agriculture, especially for those
farmers or agricultural enterprises who do not have enough of their own land to
conduct business.

In the works [1,2,3] the authors developed an economic and mathematical

model for expanding the sown area in accordance with their financial capabilities.
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In this work, we will formulate an economic and mathematical model for the
problem of determining the optimal size of the sown area for each crop using
leased lands, where possible lower and upper boundaries of leased sown areas are
indicated, taking into account the received loan.

Statement of the problem.

Let the farm have n different types of sown areas with different
productivity per unit area, where it is planned to grow k types of agricultural
crops, keK={1..p}. The sizes of each category of sown areas in the farm are known
and equal to S;, j=1..n.

To increase production capacity, the farm plans to expand its existing sown
areas by renting sown areas of varying productivity per unit area. For this purpose,
the farm plans to take out a loan in the amount of T monetary units. The sizes of
the rented sown areas y;, j=1..n, are limited by upper and lower limits, i.e. Rj' <
V<R, j=1l.n

It is assumed that the following are known: the yield of the k-th crop per unit
of the j-th sown area, k €K, the costs of obtaining the k-th product per unit of the j-
th sown area, j=1..n, the market price (forecast) per unit of weight of the k-th
agricultural product, k eK.

The payment rj per unit of the j-th rented sown area with different
productivity per unit of area is also known.

It is required to determine the optimal size of the sown area for each crop so
that the gross profit of the farm is maximum.

For the formulation of the mathematical model of the problem, we give
known parameters.

c& is the market price per unit of weight of the k-th agricultural crop, keK;

c}‘ is costs of obtaining the k-th product from a unit of the j-th sown area, j=1.. n,
keK:

a]’-‘ is yield of the k-th crop from a unit of the j-th sown area, keK, j=1..n;

« s interest rate of the loan received by the farm;
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T is the maximum amount of the loan received by the farm;
rj 1sthe payment for a unit of the j-th leased sown area, j = 1..n;
S; is size of the j-th sown area of the farm, j = 1..n;
R/.R; is the maximum and minimum possible sizes of the j-th rented sown area,
j=1l.n
Sought variables:

xf is the size of the j-th sown area for the k-th crop, j=1..n, keK;
y; is the size of the rented sown area of the j-th type, j=1..n;
Zj s the size of the loan received by the farm at interest for the acquisition of sown

areas for rent for growing agricultural crops.
According to the accepted notations, the mathematical model of the problem

has the form.

Find the maximum
L(X’y) :ZREKZ?=1(a}CCg - C]k)x]k - Z?=1rjyf o (1+C{)Zj (1)

under the conditions

Tkex Xf =S;+y;, j=1.n, (2)

Ri<y; <R/, j=1.n, (3)

YkeK c}"x}c + 71y =2, j=1.n, 4)

Yi=12z =T, (5)

xf=0, yi>0, z>0, j=l.n, keK, (6)
where X=|x}‘| , y=(y1, Y2, ...,yn).

n,|K|
The objective function (1) determines the maximum net income of the farm;
Constraint (2) requires that the total size of the sown and rented area of each
type should be allocated to all types of agricultural crops;

Constraint (3) shows that the volume of rented sown area of each type is

limited by upper and lower limits;
Constraint (4) determines the size of the financial loan received by the farm;
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Constraint (5) requires that the total size of the financial loan received by the
farm should not exceed the maximum issuance capacity;

Constraint (6) requires that the variables are not negative.

To solve problem (1)-(6), we will use the methods for solving the linear
problem given in [4].

We will write the economic and mathematical model of the problem (1)-(6)
of determining the optimal size of the sown area for each crop using leased lands in
the form of Table 1, where for compactness of notation the notations

d]’-‘ = a]'-‘c(’)‘ — c}‘, j=1..n, K€ K, (*)

are introduced.

Table 1.
G2 S IRV ' PR U5 S IOVOS '+ 1 VR IO VA Zj |...|Zn

1 1 -1 = |S
= SZ

1 1 -1 = | Sn

1 < Ry

1 2 Ry
1 < R,
1 2 R,

ci | ... |l R1 -1 = 0
c{‘ clf Rn -1 | = 0

1 1 < T

di |...|dV .| dy|..] d || |- — | max

From the solution of problem (1)-(6) we determine the volume of the sown
area y; for each type of crop j = 1..n, the size of the financial loan received by
the farm to expand the sown area and the size of the rented sown area.

Conclusion

Rented sown areas are an important tool in managing agricultural business.

They provide farmers and agricultural enterprises with economic flexibility, reduce
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risks and allow them to adapt to changing market and environmental conditions.
Thanks to this, agricultural enterprises can develop effectively and maintain high
profitability.

References

1. Zhusupbaev A., Asankulova M. The problem of determining the optimal
distribution of sown area for agricultural crops. Economy, No. 3 (11). - Bishkek,
2012. - pp.107-111.

2. Zhusupbaev A., Asankulova M. Determination of the optimal size of
leased sown area by a farm for agricultural crops. Materials of the international
scientific and practical conference “Strategy for innovative modernization of
economic development of the Kyrgyz Republic ”. Bulletin of KEU. - Bishkek, 2012.
- pp. 24-29.

3. Asankulova M.A. Ways to optimize the performance indicators of
agriculture in Kyrgyzstan in the new economic conditions. Bulletin of the Almaty
Academy of Economics and Statistics, No. 2, 2022. — pp. 165-172.

4. Eshenkulov P., Zhusupbaev A., Kultaev T.Ch. Methodology for solving
linear programming problems on a computer. Osh: Osh State University, 2004. —
60 p.

5. Krassov O.I. Land law: textbook. - Moscow: Yur.Norma, NIC INFRA-M,
2015. — 671 p.

6. "On the peasant (farm) economy": Law of the Kyrgyz Republic. [as
amended by the Laws of the KR of January 4, 2001 No. 1, October 16, 2002 No.
142]. - Bishkek, 2002.

7. Korneev A.L. Transactions with land plots: Textbook. "Gorodets", 2006.

Information about the authors

Asankulova Mayramkan, Doctor of Physical and Mathematical Sciences, Institute

of Mathematics of the National Academy of Sciences of the Kyrgyz Republic,

61



SPIN-kox: 7298-8444, author ID: 876844, ORCID iD: https://orcid.org/000-0002-
4209-6894, mayram007@mail.ru

Nurlanbekov Aybek Nurlanbekovich, junior researcher, Institute of Mathematics
of the National Academy of Sciences of the Kyrgyz Republic, e-mail:
anurlanbekov561319@gmail.com

Iskandarova Gulsunay Samandarova, junior researcher, Institute of Mathematics of
the National Academy of Sciences of the Kyrgyz Republic, e-mail:

iskandarrova@amail.com

62


https://orcid.org/000-0002-4209-6894
https://orcid.org/000-0002-4209-6894
mailto:anurlanbekov561319@gmail.com
mailto:iskandarrova@gmail.com

MSC 45D05
REGULARIZATION AND UNIQUENESS OF SOLUTIONS FOR ONE
CLASS OF VOLTERRA LINEAR INTEGRAL EQUATIONS OF THE
THIRD KIND ON THE HALF-LINE
Avyt Asanov, Rita Muktarbekova
Institute of Mathematics of NAS of the Kyrgyz Republic, Bishkek, Kyrgyzstan

Annotation. In this paper, we construct Lavrent’ev-type regularizing
operators for a specific class of linear Volterra integral equations of the third
kind defined on the half-line. Under appropriate conditions, the uniqueness of
the solution is proved, and estimates for the solution are obtained. The results
are supported by a concrete example demonstrating the applicability of the
theoretical findings.

Keywords. Volterra integral equation, third Kkind, regularization,
uniqueness, formula, space, half-line.

AHHOTaIII/Iﬂ. ByJ'I MakKaljlaa JKapbIM OKTO aHBIKTAJII'aH BOHLTCpaHLIH
HMHTETPAJIJIBIK TeHACMEICPUHUH YUYHYIY TYPYHYH OUp Kjacchl yuyH JIaBpeHThEB
BIKMAachl OOIOHYUA PETYISPU3ANMAIOOUY ONEepaTopyop TY3YJIreH. AMpbIM
apTTapJa YbITapbUIBIIITHIH JKAJATBI3ABITE JATWIICHUI, ajgap Y4yH Oaanap
ajnplHrad. TeopusUIbIK  HaThIKAJTApAbIH  KOJJIOHYJIYIIY MHUCAI apKbUIYyy
KOPCOTYJIIOH.

YpyHTTYYy c63aep. BoibTeppaHbIH MHTETPAIIBIK TEHIEMECH, YUYHUY
TYP, PETYIAPU3AIMIO0, KANTHI3ABIK, (POopMyIia, MEUKHHIUK, )KaphIM OK.

AHHOTauus. B 1anHol paboTe MOCTPOCHBI PETYISIPU3YIOIINE OTIEPATOPHI
B CMBICIIE HaBpCHTI)eBa Jd4  OAHOI0 Kjlacca JIMHEHMHBIX HHTCTPAaJIbHBIX
ypaBHeHud Bombreppa TpeThero poma Ha mnonyocu. lIpu  BeImosHEHUH
OHpeI[eJ'IéHHBIX YCJIOBI/Iﬁ JdO0Ka3aHa CAHMHCTBCHHOCTL PCHICHHA H IIOJYYCHBI
oneHku pemenud. [IpencraBineH npumep, MOATBEPKIAOINNA MPUMEHUMOCTD

TEOPETUYECKHUX PE3YJIbTATOB.
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Kirwuesble ci0Ba. MHTErpajibHOE ypaBHEHUE Bomnbreppa, TpeTui pof,

perynsipuzanusi, €qUHCTBEHHOCTb, OpMyIia, IPOCTPAHCTBO, MOJIYOCH.

Various questions of the theory of integral equations have been studied in
many papers. In particular, the monograph [1] contains studies of linear integral
equations of the second kind and systems of such equations on finite and infinite
intervals. In [2], a survey of results on Volterra integral equations of the second
kind is given. In [3], the existence of a multiparameter family of solutions was
proved for linear Volterra integral equations of the first and third kind with
smooth kernels. Lavrent’ev regularizing operators were constructed in [4] for
solving linear Fredholm integral equations of the first kind. M.I. Imanaliev [5-7]
proved uniqueness theorems and constructed Lavrent’ev regularizing operators
for the following systems: systems of linear and nonlinear Volterra integral
equations of the first kind with non-smooth matrix kernels [5], systems of
nonlinear Volterra integral equations of the third kind [6], and systems of linear
Fredholm integral equations of the third kind [7]. In [8], on the basis of a new
approach, the existence and uniqueness of a solution of system (1) on a finite
interval were investigated.

In [9], using a modification of the approach proposed in [8], one class of
Fredholm integral equations of the third kind on a finite interval was studied. On
the basis of the approaches proposed in [8] and [9], the papers [10] and [11]
developed an improved approach to the study of systems of linear and nonlinear
Fredholm integral equations of the third kind on a finite interval with finitely
many multipoint singularities. In [12], using a modification of the approach
proposed in [10] and [11] uniqueness and existence theorems for a solution of
systems of linear Fredholm integral equations of the third kind on the real line

with finitely many multipoint singularities are proved.



In this work, regularizing operators in the sense of M.M. Lavrent’ev for one
class of linear integral Volterra equations of the third kind are constructed on
the semi-axis, and unigueness theorems are proved.

The following linear integral equations are considered at the same time:
MmOV () + [ a®b(&)V(s)ds = f(1), 1€ [to,®), (1)
(e+m()V(te) + ftto a(t)b(s)V(s,e)ds = f(t)+ eV (ty), tE [to,©) (2)
where m(t), a(t) and f(t) are known continuous functions on [ty ), m(t,)=0,
b(t) € Ly[to, ), is a known function, VV(t) is a solution of equation (1),

e > 0 is a small parameter.

Let us denote by C[ty, o) the space of all bounded continuous functions
V(t) defined on [ty o), denote by C’(;[to,oo) the space of all functions from
C[to,c0) and satisfying the condition
lu(t) —u(s)| < Mlep(t) —p(s)|¥, where 0< y < 1,
M is a positive constant that depends on V(t), but does not depend on t and s,

o) = ftto a(s)b(s)ds + m(t), t€ [to, ).

In space C[t, ) we define the norm ||y (¢) .= sup|u(t)|. Then the space
t=t,

C[to, ) will be a Banach space.

Let's assume that the following conditions are met:

a) a(t), f(t) € C[ty, ), m(ty)=0, m(t) =0,a(t) =0and b(t) =0
at te [to, ), m(t) € C [to, o) and is nondecreasing, b(t) € L, [to, );

b) for t > 7,for all t, 7 € [to, o) the estimation holds:
ja(®) — a(@)| < Co [[f a(@) b(r)dr + m(1)] "', where 0<y; < 1.

Theorem. Let conditions a), b) be satisfied and V(t) is the solution of the
equation (1) satisfying the conditions V(t) € C’(; [to, ), O<y < 1,|V(t) —
V(ty)| < Cyia(t),t € [t,,, ), where constant C; > 0. Then the solution V(t,¢)

of equation (2) converges by the norm C[tg, o0) to V(t) as ¢ = 0.
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At the same time, the assessment is valid:

WVt e) =Vl < MMy + M3)e¥ + Mpeh 3
where M= sup |V(t) =V (s)| /o) — (s)I",
t,s €[t0,00)
M; = esup(v¥e™), M, = COClef e Vv¥idv, M3 = efoooe_" vYdv.
v=0

Proof. In an integral equation of the second kind (2) we substitute
V(t,e) =V(t)+E&(te), tE [ty ). 4)
Substituting (4) in (2) we have:
[e + m(D)]E(E, &) + ffo a(t)b(s)é(s,e)ds = —[V(©) = V(te) ], t€ [to, )

From this we get

@®) [V(£)-V(tp)]
£(t,) = — s [ ()¢ (s, €)ds — T e [t 00) (5)
. _ t a(t)b(t)dt _ _ m(t)
Denote E(t,s, &) = exp ( fs v ), E(t, &) = exp( £+m(t)).

Find the solution of equation (5) using the resolvent

a (t)
m(t)

R(t,s,6)= — b(s)E(t,s,¢), (t9)E G (6)

the kernel K(t,s) = f(tgt) b(s), (t5)EG.

Then we have from (5)

e+m(t) €+m(t)

It is not difficult to show the vaI|d|ty of identity
ft a(S)b(S)E(t, 5, €) e[V(£)=V(ty)] ds =

to e+m(t) +m(s)
_ elv®)-v(t)]  elv(®)-V(to)]
o S+m(t) £+m(t) E(tl tOJ g) ) tE [tO, OO). (8)

Given (8), we get from (7)

E(t,e) = PYi(t, &) + (L, &) +P3(t, e), tE [to ). 9)
where
V(t)-V(t,
Pa(t,e) = - (e, g, 0), (10)
[a(t)—a(s)] e[V(s)=V(ty)]
Y,(te) = fomb( S)E(t,s, )#d& (11)
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Wa(t &) = — [ 2D gy o ) WOV 50 (12)

ty e+m(t) e+m(s)
By virtue of the condition of the theorem from (10):

fto a(t)b(t) dr_

|l/)1(t, S)l |§0(t)|VeE1(t g)e £+m(t)

s+m (t)

=Me”( £ )1_y[ o) ] X eE{(t,e) < Me¥esup(vVe™).

e+m(t) e+m(t) V>0
Hence we have
lP1(t e)llc < MM, &Y. (13)
By virtue of the -conditions of the theorem from (11), we get:

t
la(t) —a(s)] e[V (s) = V(ty)]
pprpeey b(s)E(t,s, €) s+ m0s) ds

|l/)2(ti S)I <
to

eCya(s)

Y1
¢ Co[f; a@b@ar+m(t)]
b(s) eE.(t,e)E(t,s, &) pvad

— to e+m(t)

1-y ¥
< oG (2) e [ B s e By (6 0) [2 4 fra0b@an

e+m(t) e+m(t) s  e+m(7)

a (s) b(s)

1% 1%
- ds < CyCyec lf e Vyridy.

Hence we have
(¢t o)l < Mpe'. (14)
By virtue of the conditions of the theorem from (12), we get:

t a(s)b(s) E(tse)E,(te)
|l/)3(t, S)l = gfto s+m(t) e+m(s)

M[J} a(@ b(@dr +m(@)| ds <

. iy m(t) ta(t)b(r)dr]"
< MeeY (m) LE(t s,€)Eq (¢, g)[ +m(t)+.£ e +m(7)

a(s)b(s)
£+ m(s)

(00

ds < Mee”f e Vv¥dv.
0

Hence we have
l3(t, e)llc < MM3e?. (15)
By virtue of inequalities (13), (14) and (15), a grade of (3) follows from (9).

Theorem 1 has been proved.

67



Corollary 1. Let the conditions @), b), V(t) € Cl[to, ©), 0<y <1u 0 <

a, < a(t) for all te] to, ), ay, € R. Then the solution V(t, €) of the equation (2)
at e—0 converges by the norm C[to, «) to V(t) and

Wt &)=Vl < MM, + M3)e¥ + Myeh (16)
where M= sup [V(t) —V(s)|/lp(t) — p(s)I", My = esup(v¥e™),
t,s €[t0,0) v=20

M, = CoC,e foooe_" vVidv, M3 = efoooe_" vYdv, C1=2||V(t)||ca—10

Proof. |[V(t) — V(ty)| < 2||V(t)||c -~ do < Cia(t), t€ [to, 00).
Hence, all the conditions of the theorem at C; = 2||V(t)||ca—10 are satisfied; the
assessment (16) and Corollary 1 have been proven.

Corollary 2. Let the conditions a), b), 0 < ay < a(t) for te [to, o) and

there is such a thing as t; € [ty ) that Y (t) = m(t) + ftto a(s)b(s)ds >0

forall t € (t,,t,), 11m f b(s)ds = a € (0, ).

w()

Then the solution of the equation (1) is unique in space CZD [to, 00).

Proof. Let V(t) € C’(; [to, ©) be a non-zero solution of equation (1) for

f)=0. Thenm()V (¢) + ftf)a(t)b(s)V(s)ds = 0, t€ [to, ). Further
m(t)V(ty) + f:o a(s)b(s)V(ty)ds + m(t)[V(t) =V (ty)] +

+ [ [a®) = a)IbEV($)ds + f als)b$)IV(s) = V(te)lds = 0.
Hence, by virtue of conditions a) and b), for t € (t,, t;) we have

V(| < Z2 [V () = V()] +| sup [V(s) = V(e 04&

o) selte ] (D)

fttob(s)ds
+ sup |a(t) —a(s)| V()] X

up S < V(O — V()] +
s€[ty t

sup |V (s) = V(t)I+ sup |a(®) — a(@I VOl | J} b(s)ds|

s€(to t] s€to t] (O

Passing to the limit at t — t,, we obtain V(t,)=0. From (16) we have
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VOl =1V e) -Vl -0 (17)
at € - 0.Since V(t,e) =0 forall te [tp, ) u € > 0. From (17) it follows that
V(t) = 0 for all te [ty o).

Example 1. Consider equation of type (1)

1
(1+t)(1+s)?

tv) + f; V(s)ds+f(t), te [0, ). (18)

1
(1+8)2’

Here t, =0, m(t)=t, a(t)=1i+t, b(t)= te [0 o).

In this case, conditions a) and b) of Theorem are fulfilled. Since at t > t,

t,r € [0, o0) the estimate is valid.

ja(®) -~ a@| = —T— < t <m(® < [[{ a@b@ dr +m(®)] "

(1+t)(1+1) —
Herey; = 1, Cp=1.
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BOUNDARY VALUE PROBLEMS FOR A MIXED
PARABOLIC-HYPERBOLIC TYPE EQUATION OF THE THIRD ORDER
WITH AN INTEGRAL CONDITION OF GLUING

Kozhobekov K.G., Sopuev A.A.
Osh State University

The existence of a unique solution to a boundary value problem with integral conjugation
conditions in a rectangular domain for a mixed parabolic-hyperbolic equation of the 3rd order is
proved, when the equation of characteristics has 3 multiple roots (x>0), and has 1 simple and 2
multiple roots (x<0). Using Green's functions (x>0) and Riemann function (x<0), the solution to the
problem is equivalently reduced to solving the Volterra integral equation of the 2nd kind with a weak
kernel, the solvability of which is proved by the method of successive approximations.

Keywords: Differential equation, third order, multiple characteristic, boundary condition,
integral conjugation condition, uniqueness, existence, Green's function, Riemann function, integral

equation

MyHne3ayk TeHaemecu x>0 60aroHm0 3 Acenyy Tambipra, ain 3Mu X<0 6oiaroHm0 — 1 )keHeKken
JKaHa 2 ACeNIyy TaMbIpra 33 OOJITOH y4dypJarskl 3-TapTUIITETH apajiall mapadosiaiblK-THIICPOOTIaTbIK
TUINTETH TEHJIEME YIYH THK OypuTyy aiiMaKTa MHTETPAJIJIBIK JKaJITalllTIPYy MapThl 0ap YeK apayblK
MaceJICHWH >KaJITbI3 YCUYMMHUHHUH JKalllalllbl JaJMIICHTeH. MaceleHWH YbITapbUIbIbl [ puHIuH
byukuusacein (X>0) xana Puman GyHkiusacoir (X<0) KOIAOHYYy MEHEH 2-TYpAery Havap sapoyy
BonbpTeppaHblH HHTErpajiblK TEHAEMECHUH ublrapyyra OSKBUBAICHTTYY KEITHPUIIET, aHbIH
YBIFAPBUIBIIIBI Yaalall KaKbIHAAITHIPYY BIKMAachl MEHEH JalljIICHET.

Ypynmmyy ce3zoep: uddepeHuuanablk TeHIEME, YYYHUY TApTUOTETH, OCEIHK
MYHO3/16MeJIep, KaIrallITIPyy MapTTap, YeKTHK HIapTTap, YSUHUM/INH >KaITbI3IbITbI )KaHa KaIllallIbl,

I'pun pyHkumsacel, Puman QyHKIMSICHI, HHTETPATIBIK TEHIEMETEp.

JloKka3aHbl CyIIECTBOBAHWE EIUHCTBEHHOI'O PEIICHUs KpacBOM 3aJaud C HHTErpajlbHbIMU
YCIOBHUSMHU CONPSDKEHUS B MPSIMOYTOJbHOM 00NacTH [UIs YpaBHEHHs CMENIaHHOTo mapabosio-
rUnepOoIM4ecKoro THMa 3-ro Nopsaka, Koraa npu x>0 ypaBHEeHHE XapaKTepUCTUK UMeeT 3 KpaTHBIX
KopH4, a npu Xx<0 umeer 1 npoctoif u 2 kpaTHbIX KOpHA. Mcnone3ys ¢pynkuuu I'puHa u yHKIMM

PI/IMaHa, pCHICHUC 3aJa4ud SKBHBAJICHTHBIM 06pa30M CBOAUTCA K PCIICHUIO HWHTCTPAILHOT'O
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ypaBHeHuss BosbTeppa 2-ro pojga co ciiaObIM SIIPOM, Pa3pelIuMOCTh KOTOPOTO JI0Ka3bIBACTCs
METO/I0M MOCJE10BATENbHBIX TPUOIMKEHUH.

Kniouesvie cnosa: JludpdepeHimanbHoe ypaBHEHHE, TPETHA  TMOPSIOK, KpaTHas
XapaKTePUCTHKA, KpPacBOE YCIOBHUE, HMHTEIPAILHOE YCIOBHE COMNPSDKECHUS, €IMHCTBEHHOCTD,

cyuiectBoBanue, GpyHkius I'puna, pyHkuus PuMana, uHTerpajibHble ypaBHEHUS.

1. Introduction. It is known that the solvability of boundary value problems for
equations of mixed type depends on the condition of gluing the desired function and
its derivative, performed on the line of change of the type of equations, while the line
of change of the type of equations can be either characteristic or non-characteristic for
a given equation [1]-[3].

In [4] the Tricomi problem is considered for an equation of mixed elliptic-
hyperbolic type in cases, when passing through the line of parabolic degeneration, the
solution and its derivative can have a discontinuity of the first kind and on this line
satisfy the gluing conditions

u(x, —0) = a(x)u(x,—0) + y(x),u, (x,—0) = B(x)u, (x, +0) + 6(x),
where a(x), f(x),y(x),6(x) are the given functions.

In [5], in the problem of propagation of electrical oscillations in composite lines,
when losses are neglected on a section of a semi-infinite line, and the rest of the line is
considered as a cable without leakage, gluing conditions of the form were used

u(l=0,) = u(+0,),ux(C = 0,y) = 1 [y ux (¢ +0,m)dn,
where L is the self-inductance of the first section of the line, and R is the resistance of
the second section.

In [6] the Tricomi problem is considered for an equation of mixed parabolic-
hyperbolic type in cases when on this line of change of the equation type the gluing
conditions of the form are satisfied

u(x, —0) = A(x)u(x, —0),u, (x, —0) = u(x)u, (x,+0),
where A(x), u(x) are given functions.

Third-order partial differential equations arise in various fields of science and
technology, describing heat exchange in soil, fluid filtration in fractured and layered

media. For example, the problem of determining pressure in porous media is reduced
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a3 02
4 =K p.
dx20t 0x?

to solving a third-order equation of the form [7, p. 194] Z—z —

The equations of non-stationary filtration of liquid also reduce to a third-order

partial differential equation of the form [8, p. 50] 5T Av a_z = (— + 1 axzat)

In [9], using the Riemann function method, he studied local and nonlocal

boundary value problems for a third-order equation of the form
u +d tau+ tazu+ tau+b tu = t
ax26t (x’ ) at n(x' )axz a(x' )ax (x' )u‘ - q(x' )

In [10] the Riemann function is constructed for a third-order equation with two

independent variables of the form
3u N 0%u b 02 N ou y ou N

=f(xy)

and an explicit form of the representation of the Riemann function was found in a
number of special cases of this equation.

Despite the wide application of mixed-type equations in problems of gas
dynamics, hydrodynamics and other applied areas, boundary value problems for third-
order mixed parabolic-hyperbolic equations with discontinuous and integral gluing
conditions remain insufficiently studied, which necessitates further research in this
direction.

2. Statement of the problem. Let C™™ be the class of functions whose
derivatives are all continuous 0"+ /ax"dys(r = 0,1,...,n;s = 0,1,...,m).

In the area D ={(x,y):—(; <x<{0<y< h} (¢,€1,h > 0) consider the
equation

_ {Llu = Uyx — Uy, (5, Y) EDy =D N (x > 0) )

Lou = Uyyy + auy + buy, + cu, (x,y) € D, =D N (x < 0),
where a, b, c are the given functions, and

a(x,y), ax(x, ), b(x,y), by (x,y), c(x,¥) € C(Dy). )
Problem 1. Find in the domain D a function u(x,y) from the class C(D) n
CY(D)) n [C3*1(D,) U C?*1(D,)](i = 1,2) that satisfies equation (1) in the domain D,
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and the boundary conditions

ut,y) =¢1(»),0<y<h, ©)
U (6 y) = 9, (3),0 <y < b, (4)
u(x,0) =9P,(x),0<x <¢, (5)

satisfying equation (1) in the region D, and the boundary conditions
u(=6,y) = @3(»).0 <y <h, (6)
u(x,0) =yY,(x), -t <x<0, @)

and the gluing condition

u(+0,y) =u(-0,y),0<y<h,, (8)

Uy (+0,5) = a(Mur(—0,9) + [ Buy(=0,m)dn, 0 <y <h,  (9)
where @1 (), 92 (¥), 93 (¥), Y1 (x), Y2 (x), a(y), B(y) are given functions, and
@;(y) € C1[0,h](i = 1,3),¥1(x) € C2[0,£], 3, (x) € C*[—{4,0],

a(y) € C1[0,h], B(y) € C[0,h],Vy € [0,h]: a(y) # O, (10)
11(0) = 1,(0),¥1(O) = 91(0),¥,(0) = a(0)3p,(0),
l/th(f) = ¢2(0),Y,(={1) = ¢3(0). (11)

In this paper, the existence and uniqueness of the solution to problem 1 for a third-
order mixed parabolic-hyperbolic equation with an integral gluing condition of the
form (9) are proved.

Note that if Vy € [0, h]: a(y) = 1,8(y) = 0, then we obtain continuous gluing
conditions on the line x = 0. Introduce the following notations:
u(+0,y) =u(=0,y) = 7(¥), ux(+0,y) = v1(y), u(=0,y) =vo,(»),0 <y < 4, (12)
where t(y), v, (y),Vv,(y) — functions that are still unknown. Then from condition (9)

we have the relation
vi() = a()v,(0) + J; B)v(m)dn, 0 <y <h. (13)
3. The ratio obtained from the area D. Consider the following auxiliary
Problem 2. Find a function u(x,y) € C(D,) n C3*1(D,), that satisfies equation
(1) in the domain D;, conditions (3), (4), (5) and

ux(0,y) =vi(»).0 <y <h (14)
Integrating in the region D; equation (1) within the limits from x to ¢ and taking
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into account condition (4), we obtain the equation
Uy — Uy = 0(¥), (x,¥) € Dy, (15)
where w(¥) = ¢,(y) — @1 (y) is a known function.
Then, the solution to problem 2, satisfying equation (15), boundary conditions (3),

(5) and (14), has the form

y y

u(x,y) = — f G(x,y;0,n)vi(n)dn — fo Ge(x,y; 6,m)p1(m)dn +

0

4 4
+Jo G, y; €,0091()ds — [ wmdn [, 6 (x,y;§,m)dE, (x,y) €Dy, (16)
where the Green's function can be represented in the form [11]:

1 N=+o0 . (x—&+4nb)? . (x+&+4nl)?

6o ysm) = g Tzt exe (=250 50) — e (- 555557) -

_ (x=d+202n+1)0)? _ (x+é+2(2n+1)0)?
4(y-n) ) exp( 4(y-n) )]

For x = 0 (16) we have relationships between the functions z(y) and v, (y):

() = [J Ny mva(mdn + 1 (), (17)
1 2 o0 4n2¢?
Jr-m {_1 T exp (_E) o an= [exp (_ y-1 ) B
(2n+1)2¢?
exp (-2}
W,(y) = — 2 Ge(0, 7 6,y (N + [ G0, y; €, 0)p; (§)dé —

J; w(@)dn f(fG(O, y;§,m)ds.
Eliminating from (13) and (17) v, (y) we have

() = [ No(r.m)v2()dn + ¥, (), (18)

where Ny (y,m) = a()N; (v, 1) + B() [ N1 (v, m1)dns.

4. Construction of the solution to Problem 1 in the domain D,. Let us

—exp(

Where N;(y,n) =

consider the following auxiliary problem.
Problem 3. Find in the domain D, a function u(x, y) € C(D,) n C2*1(D,), that
satisfies equation (1), conditions (7) and
u(0,y)=t(»),0<sy<h, (19)
ux(0,y) =v,(y),0 =y < h. (20)
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We will construct the solution to Problem 3 using the Riemann function method
[10], [11]. Let w(x, y; &,1) be an arbitrary function defined in the domain
D, ={(&,n):x <& <0,0<n <y} with the border dD, = MP U PAU AQ U
QM,where MP = {({,1):§ =x,0<n <y}, PA={(n):x<&<¥n=0},AQ =
{Em:$=00<y<h}QM={(n):x<{<0,n=y}
We require that the function w(x, y; &, n) satisfy the equation with respect to
variables (&, n):
Ly(w) = —wgpe — (aw) s — (bw), + cw =0 (21)
Consider the identity
wL, (u)-uL, (w) = [Wug, + Weau + awu]e-[weug-bwul;,. (22)
Let M(x, y) be anarbitrary point inaregion in D,. Consider aregion D, = {({,n):x <
§<00<n<y} with boundary 9D, = MP U PAUAQ U QM, where MP =
{Em:$=x0<n<yLPA={(n):x<{<Ln=0}LA40 ={(¢,n):{=00<
y <h}LQM ={(¢n):x<§<0,n=y}
Integrating identity (21) over the domain D5 we have

U [wL,(u) — uly(w)]dédn = j (Wgug — bwu)d¢ +
D; oD}

(Wugy + wgpu + awu)dn. (23)
Let w(x,y; &,1) € C(D3) n C***(D3) be a solution of equation (21) satisfying the
following boundary conditions:

Wy §mle=x = 00 <n <y, we(ey:&m|,_ =10<n<y,

W Y; Emly=y = 0(x, 6, x < <0, (24)

where 6 (x,y; &) is defined as the solution to the Cauchy problem:
wee (%, ¥;$,y) — b, y)w(x, ¥;¢,¥) =0, (25)
W y; & Y)le=x = 0w (ry; §3)|,_ = 1. (26)

Using the integration method from equation (21), we obtain a Volterra-type

integral equation
§
w(x,y;$mn) =§ —x — J (€ = Sb(EL,mw(x, y;$1,m)dS; +
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+1dg [ TalEm) — (€ - E)eGumlweny éunddn,. (@27)
which has a unique solution.
Note that if a(x,y) = b(x,y) =0,c(x,y) =c, where ¢ = const, then the

Riemann function w(x, y; &,1) is defined explicitly:

Wl yiem) = ;‘fon!(zc;l)! G- =y = —x+ G- - ) +
+%5’(€ —0 -+ %(f —x)" (= y)°+... +n!(2cn+1)! (=) -
). 8)

Integrating identity (23) over the domain D; = {({,n):x << 0,0<n <y}
and taking into account the properties of the function w(x,y; &, n), we obtain the
solution to problem 3 in the form:

u(x,y) = we(x,y;0,¥)t(y) + we (x, y; %, 0)h2 (%) — we (x, ¥ 0,0)12(0) —

y

—w(x,y; 0, y)vo(¥) + w(x,y; 0,0)1,(0) + fo wy, (x,y; 0, v (n)dn —

— [ [wen (33 0,m) + a0, mw (x, y; 0,m)](n)]dn. (29)
Using condition (6), from (29), we have
03(¥) = we(—1,y;0,y)T(y) + we (=1, y; =1, 0) P2 (—41)

- Wg(—fp y;0,0)y,(0) —
y

—w(—£1,5;0,)v2(¥) + w(—(1,y; 0,0)95(0) + f wy (=1, y;0,n)v,(n)dn —
0

— [ Wen(=€1,¥;0,m) + a(0, Mw(—L,y; 0,m]c(m)] dn. (30)

We rewrite equality (30) in the form:

y

w(—={1,y;0,Y)v,(y) = we(—t,y; =6, Y)T(y) + fo B;(y,m)t(m)dn +

+ I3 wy (=, y; 0,mv(m)dn + D1(¥), (31)
where By (y,n) = —wgy(—€1,y;0,1n) — a(0,n)w(—{4,y;0,1),
D1(y) = —@3(¥) + we(=€1, y; =€, Y)Y (—€1) — we(=£4, 5 0,0)2(0)
+ w(={1,¥; 0,0)1,(0).

Lemma 1. If
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V(x,y) € Dy:b(x,y) <0, (32)
then
Vy € [0,h]:w(—={1,y;0,y) = ¢;. (33)

Proof. From equation (27) x = —#4,n = y we have

w(=t,Y;0,9) = b + [0, &b yIw(=ty,y;6,7)dE. (34)
If condition (32) is satisfied, from equality (34) we conclude that Vy €
[0, h]: w(—£41,¥;0,y) = ;.
If a(x,y) =b(x,y) =0,c(x,y) = c = const, then from (28) we obtain that
w(—{1,y;0,y) = £,. Consequently, condition (33) is satisfied. Lemma 1 is proved.

Taking into account inequality (32), we rewrite equation (30) in the form

v,(y) = @, (0) + A )TQ) + [ B2 omT(m)dn + [ K1 (v, m)vo(n)dn, (35)

_ we(=lyi—l1y) _ By _ wnChLyom

where A4, (y) = W(—t1.5:09) B (y,m) = W(—fl,y;o,y)’K1 m) = w(=(1,y;0,y)’

D,(y) = 0 q;l(z?o m Considering equation (35) as a Volterra integral equation of the
—2,y:0,

second kind with respect to v,(y), we represent its solution through the resolvent

R, (y,n) of the kernel K, (y,n) in the form

v2(y) = @:(9) + A1 ()T + ) Bs (v, mT(m)dn, (36)
where B3(y,n) = B (y,1) + Ry, m)As(n) + [ Ry (v, m1)B2 (11, )y,
y

D4(y) = By(y) + jo Ry (y, )2 ()d.

Substituting the value from (18) into (36), we have
v,(v) = @) + [; K@ m)v2(n)dn, (37)
where  K(y,1m) = AN 0,m) + [ Bs )N (1, m)dns, @) = @3(y) +

AP + [ Bs (v, ¥ (m)dn.

Equation (37) is a Volterra integral equation of the second kind with a weak

kernel: |K(y,n)| < % M is a constant number that admits a unique solution [12].

NET
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After determining v,(y), we find sequentially v, (y) using formula (13), then

T(y) using formula (18). Then, the solution to problem 1 in the region D, is determined

using formula (16), and in the region D, — using formula (28).

Thus, the following is proved
Theorem 1. If conditions (2), (10), (11) and (32) are satisfied, then the solution

to Problem 1 in the domain exists and is unique.

10.

11.

12.
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MSC 34E05
THEORY OF CATEGORIES AND EFFECTS WHILE INVESTIGATION OF
ASYMPTOTIC OF SOLUTIONS OF INITIAL VALUE PROBLEMS FOR
DYNAMIC SYSTEMS
Zheentaeva Zh. K.

Kyrgyz-Uzbek International University named after B.Sydykov

Supra, the author proved existence and some properties of “special* (slowly varying) solutions of
initial value problems for scalar delay-differential equations and corresponding systems of
difference equations. In the paper such equations are presented as the category Equa-Func-Volt and
their properties are done as consequences of effects.
Keywords: delay-differential equation, special solution, difference equation, initial value problem,
category, effect.

Mypaa aBTOp apryMeHTHHHH KeUnuryycy 0oiroH auddepeHnuanapik TeHaeMelep MEHEH
JIaJT KEJITeH abIpMa TeHIeMeNIepH CUCTeMaliaphl YUyH OallITarkbl MaceIelepIuH «aTalbIH»
YBITapbUIBIIITAPBIHBIH JKAIIOOCYH jKaHa ajapAblH KACUETTEPUH Janwiaeau. byn makanana MeIiHAAN
teraemenep Equa-Func-Volt kareropusicel, kacuertepu 3G PeKTTEpAHH HATHIHKAIAPhI KATaphl
KOPCOTYJIOT.

Ypyummyy co30ep: Keuuryydy aprymeHTTyy auddepeHIHanablk TeHIACME, aTalblH
YBITapPBUIBIII, alBIPMAJIBIK TEHIEME, OAIlITAIKbl Macese, Kareropus, 3G QexT.

Panee ABTOp JOKasajla CYIICCTBOBAHHMEC H HAJIU4HC CBOMWCTB «CIIenraJIbHBIX)) peIHCHI/Iﬁ
HayalbHBIX 3ama4 sl auddepeHmanbHbIX ypaBHEHUH C 3ama3/biIBAHUEM apryMeHTa |
COOTBCTCTBYIOINUX CUCTCM PA3HOCTHBIX ypaBHeHHfI. B cratne Takue YpaBHCHUS ITPCACTABIICHBI, KaK
kareropus Equa-Func-Volt, a ux coiictBa — Kak ciiecTBue 3G (HeKToB.

Knrouesvie cnosa. nuddepeHnumanbHoe ypaBHEHHE C 3ama3fbIBAIONIUM apryMEHTOM,

CIICUAJIbHOC PCHICHUC, PA3BHOCTHOC YPABHCHUC, HAYaJIbHAA 3a/iava, KaTCropusl, 3(1)(1)€KT.

1. Introduction

In accordance with the concept being developed in Kyrgyzstan (see [1]), each
direction in mathematical research is associated with some effect, and the results

obtained, especially the phenomenon, are consequences of it.
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By the approach of category theory, objects of study can be represented in
various equivalent forms, and equations are classified not according to recording
methods, but according to the properties of solutions.

The Equa-Func-Volt category of “initial problems for dynamic systems” is
considered as a subcategory of the known category of equations for the Equa-Func
functions, which, in turn, is a subcategory of the category of equations for the Equa
functions.

It is known that shift operators along trajectories of delay differential equations
with smooth coefficients “smooth” solutions.

Formerly, in order to conduct the in-depth study of differential equations with
delay, the author proposed the method of splitting the solution space reducing such
equations to the systems of operator-difference equations. Using this method, the
author assumed new conditions, i.e. the absolute domains for coefficients sufficient
for the existence of special (slowly changing) solutions, and proved the presence of
approximating and asymptotically approximating properties in them, as well as the
asymptotic one-dimensional space of solutions of the initial problems for linear scalar
differential equations with small delay of argument and the corresponding difference
equation systems (special solutions correspond, to the solutions with a slowly
changing first component and a relatively small second component). For the purposes
of the single-point representation of the obtained results and other data related to the
theory of dynamic systems (the distance between the solution values tends to zero
alongside the unlimited increase in argument).

Section 2 introduces the required definitions and denotations.

Section 3 presents some results.

Some results of this paper were delivered at the V Borubaev’s Readings, Bishkek,
June 2024 and published [7].

2. Denotatons and definitions

Let us denote as follows: No ={0,1,2,3,...}, N={1,2,3,...}, R=(-o0),

R+=[0,0),R++=(0,20), C"™D is the space of functions u: D-—»R™ continuous with the
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derivatives till the order k;

[[{u,Uy, ...ug}||1=]|ua]|+|[uz] |+ ... +]|ug]| IS the norm in RY,

D is the domain in RY, 0D, m eN, k eNo;

C*MWD is the sub-space of functions meeting the condition u(0)=0 eR™.

We will use the categories: Set of sets;
Ord of ordered sets (with the subcategory Ord-Dyn of ordered sets A that have a
minimum element (0) but do not have a maximum element (usually A=R+ or A=No);
Func of functions (with the subcategory Func-Volt of functions with domain A of the
category Ord-Dyn);

Equa of equations. This category contains objects as tuples
{Non-empty sets X, Y, predicate P(x) on X, transformation B :X—Y}.

If (FxeX)(P(x)A(y=B(x)) thenye&Y is said to be a solution of the equation {X,
Y, P, B}. Particularly, if B is the identity operator I, then we obtain the equation
“P(x) ’only. Mor(Equa) are such transformations of tuples {X, Y, P, B} that solutions
(or their absence) preserve.

We propose

Definition 1. Ob(Equa-Func-Volt) are tuples

{ M; Z,Y eOb(Func-Volt), predicate Q(z(0)), predicate P(z,t) on ZxA, B:Z—>Y
€ Ob(Func)}.

A predicate Q presents an initial condition. The main property of a predicate
P(z,t): (za(s)=z2(s) (0<'s <t)) implies (P(z1,t)=P(z2,t)).

This paper discusses the initial problems only. Assuming that the initial problem
Equa-Func-Volt always has some solution, then the solution is the only and global
one, and, thus, it covers the entire set A; so, then the space of solutions of any particular
dynamic system with the initial condition ¢ may be written as the operator
W(t,p): Ax®—Z, with Z being the topological space of the solution values. In the case
of A=R. let us assume that W(t, ) is continuous with respect to t.

Definition 2. The following relation of equivalence to space @ is said to be

asymptotic equivalence: If Z is a Banach space, then
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(o1 ~@2) <(lim{ [[W(E, 1) -W(t, @2)]|z: t—>o0}= 0).
Definition 3. Solutions to W(t, @), @ @, are special solutions, if
S1) (VtueA) (V1€ Z) (T € Do)(W(t, ¢1)=21);
S2) (T2 > 0)( Ve, ¢, eDy)(Vty, ty €A)

(I (t2, 0) = W (2, @)l 2 W (22, 9,) = W (t2, 9,)llexp(=21t1 = 2])).

The following effect is known. “Natural” initial value problems for dynamic systems
have solutions, unlike boundary value problems and other classes of mathematical

problems.
Let's consider a differential equation with one delay h. A=R-, the required

function is defined on [-h, ). The functions p(t) eC(A), q(t) C([-h,0]) are given.

Q@)=(rtel-h,0]) @(®)=0a(1)); PE.O)=(Vs<0)(z'(s)=p(s)z(s-h));B=1 (1)

| is the identity operator. This equation is equivalent to the integral equation
P1(z,)=( 75<1)(2(s)=0(0)+/c*p(v)z(v-h)dv); B=I. )

3. Morphisms in Equa-Func-Volt and results

Denote w,,,(t) = z(t + mh),—h <t < 0, w={wm|me No },

Sml(O(®) = 0) + [*, p(s + mh + h) {(s)ds,
- integral shift operators along the trajectories of equation (1) by step h. We obtain an
equivalent equation (system of difference equations)

A1=No; Qu(Wo)="“wo=q"; P(w,m) = (Vksm) (W41 = SpWy),

Ba(w,t)=wun (t- t/h). 3

By such way we obtained [6] some results on existence and properties of special
solutions extending results [2-5] on equations with small delay.

For equations with a constant delay, a smoothing effect occurs. Its consequence
is the phenomenon of “oscillation slowdown”:

Theorem. If p(t)>0 and the solution to equation (1) has no more than 2n zeros
inside the interval [a, a+h], then it has no more than 2n zeros inside the interval [a+h,
a+2h].
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In the Equa-Func-Volt category, equations (1) and (3) are considered as
different forms of the same equation. But for an equation of the form (3) the expression
“small delay” is no longer suitable. Therefore, we applied splitting the space C([-h,0]).
This, accordingly, leads to the splitting of the operator Sy, into a matrix operator. We
have shown that the condition of “small delay” corresponds to the condition that one
element of the matrix is significantly larger than the rest by norm. Since the concept
of a matrix is the broadest, we called this property “dominance”, and the effect as a
whole “domination effect”. This made it possible to identify a class of “dominated”

processes.
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MSC 54D05
MOTION OF STRETCHED OBJECTS IN CARTESIAN PRODUCTS OF
KINEMATICAL SPACES
Zhoraev A.H.

Kyrgyz-Uzbek International University named after B.Sydykov

Supra algorithms of controlled motion of points in kinematical spaces were implemented. We
proposed controlled motion of stretched objects in kinematical spaces. An algorithm of controlled
motion of a square on topological torus was proposed. Cartesian products of kinematical spaces and
motion in them are considered in the paper.

Key words: axiomatization, topological space, kinematical space, velocity, motion,
topological torus.
Mypna KMHEMaTUKaJIbIK MEHKMHIUKTEPAETH YEKUTTEPAUH OallIKapbhlilyyqy KbIHMBLIBIHBIH
AJITOPUTMACPU MIIKE alllbIPBIJITaH. bu3 xuneMaTUKaJIbIK MGfIKI/IHl[I/IKTCpILC CO3yJIran
00BEKTUJICPANH OAIIKAPBUTY Y4y KBIHMBUIBIH CYHYI KbUIIBIK. TOMOJIOTHSUTBIK IIIAKEK OOrHYA
YapybIHBIH OaIIKaphLIyy4dy KbIHMBLUIBIHBIH aJITOPUTMH CYHYIII KbIJIBIHTaH. MakaJiaaa
KMHEMATHKAJIbIK MEMKUHIUKTED JKaHa aJlapJIbiH ACKaPTTHIK KOOOUTYHIYCYHIOTY KBIMBLI Kapajar.

Ypyummyy ce3z0ep: akcuoManamThIpyy, TOMOJOTHSIIBIK MEUKUHINK, KHHEMATHKAIIBIK
MEUKHWHAVK, BUIIAMIBIK, KEIMMBIJII00, TOIIOJOTUSJIBIK IIaKEK.
Panee 6BIHI/I pCaIn30BaHbI AJIrOPUTMBI YITPABIICMOI'0 ABMKCHHUA TOYCK B KHHEMATHYCCKUX
MMpOCTpaHCTBAX. Mpgb1 MNPCAJIONKHUIIN YIIPaBJIIIECMOC IBHIKCHHUC PACTAHYTBIX 00BEKTOB B
KHHCMATHYCCKHUX IMPOCTPAHCTBAX. brin MPCAJIONKECH aJITOPUTM YIIPABIICMOT'O ABUKCHUA KBAaJ[paTa
110 TOMMOJIOTUYCCKOMY TOpPY. B cratbe paccMaTpuBacTCAa ACKAaPTOBO NPOU3BECACHNEC KUHEMATUYCCKUX
MMPOCTPAHCTB U ABUIKCHUEC B HCM.

Kroueswie cnosa: AKCUOMATH3alHs, TOIIOJIOIrHYCCKOC IIPOCTPAaHCTBO, KHHEMATUYICCKOC IIPO-

CTPaHCTBO, CKOPOCTb, ABUKCHUC, TOIIOJIOTUUCSCKU I TOP.

1. Introduction
Definition of a kinematical space M (the metric px is the minimal time of passing
between points) with controlled motion of points was introduced in [1] (see also [2]),

see Section 2 below.

We proposed controlled motion of stretched sets [3].

87



Section 3 contains an algorithm to implement such motion on a topological
torus with obstacles [4]. Section 4 considers motion in Cartesian products of

kinematical spaces.
2. Definitions for motion with bounded velocity

As a codifying the ancient idea of controlled motion with bounded velocity, the
notion of kinematical space was introduced [1].

Definition 1. A computer program is said to be a presentation of a
computer kinematical space if:

P1) there is an (infinite) metrical space X of points and a set X1 of display-
presentable points being sufficiently dense in X;

P2) the user can pass from any point x; in X: to any other point x. by a sequence of
adjacent points in X; by their will,

P3) the minimal time to reach x. from xu is (approximately) equal of the minimal
time to reach x from x.

The space X is said to be a kinematic space; the space X is said to be a computer
kinematic space; this minimal time is said to be the kinematical distance px between
x1and xz; a sequence of adjacent points is said to be a route. Passing to a limit as X
tends to X we obtain the following.

There is a set K of routes; each route M, in turn, consists of the positive real
number Twm (time of route) and the function mv : [0, Tm] — X (trajectory of route);

(K1) For x1 # X2 X there exists such M eK that mu(0) = x; and mm(Tm) = X2, and
the set of values of such Tw is bounded with a positive number below;

(K2) If M={Twm, mu(t)} € K then the pair {Tm, mm (Tm —t)} is also a route of K
(the reverse motion with same speed is possible); (cf. P3).

(K3) If M={Tm, mmu(t)} € Kand T*e (0, Twm) then the pair: T* and function
m*(t)=mm(t) (0 <t <T*)is also a route of K (one can stop at any desired moment);

(K4) concatenation of routes for three distinct points X1, X2, Xa.

If there exists a kinematic consistent with the given metric then the metric space

is said to be kinematizable.
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R e mar k. Artificial intelligence chat.deepseek.com noted that for real control of

motion by person any structure (such as local Euclidean one) must be in the space.

Consider the practical task. Let there be a thing and obstacles. It is necessary to
move the thing to another place. Is possible? If yes then in what minimal time it can be
done?

Definition 2. Thereisa family P of connected subsets of the set X (we will
call them passes); each pass has the positive length (time) and a family Q of connected
subsets of the set X (we will call them things).

(It means that a thing moves along a pass).

The space X is said to be a generalized kinematic space.

(G1) For each xe p P there exists such g eQ that x e g [a thing can be in each place
of a pass].
(G2) For each x1# X2 eX there exists such pass p P that x1, X2 P and the set of lengths
of such p is bounded with a positive number below; this infimum is said to be the
generalized kinematical distance px between points x; and xa.
(G3) For each g1 =02 €Q there exists such pass p P that qi1, g2 P and the set of lengths
of such p is bounded with a positive number below; this infimum is said to be the
generalized kinematical distance px between things p1and pa.
(G4) If x1, %2 ep1and x2, X3 ep2 then there exists such pass ps P that x1, X2, X3 epz and
length(ps) <'length(p1)+ length(p2).

If
(G5) For each x1 # X2 eX there exists such pass pi2 P that length(pi2) =ox (X1, X2)
then the generalized kinematical space X is said to be flat (with respect to P).

If there exists a generalized kinematic (families P and Q) consistent with the given
Hausdoff metric for Q then the metric space is said to be K-kinematizable.

Definition 2. Letaset K* of routes in the set X be given. If
(K6) for all x1 #x2 X there exists such M eK* that mu(0) = x1 and mm(Tm) = X2 and
(K7) sums of times of concatenations from x: to x2 is bounded with a positive number
below
then the set K* is a base of kinematic.
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Theorem 1. The set of routes being concatenations of elements of K* is a
kinematic. It is said to be generated by K*.
Remark. (K1) instead of (K7) is not sufficient to be a basic of kinematic.
Example. Let X=R and the only M(u,v) has the time Tm(u,v)=|u —V[%.
Then for any n e N the concatenation from 0 to 1: M(0,1/n)+M(1/n,2/n)

+...+M((n-1)/n,n/n) has the sum n-(1/n)?>= 1/n which is not bounded below.
Theorem 2. The Cartesian product of several kinematical spaces {X1,K1},

{X2,Kz},..., {Xp,Kp} with the following base of kinematics: {T of M;; X1 €Xy, ..., Xj1 €X;-
1, Mj €K, Xj+1 €Xj+1,..., Xp €Xp}, J=1..p is a kinematical space.

Proof. If (Uyuy,..., up) =(Vi,Va,..., Vp) then (Z])( u; #Vj) and any concatenation
contains a trajectory between uj and v;j in X;.

3. Algorithm of motion of square on topological torus
All numbers are integer.

Given a topological torus obtained by gluing sides of NxN-square: (N+1)=0; a
list of obstacles X[M], Y[M], M=1..K. The initial position of the controlled square Q
is [0;L] x[O;L], L<M. The goal is (U,V) for the point of the controlled square Q with
initial position (0,0). All obstacles are out of the initial position of Q.

The commands of control are C={N, E, S, W}.

Algorithm.

Define function [gluing]

F(2):= Z; If Z<0 then F(2):= Z+N+1; If Z>N then F(Z):= Z-N-1;

Cycle { Cycle { XQ[P,T]:=P; YQ[P,T]:=T | T=1..N}| P=1..N};

[initial position of Q]

Repeat {Input C; DX:=0; DY:=0;

If C=N then DY:=1; If C=E then DX:=1;

If C=S then {DY:=-1}, If C=W then {DX:=-1},

Cycle { Cycle { XQ1[P,T]:= F(XQI[P,T]+DX);

YQ1[P,T]:=F(YQ[P,T]+DY) | T=1..N}| P=1..N};

[attempt to shift to direction C];

OB:=true,

Cycle { Cycle { Cycle { If (XQ1[P,T]= X[M] and

YQL[P,T]:= Y[M]) then OB:=false | T=1..N}| P=1..N} | M=1..K};
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If OB then Cycle { Cycle { XQ[P,T]:= XQ1[P,T]);
YQ[P,T]:=YQL[P,T] | T=1..N}| P=1..N} else

Output (“Obstacle!”),

If (X[0,0]=U and Y[0,0]=V) then (Output (“Goal!”),; Exit) }

4. Motion in Cartesian products of kinematical spaces

We consider a media in conditions of Theorem 2. Motion and controlled motion
of a point is obvious. It can be implemented by consecutive motions in each
component.

Theorem 3. Ifastretched object is the Cartesian product of stretched objects
in each component of the Cartesian product of spaces and motions in each component
are possible then motion of such stretched object within the Cartesian product is
possible.

R e mar k. In [5] consecutive rotations in each Euclidean R? as a subspace of
Euclidean R* were implemented on computer. The well-known fact that rotation of any

3D-object in R*can change its orientation in R® was illustrated.
5. Conclusion

We hope that new facts of properties of multidimensional and non-Euclidean
spaces will be found by means of controlled motion in kinematical spaces with

obstacles.
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MSC 35A25
APPLYING THE METHOD OF ADDITIONAL ARGUMENT TO SOLVE
AN INITIAL VALUE PROBLEM FOR A QUASILINEAR DIFFERENTIAL

EQUATION OF THE FIRST ORDER
Egemberdiev Sh.A.
Institute of Mathematics of NAS of KR

Komymya aprymeHT BbIKMAachblH KOJIIOHYYy MeHeH Oamrankel Komm mapTel KorosiraH
KBAa3UCBI3BIKTYY I[I/I(b(bepeHIII/IaJI)IHK TCHACMCHHWH YbITapblIBIIIBIH U3UJIJI00.

MakaaHeIH MaKCaTbl: KomryM4da apryMmMEeHT bIKMACbIH KOJJOHYY MCHCH oamranker Kom
IapThl KOMYJNraH KBa3HCHI3BIKTYY AU(PQPEpeHLnanIblKk TEHAEMEHUH YbIrapbUIbIILIBIH H3WII06HYH
HCTU3WH/JAC KapaJilraH MacCCJICHH HHTCTPAJIABIK TCHACMEIICP CUCTEMAaCbiHa KCJITUPY BIKMACBhIH
KHAPIU3Yy.

YpyHTTYy ce3mep: Kolrym4a apryMeHT, OamTankel Komm 1mapTel, KBa3WUCBHI3BIKTYY
muddepeHnuanapik TeHAeMe, HHTETPaJIBIK TCHIEME.

I/ICCJIGJIOBaHI/Ie C MPUMCHCHHEM MCTOAA AOIIOJHHUTCIBHOI'O aprymcHTa KBa3WJINHEHHEBIX
muddepeHInanbHBIX YpaBHEHUH ITEPBOTO MOPSIIKA C HAa9alIbHBIM yciaoBrueM Koy,

HGJ'IB craten: C IIOMOIIIBKO METOZAa AJOIIOJIHUTCIBHOTO apryMmEeHTa CBECTU KBa3WJINHEIHHBIE
muddepeHnranbHbpIe YpaBHEHHS TIEPBOTO TOps/Ka ¢ HadaJbHBIM yciaoBueM Komm k cuctemam
WHTETPAJIbHBIX YPABHEHUM.

KiroueBrle citoBa: ,I[OHOJIHHTCJIBHBII;'I APTrYMCHT, HAa4YaJIbHOC YCJIOBUEC KOI_HI/I, KBa3WJIMHEHHOE
muddepeHnaaTbHOe ypaBHEHHE, HHTETPAIbHOE YpaBHEHHE.

Investigation using the method of additional argument of first order quasilinear differential
equations with the initial Cauchy condition.

Purpose of the article: Using the method of additional argument, reduce quasilinear
differential equations of the first order with the initial Cauchy condition to systems of integral
equations.

Keywords: additional argument, initial Cauchy condition, quasilinear differential equation,

integral equation.

In this paper we apply the method of additional argument (MAA) developed in
Kyrgyzstan [1, 2, 3] to a Cauchy problem for a quasilinear partial differential
equation with three arguments. The result was briefly published in [4].

The initial condition
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u(0.x,y)=o(xy) (1)
for the equation

u (t,%,) + f1(t, x,y,u(t, %, 9))ue(t, %, ) + fo(t,x,y,ut, x, ) Ju, (t, x,y) =
f(t.x, y,ult,x,y)), ()
te [0,T], T=const, (x,y) € RZ.

It is assumed, that the functions f(t,x,y,u), fi(t,x,y,u), fa(t,x,y,u) and ¢(x,y) are
continuously differentiable with respect to all their arguments.

Using the MAA, we reduce the problem (1) - (2) to the following system of

partial differential equations:

P1s'(s,t,x,¥) = f1(s,01(5, 8, %, ¥), 02 (S, £, %, ¥), w(s, t,x,¥))
D2s'(s, 6, x,y) = f2(s, 0108, t,x,¥), 02(5, t, x, ), w(s, t, x,y)) (3)
ws'(s,t,x,y) = f(s,p1(5, 5, %,¥), p2(5, £, %, ), w(s, t, X,¥))

with additional conditions:

{pl(t' t'x'y) =X, (4)
p2(t, t,x,y) =y

w(0,t,x,y) = ¢(P1(0,t,x,y),p2(0,t,x,¥)). ()
In this paper, we show that the problem (3) - (5) can be reduced to a system of

integral equations and prove their equivalence.
Having integrated the first two equations of system (3) with respect to s from s

to t, we obtain, taking into account the conditions (4), two integral equations:
t
pi(s,t,x,y) =x— [ fi(v,p1(v, 6, %,¥), P (v, t,%,Y) , WV, t,x,¥))dv,

t
P25t x,y) =y = [ L,p1(v, t,%,¥),0:(v, £, x,¥) ,w(v, t, x,y))dv. (6)
We integrate the last equation of system (3) with respect to s from 0 to s and,

taking into account (5), (6), we obtain the integral equation:
t
x = f, i, p1 (0, 6, %,¥),p2 (v, t,x,7), w(v, t,x,y))dv,
w(s,t,x,y)=¢ : +
y= [, L@,pi(v,t,x,9), 02w, t,x, ), w(v,t,x,y))dv

o P10, 6,%,9), 02 (v, £,%,), w(v, £, X,y))dv. (7)
So, we have got that the system of integral equations (6), (7) follows from the
problem (3) - (5).
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By direct differentiation with respect to equations (6), (7), we obtain system
(3). Substituting s=t in (6), we obtain the conditions (4), and substituting s=0, we
obtain the conditions (5).

Thus, the Cauchy problem (3) - (5) and the system of integral equations (6), (7)
are completely equivalent.

Now let a function u(t,x,y) be a solution to the Cauchy problem (1), (2). Having
determined p1(s,t,X,y), p2(s,t,x,y) from the system of partial differential equations
P1s'(s, 6, %,y) = fi(s,p1(5, 6, %, ¥), P2 (5, £, %, ¥), u(s, p1(S, £, X, ¥), D2 (S, L, X, ¥)),

P1s'(s, 6, %,¥) = fo(5,01(5, 6, %, ¥), P2(S, 1, %, ¥), u(s, p1.(S, £, X, ¥), P2 (5, £, X, ¥)).

With the conditions (4), we obtain that the function w(s,t, x,y) =
u(s,pi1(s, t,x,y),p2(s,t,x,y)) will satisfy the last equation of the system (3) and the
initial condition.

This proves that each solution u(t, x, y) to the Cauchy problem (1), (2) gives a
solution to the Cauchy problem (3) - (5), and hence does a solution to the system of
integral equations (6), (7).

We denote:

Ny = max {suplgl, sup|.0l, supld,ol},
R? R? R?
N; = max {suplfl, suply, fl, suplay, £l suplan il i=1.2,

Ny = max {suplf1, supl, 1, supdy, f1, supldu f1}
0} 0} (0} (0}

Lemma 1. Let the functions (pi(s,t,x,y), p2(s,t.x,y), w(s,t,x,y)) eCt111(R4) and
Q1={(s,t,x,y): 0 < s <'t, (x,y)eR?}, then the solution to the system of integral
equations (6), (7) gives the solution to the Cauchy problem (1), (2) for 0 <t <T,<T,

where
To < 1/(N; + (1 + Ny)(Ny + N;)) — 8, 6>0 is an arbitrarily small number.

Proof. We denote the differential operator
D*: = Z_; + a;(t,x,y,1u) 2—; + a,(t,x,y,u) %, where u(t,x,y)=w(t,t,x,y). (8)

We apply this operator sequentially to all equations of system (6), (7).
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We have:

t

Dp, = fi(t,x,y,u) — f1(t,x,y,u) — fs [0p,a1 - Dpy + 0p,ay - Dp; + 0y ay -
Dw] dv,

t
Dpy = — [, [0 f1 - DP1 + Oy, f1 - DPs + By fy - Dw] dv. (9)
Similarly, we get

t
Dp, = — [ [0p,az - Dpy + 8y,a; - Dp, + 8y, - Dw] dv. (10)

Applying the introduced differential operator D* to equation (7) and taking

into account (9), (10) we obtain:
Dw = =0, p[~ [ [0y, fi - D1 + B, f1 - Dpa + 8y, f1 - Dw] dv] -
—0yp[— fos[aplfz *Dpy + 0p,f2 - Dp; + 0y f2 - Dw]dv] +

+[[0p,f - Dpy + By f - Dpy + By, f - Dw]dv. (11)
The constants Ny, N,, Ny are determined taking into account the fact that the
functions pi, p2, w included in fy, fo, f are known.
Using the introduced denotations, we obtain from (9), (10), (11):
[Dp:| < tN1(||Dp1lla + 1I1Dp2llo + [|IDW]|g, 11,2,
|[Dw| < tNy (N1 + Ni)([1Dp1lla + [IDp2lla + [I1DW]|o) + tN£([1Dpy|lo +

[1Dp2|lo + [IDW]]a).
Since the last inequalities are valid for all 0<s<t, (x, y) €R?, it follows from

them:
[1Dpilla < tN;(I[Dp1lla + 1I1Dp2lla + [|1DW]|g, 1=1,2,
[|IDw]|g < tNg(Ny + No)(||Dp1llo + [IDp2llo + [IDW]]o) + tN-(||1Dp1]lo +

[1Dp2lla + [1DW]|a).
Adding these inequalities, we get:

[1Dp1lla + 1I1Dp2lla + [IDW]lg < t(Nf + (1 + Ng) (N1 + N2))(||1Dp1llo +
[1Dp2lla + [IDW]]a).

Hence it follows that for t < 1/(Nf + (1 + Ng)(N; + Nl)) the identity
[IDp1lla + [IDp2lla + [[Dw]|o = O'is true.
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We denote Ty = 1/(Nf + (1 + Ng)(Ny + N;)) — &, where ¢ is an arbitrarily small
number.
From the above tabs it follows that for 0 <s <T,<T the following equalities are true:
pie' + f1(t, x, y, Wp1x'+ f2(Ex, y,u)p1, = 0,

we'+ f1(6x, y, Wwy + (8 x,y, u)wy, = 0. (12)

Substitute now u (t, X, y) = w (t, t, X, y) into the equation (2). We will have
Ws(s, 6,5, |s=c + We(s, 6,2, Y) |s=r + fiwe (8, 6,2, y) + fawy (8, 6,%,5) = f.

Taking into account the equalities (12) and w¢(s, t, x, V) |s=¢ = f(t, X, y,u) we
obtain the correct equality f(t, x, y, u) = f(t, X, y, u).

Substituting s=t=0 in (7), we obtain u(0, x, y)=w(0,0, X, y)=¢(X, y).

Thus, it has been proved that the function w (s, t, X, y) for s=t gives a solution
to the initial value problem (1)-(2).
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BOUNDEDNESS OF SOLUTIONS OF A CLASS OF LINEAR
DIFFERENTIAL EQUATIONS OF THE THIRD ORDER ON

THE SEMIAXIS
Asanova K.A.
Institute of Mathematics of NAS of KR, Bishkek, Kyrgyzstan

Annotation. In this paper, basing on a formula for one class of third order linear
differential equations with variable coefficients, sufficient conditions for the
boundedness of solutions for one class of third order linear differential equations
on the semi axis were established.

Keywords. Formula, linear differential equations, third order, boundedness,
semi axis.

AnHoTtaums. byn makamana esrepyiMe koddduiueHTTepu Oap SKUHYHU
TAPTUIITETH CHI3BIKTYY AudPepeHuanablK TEeHIESMEIepIuH Oup KIacchl YYYH
dbopMyJaHBIH HETH3UHJE KapblM OKTOTY YYYHUY TApPTUITETH CBI3BIKTYY
nuddepeHuanaplKk  TeHAEeMEeJIepAUH OHp KJIACCHIHBIH  YbITapbUIBIIITAPBIHBIH
YEKTECIIMIIUHUH KETUIITYY IIapTTaphl KOPCOTYIITOH.

Ypyurryy ce3aep. @opmyna, ChI3BIKTYY au(dEpEeHIHAIIBIK TeHIEMENED,
YYYHYY TapTUIITETH, YCKTECITC€HINK, )KapbIM OK.

AnHoTauus. B nannHoit pabote Ha ocHOBEe (GOPMYIBI JUIsI OJHOTO Kilacca
JUHENHBIX AuddepeHuaibHbIX ypaBHEHUI BTOPOTO TOPANKA C TEPEMEHHBIMU
KOB(l)(bI/IHHeHTaMI/I YCTAHOBJICHBI AJOCTATOYHLIC YCIIOBUA OI'PaHUYCHHOCTH
pEIIeHN OHOTO KJacca JMHEWHBIX NU(EepeHIINAIbHBIX YPaBHEHUN TPETHEro
InopsaaKa Ha IIOJIyOCH.

KaroueBsbie ciaoBa. ®opmyna, nuHeitHbie auddepeHimaibHbie YpaBHCHUS,

TPCTHCTO MOopsAaKa, OrPAaHHYCHHOCTD, ITOJIYOCh.

Consider the linear differential equation

v+ a (O)y +a;@®)y + [as(t) + q(®O)]y = f(),t €1 = [tg, %), (1)
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where a; (t), a,(t), az(t), q(t), f(t) are the known continuous functions on I.

The questions of boundedness and asymptotic stability of solutions on the
semiaxis for differential and integro-differential equations were studied in [1-9]. In
particular, in [5], the issues of boundedness and quadratic integrability of solutions
and their first derivatives of a class of second-order linear integro-differential
equations of the Volterra type on a semi-axis are studied. In [7], the issues of
asymptotic stability of solutions of a linear homogeneous integro-differential
equation of the third order of the Volterra type on a semiaxis are investigated. In
[9], based on a formula for one class of second order linear differential equations
with variable coefficients were established sufficient conditions of exponential
estimate of solutions for one class of second order linear differential equations on
the semi axis. In this paper, based on the formula for solving a third-order linear
differential equation obtained in [10], sufficient conditions for the boundedness of
solutions of third-order linear differential equations (1) on the semiaxis are
established. Assume that the following conditions are met:

a) Let the functions a,(t), a,(t), a;(t) are represented as
a1(t) =a(®) +p(t), a(t) =p' () +a®p®) +
+a(®)[p(t) —a®)] = () + a'(t),a3(t) = a’(t) + a (O[p(t) -
—2a(t) + a(®)] + a®)[p'(t) + a®p(t) — a(t)a®)] -
—2(t)[4a(t) — 2p(t) + a ()], 1(t) = rexp | i [2a(s) - p()lds}tel, (2
where a(t),a(t),a'(t),a’ (), p(t),p (), f(t) € CU), 7 € (0,°°);
b a(t) =p(t) +B, a(®) +1(t) =0, a(t)—I(t) =0 foralltel, 0 < —
const,

a(v)dv a(v)dv

t t
F(O1e7 P < 1,®), 1g@]eo “O® < (1)
forallt € I, where [;(t),l,(t) € L[ty, ),l1(t) =0 and [,(t) = 0forallt € 1.
Taking into account a) and by virtue of Theorem 2 from [10], from (1) we

obtain
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y(©) = — L 1f, e O q(@)y@)dr] 2U()y1 (5)y2 () 1 (5)72(6) -

V1(©)y2()]ds + y, (&) + T, i yi(@), t €1. (3)

wherec,, c,, c3 are arbitrary constants,

y1(t) = exp |- [ (a(s) + U(s))ds|, y2(8) = exp |- [ (a(s) = Us)yds|, @)

t s
y3(t) = j e Jto “O (21 (5)y1 ()y2()) T Y1 ()2 (£) — Y1 (D)2 (s)]ds =

to
=} Lehal PO, ()5, (0 3 (2 ())ds, (5)
ya(t) = L[ e 9OV £ @) dr] 2U(s)y1 (5)y2() T D ()y2(6) -
Y1(©)y2(s)lds t € 1. (6)

[Mpumensist popmyiel Jupuxie, u3 (3) u (6) umeem
y(©) = = f} [£e M QU(s)y, (5)72(5) D ()ya(©) -

Y1)y ($)]g(@)y(r)dsdt + y,(t) + X1 c;yi (@), t €1, ()
t t s
Ya(t) = j j e~ T (21(5)y: ()7 () [y1 ()y2 (©)
to T
Oy, ()]f @ dsdr =

_fts a(v)—plv)av
— %fttof(f) the e -p(v)d 1 ()9 (5 — 2 () ()]dsdt, .
8

We introduce the notation:
F(t) =33, ¢ yi(t) + (D), t €1 ©)
K(t,7) = = [} ek O 2U(5)y, ()y2() [y ()y (1) —
y1(O)y2(s)]q(r)ds =
= CD g@)eho "M [t o hleP Ny, (6 (1) — 3, ()y,(5)1ds, (10)

(t,s) €G ={(t,s):t) <s <t <o}

Taking into account notations (9) and (10), we write equation (7) in the form

y(©) = F(t) + [, K(t, Dy(D)dr, t =1, (11)
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Theorem. Let conditions a) and b) be satisfied. Then the solution of the
differential equation problem (1) satisfies the following estimate:
ly®l<c, t=t,, (12)
where

1 r~ 1 =
C = C4T exp IE.[ lz(s)ds],c4 =|ci| + |lcy|l + |le3l +—=— | L (s)ds.
to

prl,,

Proof. Considering condition b), from (9) and (10) we have:
[F(t)| < ¢4 t 2=ty (13)
IK(t,7)| < % (t,7) €G. (14)

Then, by virtue of (13) and (14) from (11) we obtain:
YOI < ot fp LEIYElds, 2t (15)
Further, due to the Gronwall-Bellman inequality, from (15) we have the
estimate (12). Theorem is proven.
Example. Consider problems the differential equation (1) for t, =
0, a,(t) = 6 + 4t, a,(t) = 5t% + 14t + 11, az(t) = 2t3 + 8t% + 12t + 6,
q(t) = 2exp[—t? —6t], f(t) = 3exp[—t? —5t], t € [0, ).
That is, consider the following linear differential equation
y 4+ (6 +4t)y + (5t% + 14t + 11)y’
+ {2t + 8t2 + 12t + 6 + 2 exp[ — t* — 6t]}y =
=3exp[—t?—5t], t=0 (16)
In this case, conditions a) and b) are satisfied for
alt) =t+1, p)=2(t+1), r=1, 1) =1, a(t) =2t+4, B =2,
L(t) =3e7t, L, (t) =2e7 2, te€[0,).
First, let's check the fulfillment on condition a):
a(t)=alt)+pt)=2t+4+2(t+1)=4t+6,
a,(t) = p'(t) + a(®)p(t) + a®)[p() — a®] — () + a'(t) =
=2+ Qt+42t+ D+t +DR2(t+1D)—t—-1]—-1+1
= 5t% + 14t + 11,
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az(t) = a’(t) + a'(t)[p(t) — 2a(t) + a(t)] + a(®[p'(t) + a(®)p(t)
—a(t)a(t)] -
—1?(O)[4a(t) — 2p(t) + a(t)]
=2t+44+ @+ D2+ QRt+4)(t+1D)]-Qt+4) =
= (t+1)(2t* + 6t + 6) = 2t3 + 8t% + 12t + 6.
Thus, the condition a) is fulfilled. Next, we will check the fulfillment of condition
b):
at) =2t+4=pt)+B, a@®)+1l(t)=t+2=0, at)=Il(t) =t
>0 for all t € [0,x),

F(D)]elo ®@AT = 30-t2=5t o [{2s+9ds — 30t — | (¢ € L, (0, ),

|q(£)]efo XD = pot2=6tp[25+0ds — 202t — | (1) € L,(0,0).
Therefore, by virtue of the theorem, for all solutions of the differential equation
(16) the estimate (12) is valid, where

1
c =cue2, ¢, = |cq1| + |cy| + |5l +§.
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AXIOMATIC AND TOPOLOGICAL PROPERTIES OF
QUASIVARIETY GENERATED BY CERTAIN FINITE MODULAR

LATTICE
A. M. Asanbekov, M. A. Arapbay
Institute of Mathematics of NAS of KR, Bishkek, Kyrgyzstan
L. N. Gumilyov Eurasian National University, Astana, Kazakhstan

An axiomatizable class of algebras that is closed under subalgebras and direct products is a
quasivariety. An algebra A is profinite with respect to class of algebras K if it is isomorphic to the
inverse limit of finite algebras from K. A topological algebra A; = (4, 0, T) is Boolean if its
topological reduct (4, T) is a totally disconnected compact Hausdorff space. A finite algebra A
equipped with the discrete topology T generates a topological quasivariety Q(A) consisting of all
topologically closed subalgebras of non-zero direct powers of A, endowed with the product
topology. A topological quasivariety Q,(A) is standard if every Boolean topological algebra with
the algebraic reduct in Q(A) is profinite with respect to Q(A). The state “the quasivariety generated
by one specific lattice is neither finitely axiomatizable nor standard” is proven in the paper.

Keywords: lattice, quasivariety, finite basis of quasi-identities, standard quasivariety.

Nuku  anreOpamapra  ’kaHa  Ty3  KOOOWMTYYyJykKke  Kaparta  >kaObIk  OOJITOH,
AKCHOMAJIAIITRIPBUTYYUy anredpayiap KJIacChl ken mycneadykcuiman nen aranatr. Anrebpa A K
anre6panap KJIaCCblHA Kapara npogbuﬁummuk ACII arajiaT, srepac ajl K xnaccrarsl 4eKTelreH
anreOpanapIblH TeCKepH 4YernHe uzoMopdryk 6oiico. Tomonorusieik ainredpa A, = (4,0,T)
Oy10yK JIETl aTajiar, Srep aHbIH TOIMOJOTHSIIBIK PENYKIUACH! (A, T) TOIYyry MEHEH aKbIpaThLIraH
KOMIIAKTTYY Xayczlop(b Mef[KI/IH,Z[I/IFI/I 00J1CO0. HI/ICKpCTTI/IK TOIIOJIOTUA T MCHCH )I(a6I[bIJ'IFaH
yekTenred A anre0pachl TONOJIOTMSJIBIK KoIl TycneinaykceiManasl Q. (A) xkaparar, amn A
aJ'II‘e6paCBIHBIH HoJl OJMCEC TY3 K969ﬁTYYH9pHY TOIOJIOTHSIIIBIK  JKAaKTaH JKaObIK HWYKHU
anreOpanapAblH OapAbITbIHAH TypaT jXaHa KeOeWTYNYIIYHYH TOIOJIOTHS MEHEH KaOJbliIraH.
Tomnosorusiibik ke TycneiaykesiMan Q. (A) cmandapmmyy nen atanat, srepae Q(A) wunugeru
anreOpablK peAyKIHsra 33 00JIroH ap Oup OyieBabIK TOMOJOTHsUIBIK anreopa Q(A) kmacceiHa
Kapara Npo@UHUTTUK Oojco. Makanana Oenrmiyy Oup TOp TapaOblHAH TY3YJIreH Kell
TYCHOJIAYKChIMAJI YCKTCJITCH aKCHOMaJlap MCHCH aHBIKTAJIOAi TypraHbl, JXaHa CTAHAAPTTYY
OMECTUTH JAITUIIACHI'CH.

Ypynmmyy cesdep: TopHo, Kem TYCHOIIYKChIMAaJ, TEHICHICHIMAIIAP/bIH YeKTYY HETHu3H,

CTAaHAAPTTYY Kol TYCHOJAYKChIMAJI.
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AKCHOMAaTU3MPYEMbIl Kilacc anredp, 3aMKHYTBIH OTHOCHUTENIBHO MOJanredp W IpPSMBIX
MPOU3BE/ICHNN, HAa3BIBACTCS K8A3UMHO2000pa3zuem. AnreOpa A Ha3BIBACTCS NPOKOHEYHOU
omuocumenvHo Kiacca areeop K, ecnmu ona uzomophHa oOpaTHOMY IpeJiesly KOHEUHBIX anredp
u3 K. Tomonoruueckas anrebpa A, = (A, 0, T) Ha3bIBAeTCA 6)1€601, €CIU €€ TOIMOJOIMYECKHIA
penykr (A, T) SBJISETCS BIOJHE HECBS3HBIM KOMIIAKTHBIM XaycAOpP(OBBIM MPOCTPAHCTBOM.
Koneunast anrebpa A, cHaOXEHHAs NUCKPETHOW TOIMOJOTHEH T, MOPOXKIAET TOIMOJIOTHYECKOE
kBasuMHOroooOpasue Q. (A), cocrosimiee W3 BCEX TOMOJOTMYECKH 3aMKHYTHIX I10JAIre6p
HEHYJIEBBIX  TPSMBIX  TPOM3BENEHUH A, OCHAIEHHBIX  TOMOJOTHEH  IPOM3BENCHHUS.
Tononornyeckoe kBasumHoroobpasue Q.(A) HasbiBaeTcs cmandapmubim, eciv Irobas Oynesa
TOTOJIOTHYECKasi anredpa, anreOpamdeckuil peayKT kotopoi mpuHamiexutr Q(A), sBusercs
npokoHeuHoH oTHocuTenbHO Q(A). B crathe m0oka3aHo, 4To KBA3UMHOT000pasue, MOPOKAEHHOE
OJTHOW KOHKPETHOH PEmETKOM, He SBIISIETCS] HU KOHEYHO aKCHOMAaTH3HPYEMbIM, HU CTaHIAPTHBIM.

Kniouesvie cnosa: pemérka, KBa3MMHOTOOOpa3swe, KOHEUYHBIH 0a3Wc KBAa3UTOXKJIECTB,

CTaHIApTHOE KBAa3HMHOT00OpasHe.
1. Introduction

Two fundamental and closely connected questions arise in universal algebra and
lattice theory:

1. Which finite lattices generate finitely axiomatizable quasivarieties?
2. Which finite lattices generate standard topological quasivarieties?

The first question, known as the finite basis problem for quasivarieties of
algebras, was posed by V. A. Gorbunov et al [1]. The second, referred to as the
standardness problem for quasivarieties of algebras, was suggested by D. M. Clark
etal [2].

R. McKenzie [3] showed that every finite lattice has a finite basis of identities.
V. P. Belkin [4] constructed the first example of a finite lattice without a finite basis
of quasi-identities. This naturally led to the problem formulated by V. A. Gorbunov
etal [3] in 1979: Which finite lattices generate finitely axiomatizable quasivarieties?
Sufficient condition consisting of two parts under which the locally finite
quasivariety of lattices has no finite (independent) basis of quasi-identities was
found by V.I.Tumanov [4]. He conjectured that a finite modular lattice has a finite
basis of quasi-identities if and only if a quasivariety generated by this lattice is a

variety. In general, this conjecture is false. W. Dziobiak [6] provided a
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counterexample: a finite non-modular lattice generating a finitely based proper
quasivariety. Nevertheless, the modular case remains unresolved to this day.

This problem is closely connected to a question raised in [2]: Which finite lattices
generate standard topological quasivarieties? In particular, they demonstrated that
Belkin’s lattice generates to a non-standard topological quasivariety. It is also well-
established that every finite lattice generates a standard topological variety — a
result originally proved by D. M. Clark et al [7] in 2005. Recentlly, A. M. Nurakunov
et al [8] extended this line of research by showing that the lattices constructed by
Tumanov generate non-standard topological quasivarieties.

We prove that the quasivariety generated by one specific lattice is neither finitely
axiomatizable nor standard.

2. Basic definitions and preliminaries

We start by briefly reviewing some fundamental definitions and results on
quasivarieties that will be employed throughout this paper. For further details on the
basic concepts of universal algebra and lattice theory referenced here and applied in
our work are available in [9,10,11].

A quasivariety is a class K of algebras closed under subalgebras, direct products
and ultraproducts. Equivalently, a quasivariety is a class K of algebras which can be
axiomatized by quasi-identities. A quasi-identity is a universal Horn sentence with
non-empty positive part, that is of the form

(V)[p1 (%) = 1 () A .. App (%) = ¢ (X) - p(X) = q(X)]
where ¥ = (x4, x5, ... X;n,) and p, q, 1, qq, --- Pn» 4, are terms of the signature o. A
class K of algebras is called a variety if it is closed under subalgebras, homomorphic
images, and direct products. By Birkhoff theorem, a variety is a class of similar
algebras axiomatized by a set of identities, where by identity we mean a sentence of
the form (Vx)[s(x) = t(x)] for some s(x) and t(x).

Let V(K)(Q(K)) denote the smallest variety (quasivariety) containing a class K.
We say that V(K)(Q(K)) is the variety (quasivariety) generated by K. If K is a finite
family of finite algebras then Q(K) is called finitely generated. If K has a single

member A we write simply Q(A4).
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A triple (4; o, T) is called a topological algebra if (A, o) is an algebra of the
signature o, (A, t) is a topological space and every operation from ¢ is continuous
with respect to topology 7 . A topology t is called Boolean if it is compact, Hausdorff
and totally disconnected. A topological algebra A; = (A4, o, t) is Boolean if it’s
topology is Boolean. A finite algebra A equipped with the discrete topology t
generates a topological quasivariety @.(A) consisting of all topologically closed
subalgebras of non-zero direct powers of A, endowed with the product topology. A
topological quasivariety Q. (A) is standard if every Boolean topological algebra with
the algebraic reduct in Q(A) is profinite with respect to Q(A4).

A quasivariety K has a finite basis of quasi-identities if there is a finite set X of
quasi-identities such that K = Mod(Z) = A|A E Z. A lattice A has a finite basis of
quasi-identities if the quasivariety Q (A) generated by A is finitely based, and if Q(A)
Is not finitely based then lattice A has no finite basis of quasi-identities.

A congruence 6 on an algebra A is trivial if it is the least or the greatest element
in the congruence lattice Con A. A homomorphism h: A — B from algebra A to B
is proper if the kernel congruence kerh is not trivial.

We say that X is pointwise non-separable with respect to quasivariety R if the
following condition holds: there exist a,b € X, a # b, such that, for eachn € N,
each finite structure M € R and each homomorphism ¢: X,, — M, we have ¢(a) =
@ (D).

The following lemma and theorem provide criteria for non-finite
axiomatizability and non-standardness of quasivarieties, respectively.

Lemma 2.1. A locally finite quasivariety K is not finitely axiomatizable if for
any positive integer n there is a finite algebra A,, such that A,, € K and every proper
subalgebra of A4,, belongs to K.

Theorem 2.2. [2] (Second inverse limit technique).

LetX = l(iLn{Xn | n € N} be a surjective inverse limit of finite structures, and

let K be a quasivariety. Suppose that X,, € K, X € K is pointwise non-separable
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with respect to K and each substructure of X,, that is generated by at most n elements
belongsto K foralln € N. Then K is non-standard.
3. Construction of lattices
Let M3, M3 3, M3_3 be the lattices:

@a&o@

Ms 3 M;3_3

FiGURE 1. Lattices ﬂ/[g, 1'1'13:3’ j\/f3_3

We construct a modular lattice L,, (see Figure 2) by induction on n:
n=1. Ll = M3 and Ll = (al, bl’ Cl)'
n>1.L, =(L,_qVUay, b, c,)Where b, =c,_;andc,,a, & L,_,, a, A

ci=cyNci¢L,_;anda,Vc;,=c,Vc; &L,_foralli <n.

Lpn.n=2

FIGURE 2. Lattices [y, L,

We construct a modular lattice A,, as A,, = (T, U ay, by, cy) Where {a, by, ¢y) =

M3; an, N a, = Cy \% ag, Ay A\ a, = bO and 1Ln = 1An (See Flgure 3)
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Ay Ap.n=2

FIGURE 3. Lattices Ay, A,

4. Non-finite axiomatizability
Let A be the lattice

FIGURE 4. Lattice A

Theorem 4.1. Quasivariety Q(A) generated by lattice A is not finitely based.

To prove this theorem, according to Lemma 2.1, it is necessary to construct an
infinite set of finite lattices {X; € K | i > 0} such that any proper sublattice of X;
belongs to K . We will show that the lattices A,, satisfy this property.

Lemma 4.2. For any n > 1 and a non-trivial congruence 8 € ConA,, there is

1 <m <nsuchthat 4, /6 = A, or A,/0 = M5 5 provided (a4, b;) & 6, otherwise
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A,/0 =T,,.

Proof. We prove by induction on n > 2. One can check that it is true for n = 3
because of A3/6 = A, or A3/0 = M3 3 whether (ay, by) & 6, otherwise A5/0 = A,
or A; /6 = M, for any non-trivial congruence 8 € ConAs;.

Let n > 3 and let u cover v in A, and 6(u,v) € 6. By construction of A,, we
have A,,/60 (u,v) = A,,_,orL,/0(u,v) = L,_,.

Assume (aq, b;) & 6. Since for every non-trivial congruence 8 € ConA,, there
are (u,v) € A, such that u covers v and 6(u,v) € 6, we get

An/0 = (An/0(u,v))/(0/0(u,v))

Since A4,,/60(u, v) = A,,_, we obtain

An/0 = (An/0(w,))/(0/0(w,v)) = Ay, /0,

for some 6’ € ConA,_,. And, by induction, 4,_,/0"'=A,, or A,_,/8" =
M3 5 for some m > 0. Thus A, /0 = A, or A, /0" = M;3.

Now assume (aq,b;) € 6. Then 8(a,,b;) =0(w,v) and A,/0(u,v) = L,,.
Hence A4,/0 = (A,/0(w,v))/(0/6(w,v)) =L, ,/6",

forsome 8’ € Con(L,,). Itis not difficult to check that L,,/6 = L,, for some m >
0. Thus A4,,/0 = A, orA,/0 = L,,.

Corollary 4.3. There is no proper homomorphism from A,, to M5_5, A.

Proof. We provide the proof for a homomorphism from 4,, into M5_s. It is not
difficult to see that there is no homomorphism from A,, into A.

Assume h: A,, = M3_3,n > 1,is a proper homomorphism. Hence kerh is not a
trivial congruence on A,. By Lemma 4.2, A,/kerh = A,, or A,/6 = M3 ;0r
A, /kerh = L., for some m > 1. Thus A,, = h(4,) < M;_5. It is impossible
because by definition of A, |A,,| > |[Ms_5| for all m > 1, hence A4, is not a
sublattice of M3_3. Obviously, M55 and L,, are not sublattices of M;_s. thus there
IS no such homomorphism h.

Let S be a non-empty subset of a lattice L. Denote (S) the sublattice of L
generated by S.

Lemma 4.4. For every n > 2, a lattice A,, has the following properties:
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) A, € Q(A4);
i)  Every proper subalgebra of A4,, belongs to Q(4).

Proof. i). Suppose A,, € Q(A) for some n > 1. Then A,, is a subdirect product
of subdirectly Q(A)-irreducible algebras. Since every Q(A)-irreducible algebra is a
subalgebra of A, we get that A,, is a subdirect product of subalgebras of A. By
Corollary 4.3, there is no proper homomorphism from A,, onto M;_5, A. Hence A,, €
Q(M;) forall n > 1. Itis impossible because M;_; < A, and M5_; & Q(Ms).

i1). We prove by induction on n. It is true for n < 2 by manual checking. Let
n > 2 and let S be a maximal sublattice of A,,. Since the lattice A,, is generated by

the set of double irreducible elements a4, ..., a,, ay, by, there is 0 < i < n such
thata; € Sorb, € Soray & S.

Suppose b, & S. One can see that (S) <, 2 X M3 X L,,_4. Since L,,_; <, M}~ 1
we get (S) € Q(M3) < Q(A).

Suppose ag € S. Then (S) <; 2 X L, <; 2 X M} € Q(M;3) < Q(A).

Suppose a; € S. Since n > 2 and S is a maximal sublattice, then there are i #
k + L such that 8 (by, c),0(b;, c;) € ConA, 8 (b, cx) NO(b;, c;) = A,

And A, /6(by,c) = An/0(by, ¢) = Apy O {An/0(by, ci), An/O(by, c)} =
{An_1,Lp_1}for n>3. We proved for the case when A,/6(by,cy) = A,/
0(b;, c;) = A,,_;. This isomorophisms mean that A4, <; A, X A,_; and S <
A,_q X A,_q. Lethg: A, - A,,_, and h;: A,, = A,,_, are homomorphisms such that
kerh;, = 0(by,c,) and kerh; = 6(b;, c;). Since (a;, b;) & 6 (b, cy) U 6(by;, c;))
then h, (S), h;(S) are proper sublattices of A,,_,. By induction h; (S), h;(S) € Q(A).
As by, cy, by, c; € S, the restrictions of congruences 8(by, c;)|s and 8(b;, c;)|s are
not trivial congruences on S. More 6(by, cp)ls N OB(b;,c;)|s =As. Hence
S <g hi(S) x hy(S). It means S € Q(A). Since every maximal proper subalgebra of
A,, belongs to Q(A) then every proper subalgebra of A,, belongs to Q(A4). It is easy
to check that for {A,,/0(by,ck), A, /0(b;, ¢;) = {A,_1, L,—1} the same arguments
apply.

Proof of the Theorem. By Lemma 4.4(i), A,, € Q(A) foralln > 1. By Lemma
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4.4(ii), every proper subalgebra of A,, belongs to Q(A). Hence, by Lemma 2.1,
Q(A) is not finitely axiomatizable.
5. Non-standardness
Theorem 5.1. The lattice A generates non-standard topological quasivariety.
Proof. We use Theorem 2.2. According to this theorem we need to construct

X = l(iLn{Xn | n € N} a surjective inverse limit of the finite lattices such that X,, ¢

Q(A), every n generated sublattice of X,, belongsto Q(4) and X € Q(A) is pointwise
non-separable with respect to Q(A).
As X,, we take lattice A,, drawn in the Figure 3. By Lemma 4.4 we have:
) Ay € QA);
i)  Every proper subalgebra of A4,, belongs to Q(4).
Now we construct inverse limit.
Let ¢,,—1 be a homomorphism from A, to A,_; such that ker ¢, , 1 =
0(a,, by), and ¢, ,, an identity map for all n>1 and m <n. And let ¢, ,, =

Om+1,m © - © Pnn—1. It €3Sy to verify {A,; ¢, N} forms an inverse family, where

N is the linear ordered set of positive integers. We denote L = l(iLn{An | n € N} and

show that L € Q(A). Let a be a quasi-identity of the following form
&i<rPi(X0s - s Xn—1) = qi (X, s Xp—1) = DKo, vy Xp—1) = q(Xg, - e, Xp—1).

Assume that «a is valid on Q(A) and L & p;(ay, ..., a,-1) = q;(ay, ..., a,_) for
alli < r, forsome ay, ..., a,,_1 € L. From the definition of inverse limit we have that
L SSHzezLi . Therefore

Ls = pi(ag(s), .., an_1(s)) = qi(ag(s), ..., an_1(s)) foralli < 7.

Each at most n generated subalgebra of L. belongs to Q(A4) for all s > n, by
Lemma 3.4. ii) [8]. Hence « is true in L for all s > n. And this in turn entails Lg =
p(ag(s), .., an_1(s)) = q(ag(s), ..., an_1(s)). Since a;(m) = @5 (a;(s)) for all
0<i<nandm < s, we get

Ly Ep(ag(m), ..,an_1(m)) = q(ao(m), ..., an_1(m)) forall m < s.
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SoL & p(ay,...,a,—1) = q(ay, ..., a,_1). Hence L = a for every « that is valid
on Q(A). This proves that L € Q(A).

To finish the proof we need to show that L is point-wise separable with respect
to Q(4).We know that ¢, ,,(a;) = a; and ¢,, ,,(b;) = by, by definition of ¢, ,,_1.
And a = (a4, ...,a4, ...), b = (b, ..., by, ...) € L, by definition of inverse limit. Let
@ : L > M be a homomorphism, M € Q(A) and M be finite. There is n > 2 and
homomorphism v, : A, - M such that a = ¢, o, for some surjective
homomorphism ¢,: L — A,, (by universal property of inverse limit). Since
Yy (L) <M < (A)* for some k > 0, by Corollary 4.3 we obtain that y,,(L,,) is
trivial. That is ¥, (x) = 1 forall x € A,,. So we get a(a) = a(b).

We note that there is an infinite number of lattices similar to the lattice A.

Theorem 5.2. Let L be a finite lattice such that M33 £ L, A< Land A, <+ L for
all n > 1. Then the topological quasivariety generated by the lattice L is not
standard.
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SOME PROPERTIES OF HYPERSPACES OF CLOSED AND COMPACT
SUBSETS

E.N. Zhusupbekova

Jusup Balasagyn Kyrgyz National University

The theory of hyperspace of uniform spaces is one of the main directions of uniform topology,
intensively developing applications in various areas of mathematics at present. Hyperspaces of
uniform spaces are considered in the works of N. Bourbaki, J. Isbell, A. Borubaev and K. Morita.
There are different types of hyperspaces of uniform spaces: hyperspaces of closed subsets,
hyperspaces of compact subsets and hyperspaces of finite subsets. A uniformity on the set of
closed subsets is called a Hausdorff uniformity. A Hausdorff uniformity induced to the Vietoris
topology. The study of the relationship between uniform spaces and hyperspaces is relevant. In
this paper we study 7 -bounded, 7 -star, strongly r -star, u -uniformly Cech complete, u -
uniformly plume and uniformly Rothberger properties of hyperspaces of closed and compact
subsets of uniform spaces.

Key words: uniform space, hyperspace, cover, compact, closed subsets.

Bup kaneinmyy MeuKuHOUKMEPOUH 2UunepmMeukuHOUKMEPUHUH —MEOPUACHL  A3bIPKbL
Mme3zeunoe me30UuK MEHeH OHY2YN JHCAMKAH MAMmeMAmuKauvlh ap mypoyy obiacmapvinoa
KOJIOOHYIYUWKA 33 00COH OUp Kauiblnmyy MONON0CUSHbIH Heeuzeu 0azblmmapulHan 001yn
cananam. bup xanvinmyy meiikunoukmepoun eunepmevikunoukmepu H. Bypoaku, /loc. Hcoenn,
A. bBepybaee ocana K. Mopumanapovin smeekmepunoe uzunideneeH. bup kanvinmyy
MEUKUHOUKMEPOUH 2UNEPMEUKUHOUKMEPUHUH ap KaHOalt mypaepy oOap: myloK KaMmvlieaH
KONMYKMOPOYH 2UunepmMetukunoue, KOMNaKmyy KammvliceaH KONMyKmopoyH unepmMetkuHousu,
YEeKMYy KAMMbLI2AH KONMYKMOpOYH eunepmeiukunoueu. TyioK KammoulieaH KenmyKmepoyH
KkenmyayHoecy oOup Kaneinmyyayk —Xaycoopgpmyn Oup Kanelnmyynyey —oen — amanam.
Xaycoopgpmyn 6up kanvinmyynyey Beemopucmun mononocusicoin naioa xoliam. bup xanvinmyy
MeUKUHOUKmep MeHeH anapoblH 2UunepmMetuKuHOUKmMepuUHUH apacblHoacbl OAUIAHbIUMbL UUT000
axmyandyy macene ooayn canaram. byn unumuii maxanaoa oup xanvinmyy mMeukuHOUKmMepouH
MYIOK JCAHA KOMNAKMYY KONMYKMOPOYH SUNEPMEUKUHOUKMEPUHUH T -YeKMen2eHOUK, T -
AHCBLLIOBIZOYY, KYUMYY T -oculiovizdyy, Yex Oownua U -6up ranvinmyy moaykmyyayk, U -oup
KANbINMYY KAHAMYAaIyyayK dcana oup xanreinmyy Pombepeoux kacuemmep usunoenem.

Ypynmmyy cezoep: oup xaneinmyy MeukuHOUx, cunepmeukuHoux, icadoyy, KoOMnakm,

mMylK Kammbwljican Konmyk.
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Teopusi eunepnpocmpancmea pAasHOMEPHBIX NPOCMPAHCME  ABIAEMCA  OOHUM U3
OCHOBHbLIX HANPAGIEHUU PAGHOMEPHOU MONOL02UU, UHIMEHCUBHO PA3BUBAIOWUMCS 8 HACMOsUjee
8pemMs U UMewas NPUIONCeHUsl 8 PA3IUYHBIX obracmax mamemamuku. I unepnpocmpancmea
PABHOMEPHBIX NPOCMPAHCME ucciedosansvl 6 pabomax H. Bypoaxu, [{c. Hcoenna, A. bopybaesa
u K. Mopuma. Cywecmsyrom pasHuvle 8U0bl 2unepnpoCcmpancmed pagHOMePHbIX NPOCMPAHCME:
2UNEPRPOCMPAHCMBA  3AMKHYMBIX ~ NOOMHONCECMS,  SUNEPRPOCMPAHCMBA  KOMNAKMHBIX
HOOMHONCECME U 2UNEePNPOCMPAHCINEA KOHEYHbIX NOOMHONcecms. Pasnomepnocms  Ha
MHOJCECBE  3AMKHYMbIX ~ NOOMHOMCECME  HA3bleAemcs  pagHomepHocmuvio  Xaycoopgha.
Xaycoopghosa paenomeprocme nopodcoaem mononozuio Bwemopuca. Hccrnedosanue cessu
MedHCOY — PABHOMEPHBIMU — NPOCMPAHCMEAMU U UX — 2UNEPRPOCMPAHCMBAMU  ABTIAEMCS
akmyaneHblM. B nacmosuwyeli pabome uzyuaiomcs T -oepanuyeHuvle, T -36€30Hble, CUNbHO T -
36e30Hble, U -pasHomepHo noanvie no Yexy, U -pasnomepHo nepucmole U PABHOMEPHO
Pomb6epeepa ceoticmea  cunepnpocmpancme  3aMKHYMbIX U KOMNAKMHBLIX  HOOMHONCECME
PABHOMEPHBIX NPOCMPAHCME.

Knwuesvie cnosa: pasnomepnoe nNpoCmMpancmeo, SUNEPRpPOCMPAHCMEO, HNOKpblmue,

Komnaxkm, 3aMKHynmoe NOOMHOIHCECTEO.

Throughout this work all uniform spaces are assumed to be Hausdorff and
mappings are uniformly continuous.

For covers « and p of a set X, we have: anpg={AnB:Aca,Bepj}.
a(X)=uSt(a,x) , St(a,x)={Aca:A>5x} , xeX , a(H)=uSt(a,H)
St(a, H)={Aca:AnH =}, Hc X.Forcovers o and g of the set X, the symbol
a = B means that the cover « is a refinement of the cover g, i.e. for any Ac o
there exists B € g such that A< B and, the symbol a* > g means that the cover «
Is a strongly star refinement of the cover g, i.e. for any Ae« there exists Be g
such that «(A) < B.

A uniformity on a nonempty set X is a family U of covers of X which
satisfies the following conditions:

(U1 if aeU and if g is a cover of X suchthat o> g, then geU ;
U?2) if a,a, €U, then there exists o U suchthat a > «, and a > «, ;

(U3) if aeU, then there exists g<U such that g+ >«
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(U 4) for any two distinct points x,y e X there is an « €U such that no member of
« contains both x and vy.

The covers from U are called uniform covers, and the pair (X,U) a uniform
space.

The topology on X generated by U : denoted
7, ={0c X:¥xeO3a €U : a(x) c O}.

If uand v are two uniformities on a set X and U <V, then we say that the
uniformity v is finer than the uniformity and U . The finest uniformity on the
Tychonoff space x , is called the universal uniformity on the space X and is
denoted by U, .

Let exp X be the set of all non-empty closed subsets of the space (X,z,). For
each aeU we put Pla)={(a'):a' ca} : where
(a)={FeexpX:Fcua ,FNA=QOVAea} . A uniform space (exp X,expU) is
called the hyperspace of closed subsets of a uniform space (Xx,U) and the
uniformity exp U is called Hausdorff uniformity on exp X .

Let exp, X be the set of all compact subsets of the space (X,z,). For each
aeU we put K(a) ={{c'): &' = a — finite} : where
(a)={Keexp, X :Kcua' , KNnA=DVAea}. A uniform space (exp, X,exp U)is
called the hyperspace of compact subsets of a uniform space (X,U).

Let exp X be the set of all non-empty closed subsets cardinality <n of the
space (X,r,) i.e. ep X={FeepX:|Fl<n} . For each aecU we put
Pl@)={(a'):a'ca} , where (a)={Feexp,X:Fcua ,FNA=OVAca} . A
uniform space (exp, X,exp,U)is called the hyperspace of closed subsets cardinality
<n of a uniform space (X,U).

A uniform space (X,U) is called:

(1)  precompact, if the uniformity U has a base consisting of finite covers

[1], [3];
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(i)  r-bounded, if each a U has a set H — X cardinality |H|<z such that
a(H) =X [1], [3];

(i)  pre-Lindelof or N,-bounded, if the uniformity U has a base consisting
of countable cover [1], [3], [14];

(iv) uniformly Rothberger, if for any sequence of uniform covers {« } of

(X,U) there exist {A } such that for any neN, A e, and U A =X

[14].

A uniformly continuous mapping f : (X,U) — (Y,V) of a uniform space
(X,U) onto a uniform space (y,V) is called uniformly continuous if for each a
uniform cover g eV there exist a uniform cover « eU such that fa - g [1].

Let f : (X,U) - (Y,V) be a uniformly continuous mapping of a uniform
space (X, U) onto a uniform space (Y, V). The mapping f is called:

(1) precompact, if for each « U there exist a uniform cover gV and a
finite uniform cover y eU suchthat f *g Ay >« [1], [3];
(2) uniformly perfect, if it is both precompact and perfect [1], [3].

Let (X,U) be a uniform space.

Lemma 1. If « is a cover of X, then K(«) is a cover of exp_ X .

Proof. Let « be a cover X . We proof that the system K(a) is a cover of
exp. X . Let Keexp, X be an arbitrary point. Then there exist ' ca such that
KNA =0, A ea’ for each i=12..,n. and K cue'. Hence, K e(a'), (a')eK(a).
Thus, K(«) is a cover of exp, X .

Lemma 2. If B is a base of the space (X,U), then K(B)={K(«):a B}
forms a base of some uniformity exp. U on exp_ X .

Proof. Let o be a uniform cover such that a*-pg . We show that

K(a)*>=K(B). Let (ay)eK(a) be an arbitrary element. For any A; eag there
exists a set B'e g such that «(A))<=B'. Let g'={B), : Aj ea;}. We show that

K@) (ag)) =(B'). Let K eK(a)({ay)) be an arbitrary element. Then there exists an
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element (o) eK(a) such that Ke(a;) and (ag)n{a’) =@ . Let Ke(ag)n(a') .
Then Kc(ua)n(ue)), KnA =2 for each Al ea) and KnA =@ for each
A'ea’ . For each A'eqa’ there is A ea) such that (AnA)NK=Z . Then
A ca(A) < B’ for some B'e . Consequently, K e {g'}. Hence, K(a)*> K(B).

Let B>a, Aa,, We show that K(B)>K(a)AK(e,). Let (B')eK(B) be an
arbitrary element. Since S, Aa,, then for each B’ e g’ there exist A/, € «, and
A,y ea, such that B'c Al and B'c A). Put o/ ={A/, :B'e 8%}, i=12. We proof
that (B') = (ag)(a’). Let K e{B'}. Then Kcup and KnA) = for each B’ e '
. By definition o] we have Kcua, and KnA =< for any Aea! |, i=12.
Consequently, K e(a;)(a;). It is easy to see that K = {K(a){x}): « € B} for any
Keexp, X.

Theorem 1. A uniform space (X,U) is r -bounded if and only if
(exp X,expU) is z-bounded.

Proof. Let (X,U) be a r-bounded uniform space and P(B)<expU be an

arbitrary uniform cover. Then there exists a uniform cover « cardinality <z such

that o> . We show that P(«) is a cover and P(a) >~ P(8). This follows from
Lemmas 1 and 2. Now it suffices to show that the cover P(«) has cardinality <z.
Since the cover « has a cardinality <z and there exists a finite subfamily o' c«

such that Fcua' and FnA=Q for each Aca’ and F eexp X , the P(a) has
cardinality <. Therefore, (exp X,expU) is z-bounded. Conversely, if (exp X,expU)
IS 7 -bounded, then the space (X,U) is r-bounded as a subspace of the r-bounded
space (exp X,expU).

Corollary 1. A uniform space (X,U) is pre-Lindelof if and only if
(exp X,expU) is pre-Lindelof.

Corollary 2. A uniform space (X,U) is precompact if and only if

(exp X,expU) is precompact.
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Corollary 3. A uniform space (X,U) is ¢ -bounded if and only if
(exp. X,exp U) is r-bounded.

Corollary 4. A uniform space (X,U) is pre-Lindelof if and only if
(exp, X,exp, V) is pre-Lindelof.

Corollary 5. A uniform space (X,U) is precompact if and only if
(exp. X,exp U) is precompact.

Recall, that a cover « of a uniform space (X,U) is called r-star cover, if
St(a,x)| <z for any xe X, where St(a,x)={Aca:A>x}. A cover o of a space
(X,U) is called strongly r -star cover, if [St(a,A)|<z for any Aea , where
St(a, A)={A'cea: AnA" = T}.

A uniform space (X,U) is called r-star space, if every uniform cover has a
r -star uniform refinement; a uniform space (X,U) is called strongly r -star, if
every uniform cover has a strongly r-star uniform refinement.

Theorem 2. A uniform space (X,U) is z-star if and only if (exp, X,exp . U)

IS 7 -star.

Proof. Similar to the proof of the Theorem 1.

Theorem 3. A uniform space (X,U) is strongly r -star if and only if
(exp. X,exp U) is strongly r-star.

Proof. Similar to the proof of the Theorem 1.

Theorem 4. For a uniform space (X,U) the following condition is are
equivalent:

1. (X,U) is u-uniformly complete Cech space;
2. (exp, X,exp U) is u-uniformly co Cech space.

Proof. Let (X,U) be complete and c-ic(U)<¥,. Then the space (X,U) is
perfectly mapped onto some separably metrizable complete space (Y,v), i.e. there
exists a perfect uniformly continuous mapping f:(X,U) — (Y,v) of the uniform
space (X,U) onto some complete separably metrizable space (Y,v). It is known
that the mapping exp, f:(exp, X,exp . U) > (exp. Y,exp. V) , exp. (f)(K)=f(K) ,
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K eexp, X, 1s a perfect uniformly continuous mapping “onto”. Then it is easy to
see that the uniform space (exp.Y.,exp.V) Is complete and separably metrizable.
Consequently, (exp, X,exp_ U) is complete and c—ic(exp . U) <N,.

Theorem 5. For the uniform space (X,U) following conditions are
equivalent:
1. (X,U) is u-uniformly plume;
2. (exp, X,exp . U) - u-uniformly plume.

Theorem 6. For the uniform space (X,U) following conditions are
equivalent:

1. (X,U) is uniformly Rothberger;

2. (exp, X,exp.U) is uniformly Rothberger.

Proof. 1.=2. Let (X,U) be a uniformly Rothberger and {K(«,)}, rae
K(a,) ={{ary) e ca,} (o)) ={K eexp X : K c U, KN A, =D, A, e} is a sequence
of uniform covers of the hyperspace of compact subsets of (exp, X,exp,U). Then
for the sequence {«,} uniform covers of the space (X,U) there exists a sequence
{A.}, such that A, ea, and the family {A } is a cover of the space (X,U). We
show that {(a,)}, (a,)eK(a,) is a cover of hyperspace of compact subsets
(exp, X,exp_U). Let K eexp. X be an arbitrary compact. Since {A,} is a cover of
the space (X,U), then there exist a number k <n, such that A NK =&. Then there
exists a,  a, such that K cua, and Kn A= for all Aea;, A e« . Therefore,

Ke(ay) . Consequently, exp, X < | J(a) . So (exp, X,exp U) is a uniformly

neN

Rothberger space.

It is clear that (X,U) is a uniformly Rothberger subspace of the uniformly

Rothberger space (exp, X,exp U).
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