Koipreiz PecryGnukachiHbH YIIyTTYK WIHMAEP aKaAeMHACH
HaumonansHas akagemus Hayk Keipreizcko# PeciryOmiku

National Academy of Sciences of Kyrgyz Republic
ISSN 1694-8173

KP YUA MartemMaTuka HHCTHTYTYHYH

KaoapJapbl

BecTHHK

Nucruryra matematuku HAH KP

Herald

of Institute of Mathematics of NAS of KR




ISSN neuaTHoii Bepcuu: 1694-8173

DOI: 10.52448/16948173 2022_2

Koiprei3 Peciy0nuKkachiHbIH YIYTTYK UITUMIEP aKaJAEMUSIChI
HanunonansHas akanemus Hayk Keipreizckoit PecryOnuku

National Academy of Sciences of Kyrgyz Republic

KP YUAHBIH MaTeMaTUKA MHCTUTYTYHYH
KabapJuapnbl

BecTHUK

Nucruryra maremaruku HAH KP

Herald
of Institute of Mathematics of NAS of KR

BUHIKEK - 2022 - BISHKEK


https://portal.issn.org/resource/issn/1694-8173
https://doi.org/10.52448/16948173_2022_1

Herald of Institute of Mathematics of NAS of KR, 2022, No. 2

Founder of the magazine: Institute of Mathematics of National Academy of

Sciences of Kyrgyz Republic. The magazine is published since 2018.

The journal is focused on the publication of scientific articles in all areas of mathematics
and computer science. It is published in English, twice a year, in print and electronic form. All
articles are subject to peer review. Published articles are in the public domain. The journal is
included into the List of editions for publishing main scientific results of dissertations, by the
Resolution of Presidium of the Highest Attestation Commission of the Kyrgyz Republic No.
142, December 29, 2020.

The magazine is registered by the Ministry of Justice of KR, registration certificate

10153 of 19.07.2018. The journal is included into e-Library.ru (Russian Science Citation Index),
page https://www.elibrary.ru/title_about _new.asp?id=75958

Editorial Council

Chairs: A.A. Borubaev, Academician of NAS of KR
P.S. Pankov, Corresponding Member of NAS of KR
G.M. Matieva, Corresponding Member of NAS of KR
Editorial board
Chief Editor: Borubaev A.A., Academician of the NAS of KR, e-mail: fiztech-07@mail.ru
Deputy Chief Editor: Pankov P.S.,Corresponding Member NAS of KR, pps5050@mail.ru
Executive Secretary: Asankulova M.A., Doctor of Physical and Mathematical Sciences,
Institute of Mathematics of the NAS of KR, may_as@mail.ru
Members of the editorial board:
Asanov A., Doctor of Physical and Mathematical Sciences, Professor, Kyrgyz Turkish
University Manas, Bishkek, e-mail: avyt.asanov@manas.edu.kg
Aliev F.A., Academician of ANAS, Baku State University, (Azerbaijan, Baku),
Ayupov Sh.A., Academician of the AS of RU, Institute of Mathematics of the AS of RU
Baizakov A.B., Doctor of Physical and Mathematical Sciences, Professor, Institute of
Mathematics of the NAS of KR, e-mail: asan_baizakov@mail.ru
Iskandarov S., Doctor of Physical and Mathematical Sciences, Professor, Institute of
Mathematics of the NAS of KR, email: mrmacintosh@list.ru
Kadenova Z.A., Doctor of Physical and Mathematical Sciences, Institute of Mathematics of
the of the NAS of KR, e-mail: kadenova7l@mail.ru
Kanetov B.E., Doctor of Physical and Mathematical Sciences, Professor, KNU named after
Balasagyn, e-mail: bekbolot _kanetov@mail.ru
Kochinas S. Doctor of Physical and Mathematical Sciences, Professor, University of Nish,
Serbia
Otelbaev M., Academician of NAS RK, Eurasian National University named after
L.N.Gumilyev, Kazakhstan
Sadovnichy Yu.V., Doctor of Physical and Mathematical Sciences, Professor Moscow State
University named after M.V. Lomonosov, (Moscow, Russia), e-
mail: sadovnichiy.yu@gmail.com
Shostak A.P., Academician of the A S Latvian, (Riga, Latvia)
Yagola A.G., Doctor of Physical and Mathematical Sciences, Professor, Moscow State
University named after M.V. Lomonosov, (Moscow, Russia), e-mail: yagola@physics.msu.ru

Address: 720071, Bishkek, Chui Avenue 265a

Phone: (+996) 312 64-26-73

E-mail: vestnik_im_nan @mail.ru

Website: https://math.kg/index.php/zhurnal

ISSN neuarnoit Bepcun: 1694-8173

© Institute of Mathematics of NAS of KR, 2022


https://rkn.gov.ru/mass-communications/reestr/media/?id=816
https://www.elibrary.ru/title_about_new.asp?id=75958
mailto:fiztech-07@mail.ru
mailto:pps5050@mail.ru
mailto:may_as@mail.ru
mailto:avyt.asanov@manas.edu.kg
mailto:asan_baizakov@mail.ru
mailto:mrmacintosh@list.ru
mailto:kadenova71@mail.ru
mailto:bekbolot_kanetov@mail.ru
mailto:sadovnichiy.yu@gmail.com
mailto:yagola@physics.msu.ru
mailto:math_nas@mail.ru
https://math.kg/index.php/zhurnal
https://portal.issn.org/resource/issn/1694-8173

BORUBAEYV Altai Asylkanovich

A cademician, doctor of physical and mathematical sciences, professor

In 2022, Academician A.A. Borubaev made a scientific discovery called "The
permutability property of operations of the absolute, replenishment and expansion of a single
space”, confirmed by the International Academy of Authors of Scientific Discoveries and
Inventions (09/23/2022, Diploma No. 74-C). ). For a discovery in the field of mathematics,
Academician A.A. Borubaev was awarded the Silver Medal of Honor. P. Kapitsa (Resolution of
the Presidium of the Russian Academy of Natural Sciences No. 316 of 09/06/2022).

The essence of scientific discovery is as follows:

1) the previously unknown basic properties of the commutativity of the operation of the
absolute and the most important extensions of the uniform space are established,

2) important organic connections are found between the key concepts of the theory of
homogeneous and topological spaces.

On October 28, 2022, the Institute of Mathematics, together with the Kyrgyz
Mathematical Society, held the International Scientific Conference "IV Borubaev Readings" at
the National Academy of Sciences of the Kyrgyz Republic. Within the framework of the
conference, a solemn presentation to Academician A. A. Borubaev Diploma and Silver Medal. P.
Kapitsa for a new scientific discovery in the field of mathematics.

At the plenary session, a report was made by: Sadovnichiy Yu.V., Doctor of Physical and
Mathematical Sciences, Professor, Head of the Department of General Topology and Geometry,
Faculty of Mechanics and Mathematics, Moscow State University named after M.V. Lomonosov
(Russia); Lyubisha D.R. Kocinac, Doctor of Physical and Mathematical Sciences, Professor,
Honorary Professor of the Faculty of Natural Sciences and Mathematics of the University of Nis
(Serbia); Zaitov A. A., Doctor of Physical and Mathematical Sciences, Professor, Head of the
Department of Mathematics and Natural Disciplines of the Tashkent Institute of Architecture and
Civil Engineering (Uzbekistan); Sopuev A., Doctor of Physical and Mathematical Sciences,
Professor, Osh State University, etc.

Within the framework of the conference, the presentation of the monograph by
A.A. Borubaev "Unified topology and its applications"”, containing a scientific discovery.

The conference discussed the development of methods for studying modern problems in
the field of topology, geometry and functional analysis, differential and integral equations and
methods for optimizing complex systems.

Issue No. 2, 2022 of the publication “Bulletin of the Institute of Mathematics of the
National Academy of Sciences of the Kyrgyz Republic”, presents the materials of the plenary
reports of the International Scientific Conference “IV Borubaev Readings”.
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Plenary reports
MSC18F60 18A22, 54A25, 55P99 DOI: 10.52448/16948173 2022 2 5

ON SOME PROPERTIES OF THE SUPEREXTENSION FUNCTOR

Ko"cinac Lj.D.R.}, Mukhamadiev F.G.? Sadullaev A.K.* , Akhmedov M.1.2
1Universily of Ni's, Faculty of Sciences and Mathematics, 18000 Ni's, Serbia
'Kyrgyz National University named after J. Balasagyn, Bishkek, Kyrgyzstan
’National University of Uzbekistan named after Mirzo Ulugbek, Tashkent, Uzbekistan
3Yeoju Technical Institute in Tashkent, Tashkent, Uzbekistan

In this paper we study certain cardinal and homotopy properties of the space of maximal
linked systems. It is proved: (1) The space /130 S of the Sorgenfrey line S contains a closed

discrete subset of cardinality c; (2) Let A be a subset of R and B € R\ A, ¢ be either the cardinal
invariant d, e, ¢ (resp. wd, I, nw). If B is a subset of the Hattori space (R, t (A)) which is
homeomorphic to the Sorgenfrey line S, then h¢(/13° (R, T (A))) = c (resp. h<|>(ﬂ,§J (R, T (A))) >0),
where h¢ is the hereditary invariant of ¢; (3) If the mappings f, g: X — Y are homotopic, then
the mappings Af, Ag : AX — LY are also homotopic.

Keywords: Density, weak density, spread, maximal linked system, functor, fundamental
group, retract.

byn makanaga O6u3 mMakcumanyy OalaHbIIKaH CHCTEMaJIapAblH MEUKWHIUTHHUH K39
OMp KapIWHANJIBIK >KaHA TOMOTONHUSJIBIK KacuerTepuH wusmnjaenomus. Jamunnenau: (1)

0 o
CopreH(pu ChI3BITBIHBIH S A; S MEHKHHIUIU ¢ KapAMHAIAYYIYKTYH TYIOK QMCKPETTUK YaKaH

KBIMBIHIBICHIH KaMThINT;(2) A R sxana B € R \ A xuun sKbIiibIHABICEI 00JCYH, ¢ ke d, €, CHBIH
KapJMHAJIJIBIK HMHBapUaHThl OojicyH (Tuemenyy typae wd, 1, mw). Orepne B Xatropu
MEUKUHIUTUHUH 4YakaH XbIUbIHABICHL (R, T (A)), CopreHdpu ChI3bITBIHA S TOMEOMOPHTYK
607co, anaa hd( Z,g (R, T (A)))) = ¢ (TuewmenyynyryHe xapaima, hd( 230 ) (R, t(A)))>c), MpIHzIa
h¢ - ¢HyH TykyMm Kyyma unBapuanTsl; (3) Orepue f, g : X — Y cypeTrrepy romorontyk 0oJco,
anna AMf, Ag : AX — LY cypeTTepy /1a TOMOTOITYK OOJIyN caHajiar.

Ypynumyy cesoep: THITBI3IBIK, HaUap THITBI3BIK, TApAlyy, MAaKCUMaJNyy OalIaHbIIIKaH
cucrema, QyHKTOp, GyHJaMEHTAJIBIK TOII, YeTHHYY.

B pabore wu3ydyaroTcs HEKOTOphIE KapAWHAJIbHBIE W TOMOTOIIMYECKHE CBOWCTBA

0 .
IPOCTPAHCTBA MAKCHMAIIBHBIX CLCILICHHBIX cucTeM. JJokasano: (1)mpocrpanctBo A; S mpsimoii

3oprendpes S colepKUT 3aMKHYTOE JUCKPETHOE MOJAMHOXKECTBO MOITHOCTH ¢; (2) Ilycth A —
noaMHoxkectBO R 1 B € R\ A, ¢ — nmbo kapauHaibHbIA HHBapHaHT d, €, ¢ (COOTBETCTBEHHO
wd, 1, nw). Ecmiu B — moaMuoxecTBO mpoctpanctBa Xartopu (R, T (A)), romeomopdHOE

npsivoit 3oprendpest S, o hd( A (R, T (A))) = ¢ (coorBerctenro hd( Ay (R, T (A))) = ¢), re he
— mnacnenctBeHHbpld nHBapuaHt ¢; (3) Ecnm oroOpaxkenuss f, g:X — Y TOMOTONHBI, TO
TOMOTOIHBI ¥ 0ToOpaxeHus Af, Ag : AX — AY.

Kniouesvie cnoea: IlnoTHOCTb, cnabasi IUIOTHOCTb, CIIpell, MakCHUMalbHas CBs3aHHAs
cucrema, QyHKTOp, GyHIAMEHTAIbHAs TPYIIA, PETPAKT.
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1. Introduction
The superextension AX of a topological space X was introduced by De Groot

in [10]. Its construction is similar to the construction of Wallman
compactifications. This topic attracted many researches, and they demonstrated
that AX has many nice properties. This space AX is of great interest for researchers,
since, among others, it contains the hyperspace expX. J. van Mill and M. van de
Vel [27] showed that for a compact space X the Wallman topology on AX
coincides with the topology induced by the natural imbedding AX— exp(expX).
Recall that a covariant functor is a mapping F which assigns to a topological
space X the space F(X), and to a continuous mapping f:X — Y, the mapping F(f):
F(X) — F(Y ) satisfying the following conditions:
(i) F preserves identity, that is, if idX is the identity mapping of X, then F(idX) =
ide (x);
(if) F preserves composition, that is, if :X — Y and g:Y — Z are continuous
mappings, then we have F(g ° f) = F(g) ° F(f). We refer the reader to the book [9]
for more information about functors, and the book [28] for the superextension. In
[14], the superextension functor A:Comp — Comp acting in the category of
compact spaces and their continuous mappings was studied. It was proved that the
functor A: Comp — Comp satisfies the normality conditions, except the preimage
preservation condition (see also [15, 16, 17, 18]). In [23], topological and cardinal
properties of the superextension of a topological space X were investigated. It was
proved that the functor A: Comp — Comp preserves the topological property
admissible extensions. In [24], the authors discussed some cardinal invariants
(density, weak density, m—weight, Shanin number, cellularity, caliber and pre-
caliber) for the superextensions of Hattori spaces. It was proved in [30] that the
caliber of the superextension of a topological space X is caliber for the N-subtle
kernel of X. For related investigations in recent years see, for example, [2, 3, 5, 6,
7, 19, 20, 25, 29, 30]. The current paper is devoted to the investigation of
(hereditary) cardinal invariants such as the hereditary density, hereditary weak

density, and hereditary Lindel’of number. Furthermore, the relation between

6 I Herald of Institute of Mathematics of NAS of KR, 2022, No. 2



spread and extent of the space 4] (R, t (A)) of the superextension of the Hattori

space is studied. Moreover, it is shown that the functor A preserves the homotopy
and the retraction of topological spaces. As a consequence, we prove that the
functor A is a covariant homotopy functor. More precisely, the paper is organized
as follows. In Section 2, we recall basic notions and notations that will be used in

the rest of the study. In Section 3, we study hereditary cardinal invariants and
results for the space AJ (R, t (A)) of the superextension of the Hattori space.

Finally, in Section 4, we study some geometric properties for the space AX of the
superextension of a topological spaces X. Throughout the paper x denotes an
infinite cardinal number, and ® and c denote the countable cardinal number and
continuum. By Comp we denote the category of compact spaces and their
continuous mappings.
2. Preliminaries

In this section we give some notations, concepts, and statements that are widely
used in this article.

A system & = {F,: a € A} of closed subsets of a space X is called linked if
every two elements of & have non-empty intersection. Each linked system can be
filled up to a maximal linked system, but such a completion is not unique.

The set of all maximal linked systems of a space X we denote by AX.

For an open set U c X we set.

O(U) = {& € A X : there exists F € & such that F c U}.

The family of all sets of the form O(U) covers the set A X, hence it is a subbase of
a topology on AX. The set AX with this topology, is called the superextension of X.
The family of all sets of the form O(U, Uy, ..., U))={¢{ € AX: fori=1, 2, .., n
there exist F; € & such that F; c U}, where U;, U,, ..., U, are open sets in X, forms
a base of the topology on AX.

Note 2.1 Similarly, for a closed set C € X we set C "= {£ € AX: C € £}

The family of sets of the form C *, C closed in X, is a closed subbase in the space
AX. Let & € AX. The support of & denoted by supp(§), is defined as the

7 I Herald of Institute of Mathematics of NAS of KR, 2022, No. 2



intersection of all closed subsets Y < X for which § € A(IY )(A(Y )), where iY: Y
— X is the inclusion.

We consider also functors of finite degrees obtained by taking subfunctors A,
of the functor X, where A, X = {& € AX : |supp(&)| < n}.

We use the following notation: /130 X = A X\ AL X.
Let us recall (cf. [8]) that the Sorgenfrey line S = (R, ©S) is the set R of real

numbers with the lower limit topology S (the family of all half-open intervals
[a, b), where a < b, is a base of the topology zS). In [11], Hattori introduced a
family G = {zr (A): A € R} of topologies on R such that 7 (R) = z= (the Euclidean
topology on R) and 7 (&) = 7s. The topology t (A) on R is defined as follows:
(1) Foreach x € A, {(x — &, X + ¢€) : € >0} is the neighborhood base at x, and
(2) Foreach x e R\ A, {[X, x + €): € > 0} is the neighborhood base at x. It is easy
to see that for any A, BER we have A2B if and only if t(A)St(B). In particular, t¢
ct(A)Cts for each ACR. The spaces (R,1(A)),ACR, possess several nice
topological properties (see [3,4]). In this note we will call the spaces (R,t(A)),
AcR, the Hattori spaces. For a space X we denote by d(X), c(X), L(X), s(X), e(X)
the density, cellularity, Lindel of number, spread, and extent of X, respectively [1,
8, 12]. A collection of nonempty open sets B is said to be a n-base of X if for every
nonempty open set G there is a BEB with BcG. The n-weight of a space X,
denoted by nw(X) is defined as tw(X)=min{|B| : B is a & base of X} [8]. We say
that the weak density of a space X, denoted by wd(X), is T > o, if T is the smallest
cardinal number such that there exists a n-base in X which is the union of t many
centered systems of open sets [2].Let ¢ be a cardinal invariant. Put h¢(X) =
sup{d(Y ) : Y € X}.The cardinal invariant h¢ is called a hereditary cardinal
invariant of ¢. It is evident that ¢(X) < h¢(X) for any topological space X [8].

3. Some cardinal properties of the functor A. It is well known that the set
D = {(x, x, —X): x € R} of the space S * is closed and discrete, hence s(S *) = e(S ®
) =c. Itis also easy to see that aw(S *) = ¢(S > = w. We will generalize these facts.

Lemma 3.1. The space 4 0 3S contains a closed discrete subset of

cardinality c.
8 | Herald ot Institute of Mathematics of NAS of KR, 2022, No. 2



Proof. Note that the subset Y = {(x, x, z) € S *: x >z} of S * is homeomorphic to
the space A7 S, and the set Z = {(x, X, z) € Y : z=—x, x > 0} is closed and discrete

in Y and has cardinality c. &

Let Y be a subset of a topological Hausdorff space X and pY = {Z : Z = {F
€ n € A X:FcY}} Denoted by 1, X the family of all systems pY for all Y < X,
It is easy to see that A, X < A X. The following statement is true.

Lemma 3.2. Let Y be a subset of a topological Hausdorff space X and A, X
the family of all systems pY for Y < X. Then:

(i) the space A Y is homeomorphic to the subspace A, X of the space A; X,

(ii) the set A, X is open (closed,clopen) in A0 X whenever Y is open(closed,clopen)
in X.

Proof.(i) It is known [22] (and easy to check) that the space 4] Y is homeomorphic
to the subspace A, X of the space A; X. In [22], it is shown that the space A]Y is
homeomorphic to the space expexp; Y . Hence, we have that the space AJY is
homeomorphic to A, X c A7 X,

(ii) follows from the fact that the set A, X is open (closed, clopen) in 4] X whenever
Y is open (closed, clopen) in X [22] and the mentioned result that AJ X is

homeomorphic to exp; X. &

From Lemmas 3.1 and 3.2 we have the following.
Proposition 3.1. Let A be a subset of R and B < R\A. If B is a (resp. closed)

subset of (R, © (A)) which is homeomorphic to S, then the space A} (R, t (A))

contains a (resp. closed) discrete subset of cardinality c. Proof. In [4], it was shown
that if A Rand B € R\ A, then 1 (A) |B= 1S |B. Recall that the set (R, T (A)) isa

closed subset of 20 (R, T (A)). Hence, each (closed) discrete subset M of (R, t (A))

with cardinality ¢ (which exists by Lemma 3.1) is a (closed) discrete subset of

2° (R, 7 (A)) with cardinality c.

9 I Herald of Institute of Mathematics of NAS of KR, 2022, No. 2



Proposition 3.2. Let A be a subset of R, and Y be a subspace of (R, t (A)).

Then [t (A)[Y | < c. In addition, | 4] Y | <c.
Proof. It is enough to show that |t (A)| < c. Let B be a base for (R, t (A)) of
cardinality < c¢. Since the space (R, T (A)) is hereditary Lindel of, each open subset
of (R, T (A)) is an union of countably many elements of B. Hence, |t (A)|<c o =
2o) ®=2m=c.

Corollary 3.1.Let A be a subset of R and B < R\A. If B is a closed subset
of (R, T (A)) which is homeomorphic to S, then s( 4] (R,x (A)))=e( A (Rt (A))) =c.
Proof. By Proposition 3.1 we have e(4 (R, T (A))) >c.

Note that
e(4 (R T(A) <s(4 (Rt (AN <I(4 R, (A
It follows from Proposition 3.2 that
(4 (R, T (A)))| < lexp(R, T (A))| <c.
Thus we get
s(4 (Rt (A)) =e(4 (R t(A)) =c
which proves the corollary. &

Corollary 3.2. Let A be asubset of Rand B € R\ A. If B is a subset of (R, t
(A)) which is homeomorphic to the space S, then s( A (R, t (A))) =c.

Proof. By Proposition 3.1 we have s(4 (R, T (A))) > c.
Note that s(AJ (R, T (A))) < (A (R, T (A)))].

It follows from Proposition 3.2 that |( A4 (R, T (A)))| <c.
Thus we get s(43 (R, T (A))) =c. o

Corollary 3.3. Let A be a subset of R and BSR\A, such that B is a subset of
(R, T (A)) homeomorphic to (S. If ¢ is either the cardinal invariant d, e, ¢ (resp.

wd,L,zw), then ho( A5 (R,t(A))) = ¢ (resp. hd( A (R, ©(A))) > ¢). Proof.

In fact, note that he = s and hc ='s. Since hc( A (R, t (A))) > ¢ (by Proposition 3.1),

10 Herald of Institute of Mathematics of NAS of KR, 2022, No. 2



we have the equalities. The inequalities also trivially follow from Proposition 3.1.
4. Some geometric properties of the functor A

In this section we study some geometric properties of the space of maximal
linked systems. We begin with definitions of notions that will be used in this
section. We mainly follow terminology from [21] and [26]. Continuous mappings
f, g: X — Y are said to be homotopic if there is a continuous mapping H: X x I —
Y such that H(x, 0) = f(x) and H(x, 1) = g(x). The mapping H is called a homotopy
between f and g and we write f' g [21]. A continuous mapping f: X — Y is said to
be a homotopy equivalence if there exists a continuous mapping g: Y — X such
that the compositions g ° f and f °g are homotopic to the identity mappings on X
and Y respectively. Two topological spaces X and Y is said to be homotopically
equivalent (notation, X 'Y) if there exists a homotopy equivalence f: X — Y [21].

Example 4.1. An example of a pair of homotopy equivalent spaces is
provided by the cylinder C and the circle S 1. To see this write Cand S 1 as

C={(x,y,2) ER%:x?+y?=1,-1<z<1},

S'={(x,y,z2) ER*x?+y?=1z=0}L

Define i: S 1 — C as an inclusion mapping andr: C — S ' by r(x, y, z) = (X,
y, 0). Obviously ri = ids' : S' — S* whereas H: C x I — C defined by H((X, Y, z), t)
= (X, Y, tz) is a homotopy between ir and idc: C — C.

By a covariant homotopy functor we mean a functor F in the category Top
of topological spaces and their continuous mappings satisfying. (*) F preserves
homotopy, that is, if a mapping H(x, t) is a homotopy between continuous
mappings f, g: X — Y, then F(H(x, t)) is also a homotopy between mappings F(f),
F(9): F(X) — F(Y ). A continuous mapping f: [0, 1] — X is called a path in X. The
point f(0) is called the initial point and f(1) is called the final or terminal point of
this path. If x € X, then one defines e,: I — X as the constant path, i.e. e,(t) = X for
any t € I. A topological space X is said to be path-connected if given any two
points Xo, X; in X there is a path in X from X, to X;. A space X is said to be

contractible if it is homotopy equivalent to a point. A subset A of a topological

11 Herald of Institute of Mathematics of NAS of KR, 2022, No. 2



space X is called a retract of X if there exists a continuous mapping r: X — A such
thatr ' A =1ida. The mapping r is called a retraction [21].

A property P of topological spaces is called a homotopy property if it is
preserved by all homotopy equivalences. Precisely, P is a homotopy property if
and only if for an arbitrary homotopy equivalence f: X — Y , X has P implies that
Y also has P.

Theorem 4.1. If mappings f, g: X — Y are homotopic, then the mappings
M, 2g: AX — Y are also homotopic.

Proof. Assume that the mappings f, g: X — Y are homotopic. Then there exists a
continuous mapping H: X x I — Y such that H(x, 0) = f(x), and H(x, 1) = g(X). On
the other hand, we have that Af(§) = {f(L) : L € &}, Ag(&) = {g(L) : L € &£}. Now we
can define the mapping

AME, ) ={H(L,t): L €&, t e [0, 1]}, where H(L, t) = {H(x, t) : x e L, t € [0, 1]}.

It is clear that since the mapping H is continuous, the mapping AH is also
continuous. Now we will show that the mapping AH is a homotopy between the
mappings Af and Ag.

Indeed, AH(E, 0) = {H(L, 0) : L € & = {f(L): L € &} = AMf(€); AH(E, 1) =
{H(L, 1): Le &} ={g(L): L € &} = Ag(&). This means that Af = Ag. &

Corollary4.1. If spaces X and Y are homotopically equivalent, then the

spaces AX and 1Y are also homotopically equivalent.
Proof. Suppose that the spaces X and Y are homotopically equivalent. Then there
exist two continuous mappings f: X — Y and g: Y — X such that fo g = idY
and g ° f =idy. It means that there are two homotopy H;(y, t) and Hy(X, t) such that
Ha(y, 0) = (f> 2)(y), Ha(y, 1) =y and Ha(x, 0) = (g ° H)(x), Ha(x, 1) = x.

We can define the compositions Af e Ag : AY — AY and Ag o Af : AX — AX of
the mappings Af : A X — AY and Ag : LY — AX as follows:

(Ao 2g)() = {(f° g)(K): Ken}and Ag ° AM)(E) = {(g > NH(L): L € E}.

One can easily check that the mapping AH;(n, t) = {H (K, t) : Ken,te I}
Is @ homotopy between Af - Ag and idLY . Indeed,

AH1(n, 0) = {Hi(K, 0) : K e n} = {(f° g)(K) : K € n} = (Af > A9)(n)
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and AHi(m, 1) ={Hi(K,1): Ken}={K:Ken}=n=idy .
Similarly, the mapping AH,(&, t) = {H,(L,t) : L € § t € I} is a homotopy between
Ag ° Af and idAX. Indeed,
AH2(E, 0) = {Hz(L, 0) : L € &} = {(g > H)(L) : L € £} = (Ag > Af)(&) and
AHo(E, 1) ={HaL, 1)1 L€ &} ={L: L € &} =& = idyx.
It means that AX and LY are homotopically equivalent. &

Proposition 4.1. If a set A is a retract of a topological space X, then the set
AA is a retract of the space AX.
Proof. Suppose that A is a retract of X. Then there exists a continuous mapping r:
X — A such that r(a) = a for all a € A. Now we consider the mapping Ar: A X —
AA. For every & € AA we have that ar(&) = {r(L’) : L' € &}, where r(L') = {r(a) : a
el'}.Sor(l’')=L', hence ar(&' ) = & . It means that the mapping Ar : A X — AA is
a retraction. Hence, the set AA is a retract of the space AX. &

Theorem 4.2. The functor A is a covariant homotopy functor.
Proof. Now we will show that the functor A satisfies the above three conditions.
(i) Let idx be identity mapping in the topological space X. Then we have that
Mdx(€) = {idx(L): L € &} = {L: L € &} = &. It means that the mapping AidX is an
identity mapping in the topological space AX.
(i) Letf: X—>Y,g:Y — Z be the continuous mappings. Then it follows that
Mg o D& ={(g° H(L): L €&} ={g(f(L)) : L € &} = Ag(f(g)) = 1g(&) ° Af(§). (*) It
follows easily from Theorem 4.1. &

In [13], some propositions about homotopy properties of topological spaces
were given. For instance, contractibility is a homotopy property of the spaces. We
have the following.

Corollary 4.2. If a topological space X is contractible, then the space AX is
also contractible.

Proof. Assume that X is a contractible space. It means that X ' {a}. By Corollary
4.1 it implies immediately that AX = A{a}, which means that AX is homotopy

equivalent to the point A{a}. &
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If f and g are two paths in X with f(1) = g(0), then by the product of f and g
we mean the path f * g, which is defined by

(F  g)(t) = {f(Zt), if 0 .st < 1/2,
g(2t —1),if1/2 <t <1

Let f=gand g=nh, and let H; be a homotopy from f to g and H, a homotopy
H, from g to h. Then f =h. Define a homotopy H: X X I — Y between f and h as
follows:

H,(x, 2t),if 0 <t <1/2,
H,(x,2t —1),if 1/2 <t < 1.

H(x, t) = {

Corollary 4.3. If the mapping f: I — X is path in X from the point x, to the
point x;, then a mapping Af : I — AX defined by Af(t) = {f(t) : t € [0, 1]}, is a path
from the point & = {L, : f(0) € Lo} to the point & = {L; : f(1) € L1} in AX.

Corollary 4.4. Let Af and Ag be paths from & = {L,: f(0) € Lo} to & ={L;:
f(1) € L1} and from 1o = {My : g(0) € Mg} to n; = {M; : g(1) € M.}, respectively,
with Af(1) = Ag(0). Then we can define the multiplication of the paths in AX as
follows: (Af = Ag)(t) = {(f = g)(t) : t € [0, 1]}.

This defines a path from the points & = {Lo: f(0) € Lo} to the point n; = {M;: g(1)
€ M.}

In [21] it was shown that the multiplication of equivalence classes of paths is
associative; ([f][g])[h] = [f1([g][h]).

Let f and g be paths with the initial point X, and the end point x;. If there
exists a homotopy H from f to g such that for every t € I, H(O, t) = Xo and H(1, t) =
X1, then f and g are path-homotopic. Let f be a path. Let [f] denote the equivalence
class of all paths that are path-homotopic to f.

The operation * can be applied to homotopy classes as well. Once again, let
f:I — X be a path from x0 to x1 and let g: I — X be a path from x; to X,. Define
[f] = [o] = [f * g].

Let X be a space and let x, be a point of X. A path in X that begins and ends

at Xo is called a loop based at x,. Let m; (X, Xo) denote the set of all equivalence

classes [f] of loops in X based at x,. w;(X, Xo), when paired with the operation x, is
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a group with the identity element [e,] and an inverse element is [f{1)] = [f(1 — t)]
for every [f]. We call m;(X, Xo) the fundamental group.

Suppose (G, *) and (G, *;) are groups. A homomorphism is a mapping
such that f(x * y) = f(x) *, f(y) for all x,y € G.

The fundamental groups of a space and its quotient space are not always
isomorphic.

Example 4.2. Let X = [0, 1] % [0, 1] and Y be the M"obius band. Clearly, Y
is the quotient space of X. It is known [26] that X has the trivial fundamental
group, while the fundamental group of Y (which is homotopy equivalent to the
circle [21]) is isomorphic to the group (Z, +).

Corollary 4.5. The fundamental groups m;(X, Xo) and m(AX, & X, ) of the
topological spaces X and AX are not always isomorphic for every X, € X, where
EXo={L Xo: Xo €L X0}

Suppose that h: X — Y is a continuous mapping that carries the point X, of
X to the point y,of Y . We denote this fact by writing h: (X, Xo) — (Y, yo). If fis a
loop in X based at Xo, then the composition h e f: I — Y is a loop in Y based at yj.
The correspondence f — h ° f thus gives rise to a mapping carrying m;(X, Xp) into
(Y, Yo). Define h*: w1 (X, Xo) — w1 (Y, Yo) by the equation hx([f]) = [h ° f]. In [26]
it was proved that h= is a homomorphism. Now we will consider a mapping Ah: X
— AX which is defined by Ah(x) = {h(x): x € X}.

Corollary 4.6. The fundamental groups m;(X, Xo) and m(AX, &x, ) of the
topological spaces X and AX are homomorphic for every x0 € X, and the
homomorphism is defined by (Ah)[f] = [Ah  f], where Exo = {LxO0 : x0 € Lx, }.
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BOUNDARY VALUE PROBLEMS FOR A MIXED PARABOLIC-
HYPERBOLIC EQUATION OF THE THIRD ORDER WITH
DISCONTINUOUS GLUING CONDITIONS

Sopuev Adakhimzhan', Nuranov Baktybek Shermamatovich?
120sh State University

The existence and uniqueness of the solution of the boundary value problem for the
equation of the mixed parabolic-hyperbolic type of the third order with constant coefficients at
the lower terms is proved. The solution of the problem by lowering the order for an equation of
hyperbolic type is reduced to the Gursa problem and for an equation of parabolic type - to the
first boundary value problem. The solvability of the problem is reduced to the solvability of the
Fredholm integral equation of the second kind. After determining the trace of the function and its
derivatives y of the first and second orders, the solution of the problem is completely determined

in the areas under consideration.

Keywords: boundary value problems, existence, uniqueness, Green's function, Riemann's
function, integral equations, reduction method.

YuyHuy TapTUNOTErd TYpakTyy KW4YMHE Mydejiepy Oap apanam mnapaOosiMKabIK-
FI/IHep6OJ'II/IKaJ'II>IK TCHACMEC YYYH UYCK apajJblK MACCICHHH 4YCYMMHWHHUH JKallallbl JKaHa
KAITBI3ABITBI OAaIUJIACHICH. TapTI/I6I/IH TOMOHJAOTYY MCTOAY MCHCH MACCIICHH YCUYY
T I/IHep6OHI/IKaJ'IBIK TUITCTU TCHACMC YUYH prCTYH MAacCCJICCUHU XaHa Hapa60JII/IKaJ'ILIK TUIITCTHU
TEHACMC Y4YYH 6I/IpI/IH1H/I YCK apajblKk MECCJICTC KCITUPHIICT. Macegenus 4euuumm
@penrosbMAyH OHKHHYMA TYPAOIY HWHTErPANAbIK TEHAEMECUHUH YEeUMITYYUYYJIYTYHO ajblIl
KenuHeT. M3aenyydy GyHKUMSHBIH )aHa aHbIH y OOIOHYAa OMPUHYM >KaHa SKMHYM TapTUITETH
TYYHAYJApPbIHbIH U3ACPU Ta6BIJ11“aHI[aH KHUUH MaceJICHUH KapaJiblll KAaTKaH O6J'IaCTTapI[al" bl

YCUUMACPH TOJIYT'Y MCHCH aHbIKTaJIaT.

Auxviu co306p: 4YeK apajiblK Macelenep, YeUHMINH JKallallbl, YeUUMIUH >KaJITBbI3IbITH,
I'punaun yHkuusicsl, PumanabiH GyHKIUACHL, UHTErPAJIbIK TEHAEME, TApTUOUH TOMOHIOTYY

METO.Y.

JlokazaHa cyIlIecTBOBaHUE M €JUHCTBEHHOCTh PEIICHUs KpaeBoil 3a/1auul JUIsl ypaBHEHUS

CMCIIaHHOTI'O napa60n0-r I/IHCPGOJII/I‘-IGCKOFO TUIIa TPCTHCTO MOopsAAKa C TOCTOAHHBIMHU
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Kod(duIMeHTaMH NpU MIIAIINX 4ieHaX. Perenue 3a1auyn METOA0OM MOHMKEHUS TOpSAIKA AJIs
YpaBHEHUsI THUIEPOOJMYECKOrO0 THUMAa CBOAMTCS K 3amade [ypca u 1 ypaBHEHUSA
napaboJMYecKOro TUIA - K IMEepBOM KpaeBOMl 3amaye. Pa3pemmMocTh 3ajaud CBOJAUTCS K
pa3pelMoCcT UHTErpalibHOTO ypaBHeHUs Ppenronbma BToporo pona. Ilocie ompenenenus
ciena GyHKIUMU M €€ MPOU3BOAHBIX MO Yy MEPBOrO M BTOPOrO MOPSAKOB, pEIIEHUE 3aadu

MMOJIHOCTBIO OMIPCACIIACTCA B paCCMAaTPUBACMBIX 001acTsX.

Knrouesvie cnosa: kpaeBble 3a/1aud, CyIIECTBOBAaHUE, €UHCTBEHHOCTh, PyHKIUs ['puHa,

¢ynkuus Pumana, uHTErpanbHOE ypaBHEHUE, METO/] TIOHIKEHUS MTOPSIKA.

1. Problem statement. In a rectangle D={(x,y):0<x</(,-h <y<h} (h, h >0)

consider the equation

LLu=0,
(1)

0? 0

> ——+C, y>0,
ox: oy 0 .
where L, = L, =—, ¢,, C, — given constants.
2 2oy
+c,, y<0,
oXoy

Let D,=Dn(y>0), D,=D n(y<0). Note that the equation
o> 0 ou
us| ———+¢, |—=0, (X, D 2
LL, (axz 5 J (x,y)eD, (2)

in the domain D, has three valid characteristics: x=const — one - time, Yy =const

— two - time characteristic. The equation

OX0Y oy

in the domain D, has three valid characteristics: X=const — two - time, and

L1L2u5( o +czja—u:0, (x,y)eb, (3)

y =const — one - time characteristic [1].

Let C™™ means a class of functions having continuous all derivatives
8r+S
axl‘ays
Problem 1. Find in the domain D\(y=0) function u(x,y) from the class

(r=041,..,n;s=01,..,m) [2].
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C(D))~C?*(D,) n[C**(D,) wC"*(D,)] (i=12), being the solution of equation
(1), satisfying the boundary conditions:

u‘x:O = (Dl(y)’ U‘X:’( = (02()/), 0<y<h, (4)
U‘X:O=¢3(y),—hlSyS0, 5)
u|y:_h1 =y (x),0<x< U, (6)

and discontinuous bonding conditions
u(x,—0)=a(x)u(x,+0)+o(x),0<x< 7,
u,(x,-0)=B(x)u,(x,40)+ y(x),0<x< 7, (7)
u, (X,=0)=y(x)u,(x,+0)+ p(x),0<x < 7,

where @i (y), ,(Y), @;(y), w(X), a(X), B(X), (x), 5(X), x(x), p(X) —  given
functions, at that
@,(Y)€C?[0,4], ¢,(») €C'[0,A], ¢5(») eC°[~1,0], w(x) e C[0, ], (8)
a(x), B(X), y(x), 8(x), x(x), p(x)eC]0,(], ¢, <0.
vxel0,0]:a(x)p(x)y(x)=0. 9)
25(0) = a(0)33(0) + 5(0), 75(0) = SO)7(0) + £(0) (10)

93(0) = 7(0)¢(0) + p(0), @3(—h)) = (0).
Problem 1, in case, when c, =0,a(x)=1, A(x)=1,y(x)=1,6(x)=0,
x(x)=0, p(x)=0 learned in work [3], and for equations with minor terms , it is

considered in the work [4].
Note that boundary value problems for second- and third-order equations of

the form L,u=0, L,Lu=0 studied in the works [5, 6]. Boundary value problems
for mixed-type equations with discontinuous bonding conditions are considered,
for example, in [7-9].

Let's introduce a new function

o(X,y)=u,(xy) . (11)

Then from equation (1) we have

v, —v, +cv=0,(x,y)eD, (12)
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v, +C0 =0, (x,y)eD,, (13)
Problem 2. Find in the domain D\(y=0) function v(x,y) from the class
C(D) nCYD,) n[C**(D,) wC*(D,)] (i=1,2), satisfying in the domain of D,

equation (12) and boundary conditions

v, =#(Y), U] =#(y), 0<y<h, (14)
satisfying in the domain of D, equation (13) and boundary conditions
v, o =e5(y). ~h <y <0, (15)

and discontinuous bonding conditions
v(X,—0)=L(x)u(X,+0)+ y(x),0<x< /7,

0,(%,-0)= 7(X),(X,+0)+ p(X),0 < X< . (16)
Let V(X,+0)=v,(X), 0, (X,+0)= 4 (X), U(X,~0) =v,(X), v,(X,—0) =
= 1,(x), 0<x< 7. Then the condition (16) it will be written as
vy(X) = BXWy(X)+ 2(x),0<x <7, )

H(X)=y(X)(X)+ p(x),0<x< 7.
2. Getting relationships between functions v,(x) and ,(x) . Consider in
the field D, Gursa 's problem, requiring finding a solution to the equation (13),
satisfying the following boundary conditions
u(x,0)=v,(x),0<x<7,0(0,y)=w;(y),—h, <y <0, (18)
at that v, (0) =w4(0) . The solution to this problem is represented as [3]:
o(X,y) =v,(X) + @i(y) —R(x, ¥;0,0)@(0) —

X | y T (19)
[ R Y;&,0)v,(£)dE - [ R, (% y:0.m) ¢ (m)d,

where

O ¢ ooty U ML ot X Ui VY
RO Vi) =L (= =)+ == i =

n(X=8)"(—y)" | _Z o K= (=)

+...+C, :
[n'] [T’

- Riemann function of the equation (13), having the following properties:
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R(0,0;0,0) =1, R.(X% Y;x,m) =—C,(—Y), R.(x,¥:x,0)=c,yY,
R., (X, ¥;%,0)=¢,, R (X, ¥;&,y) =—C,($ — X), R,(X,¥;0,y) =c,X,
R, (X Y¥;0,y)=¢,, R, (x,0;0,0) =—c,, R, (0,¥;0,0) =—c,,
R., (% ¥:&,Y) =—CR(X Vi, Y), Repe, (%, Y3 &, Y) = CR(X, Y3, Y),

Note that the Riemann function R(X,y;<&,7) it is representable through zero

- order Bessel functions with imaginary and real arguments, respectively [10]:

1y (24C,J(x=E) - ¥) ), ¢, >0,0< £ <x, y <y <0,
Jo(2J=c, Jx= - y) ) ¢, <0,0<£<x, y<n <0,

R(X, y;é,n)={

0

where 1, (2,fc, Jx— - - i [J@/(x 51— y] ch(x 5[) (]77 ' .

(24 BT )= i ]W(cw(x £)n - Y)J S oy G0 .

= 2 [n]

Differentiating the ratio (19) by y, we have:
0, (%,Y) = @5(y) ~ R, (%, ¥;0,000(0) - [ R, (X, V;&,0)v,(£) d¢ -

R, (% :0.9)5(¥) — [ R, (X, ¥:0,7) ¢ ()l (x, y) € D,

Aspiring y—-0 and considering, that R (x,y;0,y)=0, R (x,0;0,0)=-

(20)

ng(x, y;&,0)=c,, from (21) we get the relation between the functions v,(x)and

(9: 5(X)=P(0) ~C, [ v,(£)dE, 0<x< /. (21)
Ratio (21) directly can be obtained from the equation (13).
3. Getting relationships between functions v,(x) and g (x). Aspiring
y — +0 from the equations (12), we have the following relation:
Vi(X)+cv(X)=p(x),0<x< 7. (22)
For v,(X) we have the following boundary conditions:
v1(0) = 2(0), vi(0) = 9;(0) (23)
solution of problem (22), (23) by ¢, =—A° using the Green 's function, we

represent as
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V(x)=g,(x)+ jO”Kl(x,g)ﬂmdx, (24)
where K (X, 5)_—/12'f G,(x,t)dt, g,(x) = [ - 9/(0)]+ ¢l( j (x,t)dt

shAxshA(& - ()
AshA(

shA&shA(x— ()
AShAl

From (21) and (24) taking into account (17), we come to the equation

() =9(x)+ [ K(x&)m( £)dx, (25)

, 0<x<E,

— Green 's function [6].

, E<X<UL

Gl(xit) =

where K(x,&) =

(t,8)dt,

(x)——[ 10)- p() -, | BB dt——c, | (t)dt}

When the condition is met ¢- ( ng)a[%[]\K(x £)l=1 (26)

the Fredholm integral equation of the second kind (25) admits a unique solution.

After the definition z4(x) from (24) we find v,(x). Then v,(x) determined
from the first formula (17). Then from (21) find x,(x). Thus, the desired function
v(Xx,y) in the domain D, determined by the formula (16), and in the domain D, -
as a solution to the first boundary value problem for the heat conduction equation
in the form [6]:

o(x ) = [ G (x,y;0.n)exp[ ~A*(y 1) Jpi(rr) dn -
~[ 6. (¢ v tm)exp[ -27(y - ) | @b (r)drp +

+, G(x, y: & 0)exp(-22y)v, (&) dé,

(27)

where G(x,Yy;&,n7) — Green's function, presented in the form

_ &1 (x—é—an)j ( (x+§—2n£)ﬂ
G Y;E )=y ———— =2 " _exp| ~—=——||.
Cyiem=2 s ey {exp( ay-m ) " 2w

4. Construction solution problem 1 in domains D, and D,. After finding

function o(x,y) to determine the solution of problem 1 in the field D, we come to
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the next problem: find in the domain D\(y =0) solution of the equation

u, (x,y)=ov(x,y), (x,y) € D, (28)

u, (X, y) =o(x,y), (x,y) € D,,

satisfying boundary condition (6) and gluing condition:
7,(X)=a(X)r(x)+d(x),0<x< 7, (29)

where 7,(x)=u(x,+0),7,(x)=u(x,—-0). Condition (29) follows from the first
gluing condition (7).

The solution of this problem in the field of D, has the form
u(Y) =y )+ [ vlxmdy, (xy)eb,. (30
Assuming y =0, form (30) define 7,(x):

L) =y(X)+ [ v(xn)dy, 0<x<C.
Torma n3 (29) we find rl(x):%[rz(x)—a“(x)],ogx3/. From the first
(04

equation (28) we find u(x,y) =7,(x) +J'0yu(x,77)d77, (x,y)eD..

Theorem 1. If the conditions are met (8), (9), (10) and (26), then the

solution to problem 1 exists and it is the only one.

The work was carried out within the framework of the project of the Osh State University.
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ON A METRIC ON A HYPERSPACE

Zaitov A.A, Beshimova D.R, Jumaev D.1I.
Tashkent Institute of Architecture and Civil Engineering, Uzbekistan;
Bukhara State University, Uzbekistan;
Tashkent Institute of Architecture and Civil Engineering, Uzbekistan.

In the paper we had constructed a function being a metric on the hyperspace of a

metrizable space. Then it had established that this metric generates the Vietoris topology on the

hyperspace. Further on the hyperspace of a uniform space we have allocated a (g, 5)-uniform

family of pseudo metrics, which generates a uniformity on the hyperspace.

Keywords: metric, hypespace, uniformity.

byn makanana Ou3 MeTpukanlyy MEUKUHAUKTUH THIIEp MEHKUHIUTHH]IE METPUKA OOJIrOH
(GyHKIMSIHBI KypaObi3. Bynm Merpuka rumep MedkuHaukTe VIEtOriS TOMOJIOTHSICHIH TY36py

aHBIKTANITaH. AHJaH apbl OMp TEKTYY MEHKWHIUKTUH TUNEp MEUKUHIUTHH]IE ara OMpAeHInKTU
JKapaTKaH MCEeBJOMETPUSHBIH (g, o ) -yHubOpMIyYy Yi-OyJecy aibipmanaHar.

Ypyumyy ceszdep: meTpuka, THIIEPMEUKUHIUK, OUPACHITHK.
B pabore mnoctpoeHa ¢yHKIuS, SBISIOMIASCS METPUKOW Ha THUIEPIPOCTPAHCTBE
METPU3YEMOr0 TPOCTPAHCTBA. YCTAHOBJIEHO, 4YTO 3Ta METPUKAa IOPOXKIAET TOIMOJIOTHIO

BBGTOpI/Ica Ha  TUINEpHpPOCTPaHCTBEC. I[anee, Ha THIeprpoCTpaHCTBE pPaBHOMCPHOI'O

MPOCTPAHCTBA BBIENCHO (&, §)-PaBHOMEPHOE CeMeliCTBO TICEBIOMETPHK, MOPOKIAIONICe

PaBHOMEPHOCTH Ha HEM.

Kniouesvie cnosa: merpuka, TMIIEPIPOCTPAHCTBO, PABHOMEPHOCTb.

As it is known, the Hausdorff metric evaluates how two sets differ in their

emplacement in the metric space. Let (X, ) be a metric space. The Hausdorff
distance (metric) p,, between two compact subsets F,, F, of the space X is the
number p, (F,F,)=max{inf{e:£>0,F, cO F},inf{¢:£>0,F =O,F}}.

In this paper, we introduce another metric on the hyperspace, denoted by p, .

For this purpose, we present the following constructions.
Let X be a compact Hausdorff space. Denote (see, [3])
X, =X,=X,=X, X,=X,xX,, X=X, xX,, X, =X, xX,,
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A={(xy)eX?: x=y}, Xy = X, x X, x X,
Consider projections
72 K > Xy T i X > Xy T i X s —> X,
X, = X, 70X, X, X, X,
X, > X, miiXy X, mliX,, X,
Lemma 1. Let &, < X,, and ®,, < X, be an arbitrary pair of subsets such
that
7, (@) =7 (D).
Then there exists a set @, = X,,, such that
72 XKy > Xy, (D) =DV
Proof. Putting @,,, =(7.2) " (@, ) N(7=) " (®,,) we get the searching set.
Lemma 2. Let F, F, and F, be an arbitrary triple of subsets of X, and
®,c X, and ®,, c X, sets such that

7 (®,)=F 7, (®,)=F,

1 1!
7 (®,)=F,, 7223((1323) =F

3 3°

Then there exists a set @,, < X, such that

(@) =R, ”;S(q)m) =F.

Proof. According to Lemma 1, we construct a set ®,,,, and then put
®,, =7, (D, ). This set has the required conditions.

For a compact Hausdorff space X let exp X be the hyperspace of X ,i.e.a

set of all closed nonempty subsets of X equipped with the Vietoris topology.

For a compact metric space X we define a function p, :exp X xexp X - R
by the equality
p,(F.F,)=inf{sup{p(x,y): (x,y)e®}: deexpX’, 7’ (®)=F, 7}’ (®)=F,}.
Lemma 3. For every couple of sets F,, F,eexpX there exists a set

@, eexp X* such that z;*(®,,)=F,

1!

7, (®,)=F, and
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p, (F.F)=sup{p(x.y):(xy)ed,}.

Proof. Clearly, for the product F xF, equalities 7z°(FxF,)=F,
7y (F,xF,)=F, hold. Let b=sup{p(x,y):(x,y)eF,xF,}. Since F, and F, are
compact and the metric p is a continuous function on X x X, we have
b=max{p(x,y):(x,y)eF,xF,} <oo. For every ®c F,xF, such that z}*(®)=F,

, 7y (@) =F, one has 0<sup{p(x,y):(x,y)e®} <b. So, for every net {®“} such

that @ cFxF, 7’ (0°)=F, z7(®")=F,, ac?, the number net

{sup{p(x,y):(x,y)e®}} has a limit. Consider such a net {&“} which besides
listed above properties satisfies the following condition:
sup{p(x,y):(x,y) e @ Zsup{p(x.y):(x.y)} e @’} for all o, B, a<p. The
number net {sup{p(x, y): (%) ecI)“}} has a limit. Now using the Zorn’s lemma,

we complete the proof.

Theorem 1. For any metric p on a compact metrizable space X the
function p, is a metric on exp X .

Proof. It is easy to see that p, >0. For any F eexp X we have
p,(F,F)=inf{sup{p(x,y):(x,y) e ®}:Deexp X’z (®)=F,z;’(®)=F} <
<sup{p(xy):(x,y)eA}=0,

i.e. p,(F,F)=0.Letnow p,(F,F,)=0 forsome F, F,eexp X It should exist

a nonempty closed subset ® — X* such that z;*(®)=F,

11!

7} (®)=F, and ®cA.
The last inclusion implies 7;*(®) = 7;’(®). Consequently, F, =F,.

Thus p, (F,F,)=0 ifandonlyif F =F,.

Clearly, the function p, is symmetric.

It reminds to establish the triangle rule. Take any triple F,, F,, F, eexp X . Then

p.(F.F,)+p, (F.F)=inf{sup{p(xy):(x,y) e @} : @ cexp X*,z* (@) =i =12
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+inf {sup{p(y,z):(y,z) ed}:DeexpX?, 7 (D) =F,i :2,3}

by force of Lemma 3)=sup{p(x,y):(x,y)e®,}+sup{p(y.2):(y,2)e®,}

\Y

by the property of sup)>sup{p(x,y)+p(y.2):(x,y,2)eD,,,}

\Y

by force of Lemma 2)=sup{p(x,2):(x,2)e®,,}

v

by the property of inf)zinf {sup{p(x,2):(x,z) e ®}: @ cexp X, z*(®)=F,i=

(
(
(
(by the triangle axiom)>sup{o(x,z):(x,y,z) e ®,,}
(
(
(

by the definition)= p, (F,F,).
Theorem 1 is proved.

Theorem 2. For a compact metric space (X, p) the metric p, generates the

Vietoris topology on exp X .

Proof. Consider a sequence {F } of closed sets converging in the Vietoris

topology to a closed set F,. Suppose InimpZ(Fn,FO):a>0. Without losing

generality we can assume that pz(Fn,FO)zg for all neN. We claim that
. : . a
F Z0.F, and F,ZO.F. . Otherwise we get an inequality: pz(Fn,FO)sZ. Hence,
s :

F Z0,F, and F,ZO,F, for all n. Consequently, the sequence {F,} does not
. 4

converges to F, in the Vietoris topology. We have obtained a contradiction.

Let us show the opposite. Let p,(F,,F)—0. Take sets ® eexpX®
satisfying the conclusion of Lemma 3. Each set ®_, is assigned a number
sup{p(x,y):(x,y)e®,}. It is understandable that the number 0 corresponds to
the only set @, =A(X)n(F xF). According to the data, the sequence
{sup{p(x,y):(x,y)e®d, |}, has to converge to 0. Then for any & >0 there exists
n, such that F, < O,F, forall n>n,. So, the sequence {F } convergesto F, in the

Vietoris topology.
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Theorem 2 is proved.

Lemma 4. For any pseudometric p on X the function p, is a
pseudometric on exp X .

Proof. Since the proof of the Lemma consists of repeating the reasonings
carried out in the proof of Theorem 1, it suffices to note that in this case the

function p, is not a metric on exp X . Indeed, let X, ye X, x=y and p(x,y)=0

. Then p, ({x}.{y})=p(x,y)=0 although {x}={y}.

Consider a Tychonoff space X and define a set (see, [2], [5])
expX ={K < X: K is compact and K =J}.

Consider any family B3 of pseudometrics and define
U, (r)={(xy): d(xy)<r}
for d €3 and r > 0. The resulting family {Ud (r):dep,r >0} of entourages is a

subbase for a uniformity in that the family of finite intersections is a base for a

uniformity, denoted 24, .
Given a sequence {V,:neN} of entourages on a set X such that V, =X?* and
V3

n+1

cV, for all n one can find a pseudometric d on X such that
U,(2")<V, ={(x y):d(y,x)<2"} for all n. Thus every uniform structure can
be defined by a family of pseudometrics. The family of all pseudometrics d that
satisfy (vr>0)(U,(r)elf) is denoted P,; it is the largest family of
pseudometrics that generate ¢/ [1], [4]. The family ‘B, satisfies the following two
properties.

(P1) If d,, d, € P, then max{p,p,} eB,;

(P2) If d is a pseudometric and for every &>0 there are p<‘B, and >0 such
that always p(x,y)<o implies d(x,y)<e then d €5, .

A family P of pseudometrics with these properties is called a pseudometric

uniformity; it satisfies the equality B, =P [4].
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Theorem 3. For a Tychonoff space X and a family of pseudometrics

PB={p} generating a uniformity on X the family
B,, ={d: dis a pseudometric on exp X and

Ve>0,3peP,36>0 that p,(F,F,)<s=d(F,F,)<¢}
generates a uniformity on exp X .

Proof. We will show that the family ‘B, & satisfies the above two conditions
(P1) and (P2).
Let p,, p, € be arbitrary pseudometrics and F,, F, eexp X arbitrary sets. Take
2

1
sets @ o

127

and @), satisfying Lemma 3 for p,, p, and max{p,p,},
respectively. We have

max{p,. p,, }(F.F,) =max{p, (F.F,), o (F. F))

_max{|gf sup p,(%Y), inf sup Py (X, Y)}

(x,y)ed! (%,y)ed},

max{( sup p,(X,y), sup pz(X,y)}

X, Y)e®i, (x,y)ed,

gmax{ sup pl(X,y), sup PZ(X,Y)}
(

X, y)e®s (x,y)e®i

sup {max {p,, 0,}(xy)}

(X, y)e®r,

=(max{p1,p2}) ( 17 2)

i.e. max{p,,p,, }(F.F,)<(max{p.p,}), (F.F,).

Let us show the reverse inequality. One can check that the following are valid.

(maxip,p:}), (F.F,) =inf sup maxip,p,§(x.y)

=inf sup max{p,(x,Y),2,(%Y)}

(x,y)e®

=inf max{ sup p,(X,Y), sup p,(X, y)}

(x,y)ed (x,y)e®
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sir;f max{ sup pl(x,y), sup pz(X,Y)}

(%, y)e@, (x,y)e0

smax{ sup ,ol(X,y), sup pz(x’y)}

(x,y)e®s, (x,y)e®r,

:max{plz(Fl’Fz)quz(Fl’Fz)}:max{plz!pzz}(Fl’Fz)'
Due to the arbitrariness of the sets F and F, we get
max{p,,,p,, } =(max{p,p,}),. On the other hand max{p,p,}eP. So, by

construction we obtain that max{,,,p,, } €

exp "

For any two pseudometrics d,, d, €3 suppose

exp
Ve>0,3p €’B, 36, >0 that p,(F,F,)<d =d(F,F)<e 1=12; F,F eexpX.
Then
max{p,,p,, }(F.F,)<min{s,6,} = max{d,,d,}(F,F) <& i=12; F,F, eexp X.

Consequently, max{d,,d,} e

exp
there exist pseudometrics p,, p,€‘B such that d, <p, and d,<p,,. Then
max{d,,d,} <max{p,,p,, }- Hence, max{d,,d,} € B, Condition (P1) is verified.

Let now d be a pseudometric on exp X such that for every &>0 there are d B
and 6 >0 suchthat d, (F,F,)<d=d(F,F,)<e, F,F, eexpX.

Then by construction there exists d €3, . Condition (P2) is established, and the

proof of Theorem 3 is completed.
The work was carried out within the framework of the project of the Tashkent Institute of

Architecture and Civil Engineering and Bukhara State University, Uzbekistan.
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ON SUFFICIENT CONDITIONS FOR THE INITIAL PROBLEM FOR
NONLINEAR INTEGRO-DIFFERENTIAL EQUATIONS IN PARTIAL
DERIVATIVES

Baizakov A.B.}, Aitbaev K.A 2 Jeenbaeva G.A.2
L23|nstitute of Mathematics of the National Academy of Sciences of the Kyrgyz Republic

The solvability of the initial problem and the structure of solutions for nonlinear integro-
differential partial differential equations are studied.

Keywords: solution transformation method, nonlinear partial differential integro-
differential equations, Cauchy problem, contraction mapping principle, Lipschitz conditions.

CBISLIKTyy OMCC IKCKCUC TYYHAYIIYY I/IHTerO-,HI/I(I)(bepeHLII/IaJ'II[BIK TCHACMCIICPIC
Korouiran Komm MacelnecMHuH YbIrapbIMAYYJIYTy »KaHa YbIIapbUIBIITAPBIHBIH  TY3YIYLIY
W3HUIIICHIH.

Ypynmmyy ce30ep: 4YbITapbUIBIIITBHl ©3TOPTYI TY3YY YCYIY, CBI3BIKTYY 3MEC >KeKede
TYyHIYJyy HHTerpo-auddepeHunaniplk teHaeMenep, Komm MacenecH, KbICHII YarbuITyy
npUHIKOH, Jlunmmi mapTTapsl.

HccnenoBanbpl  pa3spelIMMOCTh  HAYaJbHOM 3aJadyd M CTPYKTypa pEHIeHUH Uit
HEJIMHEWHBIX UHTErpo-Au(depeHIINaIbHbIX YPABHEHUH B YACTHBIX POU3BOJIHBIX.

Kniouesvie cnosa: Meron mpeoOpa3oBaHMs —pPEUICHWH, HEIMHEHHBIE MHTErpo-
I[I/I(I)(I)epeHHI/IaHBHLIC YpaBHCHHA B YaCTHBIX HNPOU3BOJHBIX, 3ajada KOI_I_II/I, MPUHIUIT CKATBIX
oToOpaxeHui, ycnosus Jlunmmuma.

1. Introduction

Integro-differential equations in partial derivatives, which allow
mathematical representation of processes with aftereffect occurring in space and
time, play an important role in mathematics and its applications. The main
theories of partial differential equations, problems of mathematical physics
leading to partial differential equations, the fundamental general theory of
difference schemes, in the field of applications of differential equations to

continuum mechanics and with the development of numerical methods for
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solving these equations by the authors in [1-9] are described. Until now, the
problem of finding out the solvability of the Cauchy problem for integro-

differential equations in partial derivatives remains a little-studied area.

In works [10-12], various questions of the solvability of the Cauchy
problem for integro-differential, partial differential equations, and systems of
equations were studied using the method of transforming solutions. The essence
of this approach is to transform the original Cauchy problem into an integral
equation equivalent to it, to which one can apply the topological method - the

principle of compressed mappings.

In [13], researches to problems of existence and uniqueness of solutions to
initial problems for linear Volterra integro-differential equations of convolution

type in Banach spaces.

In [14], the question of the solvability of the Cauchy problem for systems
of nonlinear integro-differential partial differential equations of the first order
with a parameter was studied and an integral representation of the obtained
solutions was found.

In recent years, interest has increased in the study of partial differential
equations, fractional derivatives generalizing classical partial differential
equations such as heat equation, wave equation, etc. In the works [15-16], the
author obtained the results of studying the Cauchy problem for a linear

differential equation with a fractional partial derivative of Caputo.

In [17-20], the solvability and structure of solutions of the Cauchy problem
for partial differential equations were found, where an analytical method for
constructing solutions of the classical Cauchy problem was proposed for them.
The essence of the proposed method is to transform the solutions of the original
Cauchy problem into an equivalent Volterra integral equation, to which the

principle of contracted mappings is applicable.
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In this section, we study the solvability of the Cauchy problem and the

structure of solutions for non-linear partial differential equations

Uy, + Uy, + 28U, + 28U, +(ﬁ2 +1)ut +a(,6’2 +1)u =
= f(t,x,u(t,x))+.t[K(t,s,u(s))ds, (1)
0
with initial condition u(0,x) = @(x), (2)

where «, p are some positive constants, f(t,xu(t,x)), K(t,s,u) are known
continuous functions; ¢(x) is a known continuous function uniformly bounded

together with its derivatives included in (1).

The solution of the Cauchy problem (1)-(2) will be sought in the form
t X

u(t,x) =c(t,x)+ [e ) [ e sin(x - p)Q(s, p)d pds, (3)
0 —0

where c(t, x) is a known continuous function, while

c(0,x) = ¢(x),
Q(t,x) is a new unknown function that needs to be determined [10, 215].

Assume that the function c(t,x) is uniformly bounded along with its
derivatives in (1).

To determine the function Q(t,x), it is necessary to substitute (3) into (1).

For this purpose, taking into account (3), we successively calculate the following

relations.
We get
U =¢ + [ e Psin(x- p)Q(t,p)dp - a(u—c). (4)

Differentiating both parts of (4) with respect to x, we have

U, =G, — B [ &7 sin(x— p)Q(t,p)dp+

+ [ 0P cos(x— p)Q(t, P)dp - (U, —C,)

From here, we get
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U, +au, =Cy +ac, — (U, +au—c,—ac)+

+ JX' e 7P cos(x — p)Q(t, p)d p; ()

—00

au,, +u,, + pu, +apu, =c,, +ac,, + fc, +apfc, +Q(t,x)-

XX

—ﬂj e 70 cos(x— p)Q(t, p)d p - I e 7t sin(x— p)Q(t, p)d p, (6)

—00 —00

where relation (5) is taken into account in the calculation. Adding term by term
relations (4)-(6) we have

U, +au, + Bu, +afu + Bu, +afu, + U + fau=

=Cy, +0C, +2[5C, +2affc, +Q(t,X)+ B°c, + f°ac —(u, +au—c, —ac)

or

U, +au, +28u, +2apu, + (B +1u, +a(,b’2 +1)u =
=¢, +ac, +24¢c, +2apc, +Q(t,x)+ (B +1)c, +a(ﬂ2 +1)c . (7)

Replacing the right side of (1) with the equation obtained from (7), we have a

nonlinear integral equation for Q(t, x)

Qt,x)=f (t, X,C +je“‘”> I e Flx=p) sin(x—p)Q(s,p)dpdsj+
0 —00

t T X
+[K [r, 5,c+ [e7 0 [ e PP sin(x— p)Q(s, p)dpdSsz' +
0 0

—00

+H(t,c), (8)
where

H(t,c) =c, +ac, +2pc, +2apc, + (B> +1)c, +a(f° +1)c.

Nonlinear integral equation (8) will be solved by the method of contraction
mapping principle.

Suppose:
1) Forall {0<t<T, —oo<c<wo}, the function H(t,c) is continuous and bounded
|H . c)||< M, =const;
2) in the domain R={0<t<w, —w<x<u<ow} the function f(t,x,u) is continuous
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and bounded
| f (t,x,u)[| <M, =const. (9)

In addition, in this region, the function f (t,x,u) satisfies the Lipschitz condition on
the third argument u:

1@t x,u,) — f (6 xuw)| < Lu, —uy, (10)

IK(t,s,u,) — K(t,s,u)| < Ly Ju, —uy
where L,L, are some positive constants.

We consider the right side of (8) as an operator A[Q] acting on the function
Q(t,x) in the set Q={Q(t,x): Q(t,x) eC(R), |Q(t,x)|<M}.

We have

|AIQ] <| f (t, x,u)|+M; + Mg +TM, <M
where M =const .

So, the operator AQ maps the set Q into itself: A:QQ — Q. Let us prove that

A is a contraction operator.

Taking into account (8)-(10), we estimate the difference

| AIQu (¢ )1 - ALQ, (¢, X)]] <

—00

i (t, X,C + je“(‘s) I e PP sin(x - p)Q(t,s)d pdS) -
0

+

—f (t, X,C+ je“(ts) ‘X[ e 7P sin(x - p)Q,(t,s)d pdsJ
0

—0

O ey —+
1

t X
K Lt, s,c+ [e7) [ P sin(x— p)Q(s, p)dpdsjdt -
0

—0

<

—00

—K| z,5,c+[e | eﬁ(x”)sin(x—p)Qz(s,p)dpdsﬂdr
0

—00

< L{j‘e—a(t—s) ](' o Al-p) sin(x —,0)||Q1(t, s)—Q,(t, S)”dpds} <

1 1 1
< (L@—FTL:I.@j”Ql(t! X) _Qz(t’ X)” < EHQl(t’ X) _QZ(t’ X)”:

where «, g - are chosen such that

39 I Herald of Institute of Mathematics of NAS of KR, 2022, No. 2



L+TL _1

af 2

is fulfilled. It follows that the operator A is a contraction operator in the set Q.

Then, according to the contraction mapping principle, it follows that the non-linear
integral equation (8) for all {0<t<T, —o<x<oo} has a unique continuous
solution Q(t, x).

We now investigate the differential properties of solutions to the Cauchy

problem (1)-(2). From (3) for all {0<t<T, —oo<x<oo} we have inequality
t X
Juct, )| <[lct. )]+ [e O [ e sin(x - p)||Q(s, p)|d pds <
0 —00

<c,+—=M,, =const -
0 of 00

From (4) we have the estimate
Ju <l + | &% sin(x- )L, p)d o+t~ )] < Mo.

Thus, the following theorem has been proved.

Theorem. Let 1) for all {0<t<T, —oo<x<o} the functions
c(t,x), c(0,x)=¢(x) are uniformly bounded together with their derivatives
included in (1);

2) in the domain R={0<t<T,-oo<xu<oo} the function f(t,x,u) is
continuous and bounded.

| f (t,x,u)[| <M, =const,
and for all {{>0, —w<x<w} the functions H(t,c), K(ts,u) are continuous and
bounded

|H(t,c)| <M, =const; [K(t,s,u(s)|<M,=const.
In addition, in this region R, the functions f(t,x,u), K(t,s,u) satisfy the Lipschitz
condition

1@t x,u,) — f (% u)|| < Lju, —uy|;

IK(t,s,u,) — K(t,s,u)| < Ly Ju, —uy|
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and
L+TL, 1
<

af 2
Then, for all {0<t<T, —co<x<oo}, the nonlinear integro-differential equation (1)

with initial data (2) has a unique limited solution. In addition, all derivatives
included in equation (1) are uniformly bounded.

The work was carried out within the framework of the project of the Institute of Mathematics of

the National Academy of Sciences of the Kyrgyz Republic.
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ON THE DEVELOPMENT OF THE PARTIAL CUTTING METHOD
FOR A LINEAR VOLTERRA INTEGRO-DIFFERENTIAL EQUATION OF
THE FIRST ORDER

Iskandarov S.

Institute of Mathematics of NAS of Kyrgyz Republic

Sufficient conditions of boundedness on the semiaxis of all solutions of a linear Volterra
integro-differential equation of the first order with two kernels are established by the
development of the partial cutting method by cutting separately by the first argument of the first
kernel and by the second argument of the second kernel. An illustrative example is constructed.

Keywords: integro-differential equation, boundedness, partial cutting of the kernel by the
first argument, partial cutting of the kernel by the second argument.

Oku  sAAponyy  ChI3BIKTYY Bosabreppa THOMHIErHn HMHTErpo-auddepeHIraiibK
TECHACMCHUH 6ap)11>11< YbITapbUIBIITAPBIHBIH  JKAPbIM  OKTO UYCKTCITCHAUTIMHUH JKCTHIITYY
HIapTTapbl OUPUHYN SAPOHY OMPUHYM apryMEHTH OOOHYA, SIKUHYM SJIPOHY SKMHUYU apryMEHTH
0OIOHYA JKeKedye Kecyy METOJIyH OHYKTYPYY apKbUlyy Ta0buiar. MImocTpaTHBAMK MHcal
Typry3yiar.

Ypynmmyy cesoep: wunHTerpo-nuddepeHIanablK TeHJeMe, YEeKTEeITeHANK, SJIPOHY
OMpUHYM apryMEeHTH OIOHYA JKEKeue KeCYY, SIPOHY SKMHYM apryMEHTH OIOHYA JKEKeue KEeCyy.

YcTaHaBIuBarOTCS JOCTAaTOYHBIC YCJIOBUS OIPpaHHUYCHHOCTH Ha IMOJTYOCH BCEX pemeHHﬁ
JMHEHHOTO BOJBTEPPOBA MHTErPO-AH(PepeHINaNbHOTO YpaBHEHUSI IEPBOTO MOPSIKA C IBYMS
AApaMu, pa3BUTUCM MCETOJAa YaCTUYHOI'O CPE3bIBAHUA MOCPCACTBOM CPC3bIBAHUSA OTACIIBHO IIO
IIEpBOMY apryMEHTy MEpPBOrO sapa M II0 BTOPOMY aprymMeHry BTOporo suapa. Crpoutcs
WJUTFOCTPATUBHBIN IPUMeEp.

Knrouesvie cnosa: wnTerpo-nuddepeHnnansHoe  ypaBHEHHE, OI'PaHUYEHHOCTD,

HYaCTUYHOC CPEC3bIBAHUC sJipa 11O IICPBOMY apryMCEHTY, HaCTUYHOC CPE3bIBAHUC SJ/Ipa 110 BTOPOMY

apryMeHTy.

All the functions involved are continuous and the relations take place when

t>t,t>7>t,; J=[t,,»); IDE - integro-differential equation.
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Problem. Establish sufficient boundedness conditions on the half-interval J
of all solutions of the following first-order IDE of the form :
t
X'(t) + a(t)x(t) +.[[K1(t,r) + K, (t, 2)Ix(r)dz = f(t), t=>t, (1)
f
by developing the method of partial cutting [1-5] by cutting separately on the first
argument t of the kernel K, (t,z) and on the second argument z of the kernel
K, (t,7).
It should be noted that earlier in many works, in particular, in [1-5], the
method of partial cutting of the kernels of the considered IDEs by the second
argument was developed. This problem is being solved for the first time.

Let w(t) be some function [6, p.41]. Let 's introduce the notation: .

R (t7) = (1) K(t.,7) R(t.7)=K,(t,)w() ™
In the future, we will need the following 2 lemmas.

Lemma 1. The following relation holds:

[X©)[ Ki(s,2)x(z)d7]ds =[[ R (t, 7)x(z)d7]X (t. ) —%Tl(t)(xa,to»z +

+%;[T1’(s)()((s,t0))2ds _j[j R!.(s,7)x(z)d 7] X (s,1,)ds, 2)

fh 1o

where
X(t,t,) = jw(n)X(n)d 7, T =R D)™ =K &)W ()™

Proof. We introduce a cutting function y(t) and by integrating in parts we

have

t

X[ K, (t.2)x(z)de1ds = [[] (w(s)) Ky(s,7)x(z)d eIy (s)x(s)ds =

fy th to

= [[[ R, )x@)d7[y (m)x(m)dnyds =[[ R (t, 7)x(r)d7IX (t.t,) -

fh 1o
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—j[Rl(S, 8)X(8) +j R (s.7)x(z)d7] X (s,1;)ds = [j R (t, 7)x(z)d7] X (t, 1) -

—j R (5.0 () (X (8.)) X (5.L)ds ~ [[] R (5, X(E)drIX (5., )ds =

th

=[J.Rl(t,r)x(r)dr]X(t,tO) jT (s)d, (X (s,t,))? —j[les(s 2)x(z)dz]X (s,t,)ds.

th 1o
Integration by parts in the second term, hence we arrive at the required relation (2).

The following lemma follows from the lemma of the article [1].

Lemma 2. The following relation is true:

x| [Kz(s,nx(r)dr]ds=%T2<t)(><(t,to))2 —% [TE)(X(s.1,))°ds -

_j[j R, (s,7)X(z,t,)dz]ds,

th f

where T,(t) =R, (t, (1) " =K, () ®) "
For any solution x(t) we multiply IDE (1) by x(t), then integrate it within the

range from t, to t, including in parts, while introducing the cutting function  (t)
and functions R, (t,7), R, (t,z), we apply Lemmas 1, 2. Then we get the following

identity:

(x()° + 2ja(s)(X(S))ZOIS + Z[j Rt 7)X()dz]X (1,8) —T,()(X (t.1)° +

+jT (s)(X (s,t,))2ds — 2j[j R (5, 2)X(2)d7]X (s,t,)ds + T, (t)(X (t,t,)) -

th b

_IT (s)(X(s,t,))°ds — ZJ[IR (s,7)X (7,t,)dz]x(s)ds =

t f
= (x(t,))* + Zj f(s)x(s)ds, t>t,. (3)
Let a(t)>0, there be a number &£>0. Then, applying the well-known
inequality  2u,u, s%uf +eu; (u,u,eR) and the Cauchy-Bunyakovsky

inequality, we transform the third term from the left side of identity (3) as follows:
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Z[j R, (t,7)x(z)dz]X (t,t,)] < %(j R, (t,7)x(7)d7)? + (X (t,t,))* =

LR o)(@() 7 (@) x(2)do)” + £(X (L))" <

e
1 t B t
<~ ([RI(t0)@@) de)([a@)(x(@)* dr) + s(X (), (4)
t to
Also, we transform the integral from the right side of the identity (3):

j f(s)x(s)ds = 2} f (s)(a(s))_i (a(s)); X(s)ds <
t t

<(J(f(s))*(a(s))*d7) + [a(s)(x(s))’ . (5)

Taking into account transformations (4), (5) from identity (3), we will have

the following inequality:

() + L~ [RE(L 2)(@() 81 a©)(X(5) ") + TOX (L)) -

_.t[T'(s)(X (s,t,))%ds — Zj[i R..(s,7)x(r)d 7] X (s,t,)ds —

th f

—2[[[R;.(5,7) X (7,t;)dzIx(s)ds < (x(t,))* + [ (f (5))* (a(s)) "ds, (6)

rre T(t) =T,(t) - T,(t) — &.

Theorem. 1) a(t)>0: 2) there exists & >0 such that
ij (t,7)a(r) "dr <&, T(t) >0,
there exists a function T (t) e L'(J,R,) such that T'(t) <T (t)T (t);
3) tJt'[l R (t,7)] (F(t))_;+| Ry (t,2)[(T (f))_;]dr +(f®)*(a®) " eL(J,R,).

Then any solution of IDE (1) is bounded on the half-interval J.

Proof. Let 's introduce the notation:
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u(t) = (x(t)° + %[8 - j RI(t, T)(a(f))ldfl(j as)(x(s))*ds) + T (X (t.t,))".

Then by subject to conditions 1, 2) of the theorem we have u(t) >0 and from

inequality (6) we obtain the following integral inequality:

U <c. + [{T(S)u(s) + 2(u(s)? IR, (5,7) [ (T($)) 2 +

+| Ry, (5,2) [(T(2) )(u(2))?d7}ds, (7)

where
c. =(x(1)" + [((s))*(a(s)) *ds < oo,

Applying Lemma 1 [7] to the integral inequality (7) and taking into account the

conditions 2), 3) of the theorem gives the relation u(t) =0O(1). From here, based on
the inequality (x(t))* <u(t), it follows that any solution of the IDE (1) x(t) =O(2).

Remark. In the theorem there are some number &=const >0 and cutting
function y(t). By selecting them specifically, it is possible to obtain from this

theorem the coefficient criterions of the boundednes of all solutions of IDE (1).
Example. For IDE

t x[smt Sln r ex/t_sinth/;sinr |Sint |

X'(t) + x(t)sin*t + | [~ X(7)dr =— , t>0
(®)+x(0) j[ G e O T
all the conditions of the theorem are performed under y(t) ="', g:%, here
. Jtsint
: sint e

t, =0, a(t) =sin’t, R(t,r) =—————— R, (t,7) = ,
»=0,a(t) RED = RO = e

Jsint JEsint
T0)=- e—s"”},Tz(t)zl,T(t)z1 e—s'”t>o,T*(t>z T LwR).

4(2t +1) 2 42t +1) (2t +1)

The work was carried out within the framework of the project of the Institute of Mathematics of

the National Academy of Sciences of the Kyrgyz Republic.
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SPECIAL SOLUTIONS OF SYSTEMS OF NON-LINEAR
DELAY-DIFFERENTIAL EQUATIONS
Zheentaeva Zh. K.

Kyrgyz-Uzbek International University named after B.Sydykov

Supra, the author proved existence of “special“ (slowly varying) solutions of initial value
problems for scalar non-linear delay-differential equations.
dynamical systems: scalar differential equations with small delay of argument and corresponding
difference equations. In the paper existence of “special® solutions is proven for 2-vector
differential equations with small delay of argument and corresponding systems of difference
equations is proven.

Key words: delay-differential equation, non-linear equation, special solution, difference
equation, initial value problem.

Mypna aBTOp TOMOHKY/Aell JUHAMUKAIbIK CHUCTEMajap Y4yH OallTankbl MaceleiaepAuH
«aTalbIH» YbITapBUIBIITAPBIHBIH  KAlIIOOCYH HaIuJIgCau. CKaJIAPABIK, APTYMCHTHUHUH
KEUUIYycy KWuuHEe OonroH nud@epeHnuangplk TEHJIEMeJIep MEHEH Jall KelreH aubipMa
TCHACMCIICPHU. BYJ'I Makaljiaaa «aTanbIH» YbIT'apbUIBIMITAPBIHBIH  KAIIOOCY 2-BeKTOpI[y1(
APTYMCHTUHHH KCUYUT'YYCY KUYNHC 00JIToH I[I/I(I)(l)epeHI_[I/IaJII[BIK TCHACMCIICp MCHCH JaJI KCJII'CH
aliblpMa TE€HJIEMEJIEPU CUCTEMAJIAPBI YUYH JAJTAIIICH TN,

Ypyummyy ce30ep.: Keuuryydy aprymeHTTYy Au(depeHIuanablK TEHIEME, CBI3BIKTYY
OMEC TCHIACMC, aTaibIH YbIT'apbUIbIII, aﬁLIpMaHBIK TCHACMC, Oarrramnkel Macele.

Panee aABTOp JOKa3aja CYIICCTBOBAHUC «CIICHHUAJIBHBIX» pCI_I_IeHI/Iﬁ HaydYaJIbHBbIX 3aJ1a4 I
JUHAMHYECKHX CUCTEM: CKaJIIPHBIX AU(PepeHInaNbHbIX YPaBHEHUN C MaJIbIM 3aIia3/ibIBaHUEM
apryMeHTa M COOTBETCTBYIOLIMX Pa3HOCTHBIX ypaBHEHMI. B craTbe n0OKa3aHO CylleCTBOBaHUE
«CTEIMATBHBIX» peIIeHUul uis 2-BEKTOPHBIX JTU(PEpeHIMATbHBIX YpPaBHEHUH C MallbIM
3ara3AbIBAHUCM apryMCHTAa U COOTBCTCTBYIOIIUX CUCTEM PA3HOCTHBIX ypaBHeHPIfI.

Knrouegvie cnosa: nuddepeHnnaabHOe ypaBHEHHE C 3ama3bIBAIONIAM apryMEHTOM,

HEIUHEHHOE YpaBHCHHE, CIICHUAIBHOC PCHICHUEC, PA3HOCTHOC YPAaBHCHUC, HAYAJIbHAA 3aaa4a.
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1. Introduction

Formerly, in order to conduct the in-depth study of differential equations with
delay, the author proposed the method of splitting the solution space reducing such
equations to the systems of operator-difference equations. Using this method, the
author assumed new conditions, i.e. the absolute domains for coefficients sufficient
for the existence of special (slowly changing) solutions, and proved the presence of
approximating and asymptotically approximating properties in them, as well as the
asymptotic one-dimensional space of solutions of the initial problems for linear
scalar differential equations with small delay of argument and the corresponding
difference equation systems (special solutions correspond, to the solutions with a
slowly changing first component and a relatively small second component). For the
purposes of the single-point representation of the obtained results and other data
related to the theory of dynamic systems (the distance between the solution values
tends to zero alongside the unlimited increase in argument), throughout this
research paper the author uses the concept of the asymptotic equivalence of
solutions for dynamic systems, as it was introduced by the author in their previous
papers.

This paper proves existence of “special® solutions is proven for non-linear
vector differential equations with small delay of argument and corresponding
systems of difference inequalities.

In order to provide solution of the initial problem for a linear differential
equation with a limited retarded argument, some sources, including the book [1]
and research papers [2] and [3], discuss the conditions when there exists such one-
dimensional sub-space of solutions (referred to as special), so that any solution
tends to increase its argument towards one of the special solutions. The review of
such academic sources is given in the research paper [4].

The book [5], it is illustrated that using the differential equations with small
argument retardation and the technique of splitting the solution space, it is possible
to enable their transformation into the systems of operator-difference equations
with preservation of their specifics.
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Section 2 introduces the required definitions and denotations.

Section 3 presents theorems on existence of special solutions of systems of
difference inequalities.

Section 4 presents the newly found conditions for vector differential equations

with retarded argument.
2. Denotatons and definitions

Let us denote as follows: N, ={0,1,2,3,...}, N={1,2,3,...}, R=(—00,20),
R.=[0,%),R..=(0,00), C"¥D is the space of functions u: D—R™ continuous with
the derivatives till the order k;

|{us Uz ..ugH[=I1us] [+ ][zl | +... +|ig]] i the norm in R,

D is the domain in RY, 0D, m eN, keNo;

C*"MD is the sub-space of functions meeting the condition u(0)=0eR".

For the purposes of the uniform representation of problems with continuous
and discrete time, it shall be assumed that the argument of the desired function t
belongs to quite an ordered set A, possessing its smallest element (herein referred
to as 0), but still not possessing any largest element. Normally, A=R. or A=N, are
employed.

This paper discusses the initial problems only. Assuming that the initial
problem always has some solution, then the solution is the only and global one,
and, thus, it covers the entire set A; so, then the space of solutions of any particular
dynamic system with the initial condition @ may be written as the operator
W(t, p): Ax®—Z, with Z being the topological space of the solution values. In the
case of A=R. let us assume that W(t, ) is continuous with respect to t.

Definition 2. The following relation of equivalence to space @ is said
to be asymptotic equivalence: If Z is a Banach space, then

(@1 ~@2) S(Im{ [[W(t, 1) -W(t,@2)][z: t—>oc}= 0).

Definition 3. Solutions to W(t,p), pc®,, are referred to as special

solutions, if

S1) (VtieA) (Vi e Z) (Fpr € Do)(W(ty, 1)=21);
53 I Herald of Institute of Mathematics of NAS of KR, 2022, No. 2



S2) (FA> 0)( Ve, ¢, eD,)(Vty, t, €M)
(1w (e 0) =W (e 0l 2 W (t2 0,) - W(tz, 0,)lexp(=21t, = £21)).
3. System of difference inequalities

Consider the system of difference inequalities
Xn+1> aXn —BYn, Yn+1Z Xy +d yn, Ne Ny, 1)
a,b,c,d eRit, Xy, Vo €R4.
Theorem 1.If (W) d<a; (a—d)? >4bc then for numbers

w = ((a —d)—/(a—d)? - 4bc) /(2b),

q- = (a+d+/(a—d)Z - 4bc)s2
the following take place: g_:=a—wb; c+wd = wq_.
Proof byimmediate calculation.
Theorem 2. If (W) then a sequence {x,, y» } fulfilling (1) and x, >0, yo =0
fulfils x, > g_"Xo, Yo <wx,, ne No.
Proof byinduction. If x, >¢g_"Xo, Yo < wx,then

Xn+1=> @ Xp —DWXn = 0-Xp 5 Yne1< € Xp + AW Xy = WO Xp <W Xp1.
4. Vector non-linear delay-differential equation

Let us consider an equation:

w{)=P(tw(t-h)) (heR..), teR,, P(t,0)=0, 2)
where W(t)={ w1(2), ..., wy(t)} € C*O([-h, =) is the unknown vector-function, and
P(t,w)={P(t, W), ..., Py(tw)} e C*(R,)is the given vector-function respectively,
with the initial condition:

w(t)= oft), te [-h,0], 3)
where ¢ ()={@.(¥), ..., @, ()} CO([-h, 0]) is the given vector-function;
|[P(t,w1) — P(tw2)[[1 <L || Wi —wy||s. 4)

It is well-known that the initial problem (2)-(3) is equivalent to the following
system of equations for functions U,(t) eC*Y[-h,0], n eNo:

t
Us(t) = So(@ (D)®):= @ (0) + [, P(s + h, ¢ (s)) ds;
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Uns1(8) = Sp(UnO)(®):= Up(0) + [, P(s + nh + h, Up(s)) ds,neN,.  (5)
In [7], the author proposed the following method: let us consider the space
Ci[h,0]1=RIxC*¥[-h,0] as Cartesian product of space of functions-constants
equal to R%, and the space ©2=C**"[-h,0], namely U, (t)=u,+z,(t).
Denote that P,(7) = P(t+ nh + h).

Consequently, the shift operators equal to the value of h in (5) shall be given

in the following way:

Uns1+2n41(6) = Sp(tn + 20 (D) (O) =ty + 2 (0) + [, Pa(s,tn + 2p(5)) ds =

= u, + f_oh Po(s,un + 2,(s)) ds + fot Po(s,un + 2,(s)) ds;

Uppq = Uy + f_oh Po(s,un + 2,(s)) ds;

Zni1() = [ Ot Po(s,uy + z,(s)) ds. (6)
Introduce the following norm in C**®[-h,0]: ||z||«:=sup{||z(t)||/|t|:~h<t<0}.
Estimate (6):

lnsall = funlls = [, Llun + za () dls| =

> [Juglly = [°, Llluglly + llzallIs]) dls| =

= |[unlly = llunlliLh = Lllzall.h? /2 = [Jup|l1 (1 = Lh) = Ll|z, |l.h?/2;

IZn+alle < Lllun + 2o ()ly < Lllunlly + Lllzy |l A (7)
Theorem 3.If A:=Lh<1/4 then the equation (3) has solutions

fulfilling (S2): W(0)=0, [|[W(nh)|]1>q"]|W(0)|| 1, neN.

Proof. Apply Theorem 2: a=1-Lh; b=Lh%2; c=L; d=Lh. Conditions (W):
1-Lh-Lh>0; 1-Lh-Lh>4 Lh?/2.L;

1-2A>2A. Theorem is proven.

Conclusion

The assertion (S1) which is obvious in scalar case is to be investigated in

vector case.
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ONE CLASS OF FREDHOLM LINEAR INTEGRAL EQUATIONS OF THE
FIRST KIND ON A SEMI-AXIS

Kadenova Z.A.!, Bekeshova D.A.%, Asanov A}

2| nstitute of Mathematics of NAS of the Kyrgyz Republic
Department of Mathematics , Kyrgyz-Turkish Manas University

In the present article the theorem about uniqueness of the linear integral equations of the
first kind, with method of nonnegative quadratic forms and functional analysis methods.

Key words: linear, integral equations, first kind, uniqueness.

BYJ'I MaKajaJia TCpC 5MEC KBAAPATTBIK (I)OpManap YCYIIYHYH, (1)YHKI_II/IOH8.J'I,I[I>IK AHaJIN311UH
YCyJIAapbIHbIH XapAaMbl MCHCH 6I/IpI/IH‘lI/I TYPpAOT'Y CBI3bIKTYY HHTCTPAIAbIK TCHIACMCICPANH
YECUUMICPUHUH JKAJITBI3AbITEl JATUIIICHIN.

Ypynmmyy ce300p: ChI3BIKTYY, HHTETPAIABIK TCHIAEMEIEP, OUPHUHYYU TYPAOTY, KaIThI3/IbIK.

B npanHoii paboTe, ¢ MOMOIIBI0O METOJOM HEOTPHUIATENBHBIX KBaJIpPaTHUYHBIX (OpM,
METOAaM q)YHKI_[I/IOHaJ'IBHOFO aHaJin3a A0Ka3bIBACTCA CAWMHCTBCHHOCTD peIJ_IeHI/Iﬁ JIMHENHBIX
WHTErPAJIBHBIX YPABHEHUI IIEPBOTO POJA.

Kniouesvie cnosa: nuHeliHble, HHTETPAIbHbIE YPABHEHUS, TIEPBOTO POAA, EAUHCTBEHHOCTD.

1. Introduction

Inverse and ill-posed problems are currently attracting great interest. The
theory and numerical methods for solving inverse and ill-posed problems were
studied in [1-32].The notion of correctness in the works of A.N. Tikhonov [1],
M.M. Lavrent’ev [1] and V.K. Ivanov [3], different from the classical one,
provided a means for studying ill-posed problems and stimulated interest in
integral equations with large applied value.

I1l-posed problems also occur in many other branches of mathematics,
elementary examples being the Fredholm integral equation of the first kind,
analytic continuation of a function, determination of the derivative of a function
that is only approximately specified, and a singular linear system of algebraic
equations. A further important class concerns inverse problems where it is
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typically required to determine the coefficients of an equation from a known
ledge of certain functional of the solution.

The fundamental results for Fredholm integral equations of the first kind
were obtained by M.M. Lavrentiev in [4], [5], where the regularizing operators in
the sense of M.M. Lavrentiev. In [6], [7] results were obtained in the field of
nonclassical Volterra equations of the first kind and numerical methods for
solving nonclassical linear Volterra equations of the first kind, which describe the
processes of aging and replacement of elements in developing systems. In [8], for
linear Volterra integral equations of the first and the third kind with smooth
kernel, the existence of multiparameter family of solutions was proved. In [9],
[10], on the basis of the theory of Volterra integral equations of the first kind,
various inverse problems were studied.

Modern methods for solving ill-posed problems are gaining more and more
popularity. Results of the inverse problem of microtomography in [11] and
numerical methods for solving ill-posed problems in [12] were obtained, inverse
problems of biology and medicine [13].

In [14], [15] problems of regularization, uniqueness and of solutions for
Volterra integral and operator equations of the first kind are studied.

In [16], a new approach was used to study the existence and uniqueness of
solutions to scalar integral Fredholm equations of the third kind with multipoint
singularities and their systems.In [17], [18], uniqueness theorems were proved
and regularization operators in the sense of Lavrent’ev were constructed for
systems of linear Volterra and Fredholm integral equations of the third kind.

In [19], [20] problems of uniqueness and stability of solutions for linear
Fredholm integral equations of the first kind were investigated. In [21]-[24]
based on the basis of the method of integral transformation, uniqueness theorems
for the new class of linear integral equations of the first kind uniqueness theorems
for the new class the uniqueness of solutions of linear integral equations and the

system of the first kind with two independent variables in the in different areas.
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The concept of a derivative with respect to an increasing function was
introduced by A. Asanov in 2001 in [25] and plays a special role in the study.
This notion is a generalization of the usual notion of a derivative of a function
and is an inverse operator for one class of the Stieltjes integral. Based on the
concept of such a derivative, using the method of integral transformations and the
method of non-negative quadratic forms, linear integral Stieltjes equations of the
first kind were studied in [26], [27]. In [28], [29] uniqueness theorems for
solutions of the Fredholm and Volterra linear integral equations of the first kind
on the semi-axis are proved.

In this work, we apply the method of integral transformation to prove
uniqueness theorems for the new class of Fredholm linear integral equations of

the first kind in the semi-axis. Consider of the Fredholm linear integral equations
Ku = j K(t,s)u(s)ds=f(t), te(-w«,a] (1)
where

T j K (t,s)| dsdt < oo,

—00 —00

< (1 A(t,s), —0<s<t<a,
yS) =
(t.s) B(t,s), —w<t<s<a.

(2)

B(t,s) and A(t,s) are given functions, respectively on the domains
{(t,s):—o<s<t<al}, {(t,5):—o<t<s<a}.
u(t)eL,(-=,a], where L,(-o,a]- the space of square-summable functions in

(—oo, a].

Equation (1) by virtue of relation (2) can be expressed as

t

IA(t,s)u(s)ds{[B(t,s)u(s)ds: f(t). 3)

—0

Taking the multiplication of both sides of the equation (1) with u(t), integrating

the results ona <t <oo , we obtain.
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a

[ ] Ats)u(s)u (t)dsdt + ﬁB u(t)dsdt = [ f(t)u(t)dt

—o0

a t a a a

_[jA(t,s)u(s)u(t)dsdt+:[O!B(s,t)u(t)u(s)dtds=_[ f(t)u(t)dt,

—00 —00 —0

Integrating by parts and using the Dirichlet formula we have

j j B(s,t)u s)dtds = jﬁ B(s,t)u(s)dt}u(t)dt.

—o0 S —00 | _—00

Then from (4) we obtain

a t

ZJ‘jH(t,s)u(s)dsu(t)dt:j;f(t)u(t)dt

—00 —00

where
H(t.s)=[Ats) +B(s1)],(.5) <{(t,s): ~o<s<t<a)

_[ j H?(t,s)dtds < +oo.

—00 —00

We introduce a new function M (z,s) as follows

M (t,s):{

Its clear that ~ M(t,s)=M(s,t), (t,5) €(—o0,a]x(—0,a].

H(t,s), —wo<s<t<a,

H(st), —o<t<s<a.

It is easy to verify the validity of the equality

j i|M (t,5)[ dsdt < +oo.

—00 —00

Then, it is known that

M(t,s)= i 2 (tl?i (s) |

i=1

(4)

()

(6)

(7)

(8)

where, ;- the characteristic numbers of the matrix kernel M (t,s), which are

arranged in ascending order of their modules, |4|<|4,|<...and @ (t), & (1) ...

the corresponding orthonormal eigen functions.
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Theorem. Suppose M (t,s)is a complete kernel and 0< 4 <4, <.... Then

the solution of the equation (1) is unique in L, (—o, a].
Proof. Let equation (1) have a nonzero solution

u(t)eL,(—oo,a] for f(t)=0. Then
jK(t,s)u(s)ds:f(t)zO, for all te(-wx,a].
Hence, by virtue of (5) we have

2[ [ H(ts)u(s)u(t)dsct =0 ©)

Taking into account (7) and (8) from (9) we get

t

Then
[a(®u(®)dt=0, (i=12.)

Therefore, u(t)=0, for all te(—oo,a].The theorem is proved.

The work was carried out within the framework of the project of the Institute of Mathematics of

the National Academy of Sciences of the Kyrgyz Republic.
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ON THE METHOD OF LYAPUNOV FUNCTIONALS FOR A CLASS OF
WEAKLY NONLINEAR FIRST ORDER INTEGRO-DIFFERENTIAL
EQUATIONS OF THE VOLTERRA TYPE

Khalilov A.T.
Institute of Mathematics of NAS of Kyrgyz Republic

Sufficient conditions are established for the boundedness on the semiaxis of all solutions
of a weakly nonlinear Volterra integro-differential equation of the first order by developing the
method of Lyapunov functionals. An illustrative example is being constructed.

Keywords: integro-differential equation, weak nonlinearity, boundedness, Lyapunov
functional.

Coe3pikTyy chiMan  Bonbreppa TuOMHIern OWUpPUHYM  TapTUNTETH  WUHTETrpo-
TupdepeHManabIK  TeHIEMENIepAUH  OapAblK  YBITapbUIBIIITAPBIHBIH ~ JKapblM  OKTO
YEKTEJTeHAUTUHUH KETUIUTYY IIapTTapbl JIAMyHOBAYH (yHKIMOHAIAAp METOAYH OHYKTYPYY
apKplTyy TaObu1aT. MIirocTpaTUBIMK MUCAI Typry3ynar.

Ypynmmyy coe30ep: uHTErpo-nuddepeHIuanblk TEHIEME, CbI3BIKTYY CBHIMAJJBIK,
YyeKTeIreH UK, JISmyHOBAYH (yKHIIMOHAIBI.

YcTaHaBIuBaOTCS AOCTAaTOYHBIC YCJIOBUS OIPpaHUYCHHOCTH HaA IOJIYOCH BCEX peHIeHI/If/'I
c1ab0 HEJIMHEWHOTO BOJIbTEPPOBA MHTErpo-nuddepeHnarIbHOT0 ypaBHEHUS IEPBOT0 MOpsIKa
pa3BuTHEeM MeToJia pyHKIMOHAI0B JIsnmyHoBa. CTpOUTCS WILTIOCTPAaTUBHBIN ITpUMeED.

Knrouesvie cnosa: wunterpo-nuddepeHmanbHoe ypaBHEHHE, crnabas HETUHEHHOCTS,

OTpaHUYEHHOCTH, PyHKIMOHAN JIsmyHOBa.

All appearing functions of are continuous at and relations take place at IDE -
an integro-differential equation.

All  appearing functions of t,, (t,7),x,y,z are continuous at
t>t, t>7>t, |x|,|yl<e and relations take place at t>t,,t>z>t,; J=[t,,»); IDE -

integro-differential equation.
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Problem. Establish sufficient conditions for boundedness on the half-
interval J of all solutions of the following weakly nonlinear Volterra IDE of the

first order of the form:

x'(t)+a(t)x(t)+j[K(t,r) +C(t, 2)]x(r)d 7 =

)

=f(t)+F(t, x(t),jH (t,7,x(r))dz), t=>t, (1)
[

in the case when the functions satisfy the conditions of weak nonlinearity

in the case when the functions F(t,x,y), H(t,z,x) satisfy the conditions of weak
nonlinearity:

|[Ftx ) <R @) +9@) [ x][+9, () yl.[H(tz,x)[<h(t,z)]| ] (SN)
with non-negative functions F,(t), g(t), g,(t), h(t, 7).

Condition (SN) guarantees the existence of a solution x(t) e C*(J,R) with any
initial data x(t,).

To solve this problem, the method of Lyapunov functionals is developed,
following the works [1, pp.73-77; 2], which makes it possible to study the
formulated problem for a new class of IDEs, in contrast to previous studies by
other methods (see, for example, [1,3] and bibliographies from these monographs).

Suppose [1]:

K(t,r):Zi):Ki(t,r), (K)
FO = £0) ®

v, (t) (i=1..n) - some cutting functions,

R (t.7) = K, (t, D) O, () %, E© = £, ) * ( =1.1),

R(t.t,)= A1)+ B,(t) (i=1.n), (R)
c,(t) (i=1..n) - some functions;
G(t,7) =G, (t,7)G,(t,7) + G, (t,7), (G)

where G(t,7) =g, (t)h(t,7);
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similarly [3, p.216] it is required that the integral TC(s,t)ds is defined for all

t>t

0"

Theorem. 1) conditions (K), (f), (R), (G) are satisfied and the integral

0 t
IC(s,t)ds defined for everyone t>t; 2) D(t)=2a(t)- j| C(t,7)|dr—
t tO

—TlC(S,t)|ds—j(Gz(t,r))szZO; 3) A(t)>0, R/ (t,7) >0, there are functions
t t

At)el'(J,R), R (t)e '(J,R,) such that At) <A (A,
R! (t,7) <R ()R (t,7) (i =1..n); 4) B,(t)>0, B/(t) <0, there are functions c,(t) such

that (E® (t))* <B® (t)c™ (t) (i =1..n);

5) jl Ko (t,2) [ dz+] £, () | +F (1) + 9 () + j[(Gl (t,7)*+|G, (t,7)[ld7 e L'(J,R,).

Then any solution x(t) of IDE (1) is bounded on J and D(t)(x(t))’ € L'(J,R,).

To prove this theorem, a new Lyapunov functional is constructed in the

following form:

V(%) = (x(1)* + j. D(s)(x(s))*ds + _Zn:[Ri (L)X, (18)* —2E; (X, (t.t) +¢, (1) +

+j R (t,7)(X, (t,7))%dz +j(°f| C(s,7)| ds)(x(z))2d7, (2)
where

X, (t,7) Ejl//i (s)x(s)ds (i=1..n).

Also, when estimating and passing to the integral inequality, the well-

dV (t; x)
dt

known relation is used:

2G(t, 7)x()X() < (G, (t,2))*(x(V))* + (G,(t, 7))* (X(2))* +| Gy (¢, 2) [ X(O)X(7) |
Otherwise, the proof of Theorem is carried out similarly to the proof of Theorem
1.14 1, pp.73-76].
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In case F,(t)=9(t)=9g,(t)=h(t,7)=0, i.e. for a linear IDE of the form (1)
Theorem 1.14 [1, pp.73-76] follows from our Theorem.

Let us consider a linear IDE of the first order in the form:
t
X'(t) +a(t)x(t) + j [Q(t,7)Q,(t,7) +Q,(t, ) + C(t, 7)Ix(z)dz = fy(t), t > t,, 3)
t

which following from IDE (1).
For IDE (3) from Theorem yields the following
Corollary. If the integral

[cts.tyds is defined for all t>1,;

)

A(t) = 2a(t) —j| C(t,7)| dz'—T| C(s,1)| ds—j-(QZ(t, 7))°dz >0;

[IQE)+1Qu(t7) [[e+] ) e L(J,R,),

then any solution x(t) of the IDE (3) is bounded on J and the relation
At)(x())* e L'(J,R,) is true.
In this case, condition (G) is replaced by a condition

K(t,7) =Q,(t,7)Q,(t,7) + Q,(t,z) and a Lyapunov functional of the form:
V() = (x(0)° + [ AGS)(x(s)° s

is constructed.

Example. IDE
X'(t) + (3t + Ysin 2t + 2)x(t) + I[Mﬂin(e‘t\/r)_ (Sint)l/712] (r)dr =
+4) (t+7+8)
=— 21 , >0
t°+4

satisfies all conditions of Corollary, here
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1

t,=0,a(t)=3t+3sin2t +2,Q,(t,7) = -7 Q,(t,7) =| cos(tr) |,

(t+z+4)
I __ (sint)"” _ 1
Q,(t,7) =sin(e™'/z),C(t,7) = —(t+z_+8)1,2,fo(t)_ L

The work was carried out within the framework of the project of the Institute of Mathematics of
the National Academy of Sciences of the Kyrgyz Republic.
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ON BOUNDED SOLUTIONS OF INTEGRO-DIFFERENTIAL
PARTIAL DIFFERENTIAL EQUATIONS ON INFINITE DOMAIN

Abdukarimov A.M.
Institute of Mathematics of NAS of the Kyrgyz Republic

In this paper we study the limitations of solutions of integral-differential equations with
partial derivatives on the endless fields. In order to show the limitations of the method of non-
negative solutions of quadratic forms.

Key words: limitations, integration by parts formula Dirichle, integration.

EYJ'I MaKajJlaZa SKMHYH TAaPTUIITCTH I/IHTerpo-,Z[I/I(I)(I)epeHLII/IaH,I[LIK TCHACMCIICPANH YCKCHU3
aﬁMaKTapnarH YbITapbUIBIIITAPBIHBIH YCKTCITCHAUTH KOHYHAOI'Y MACCJIC KapaJiar. Tepc IMEC
KBaApaTTBIK (popManap BIKMACBIH KOJIJIOHYY MCHCH YCUUMACPANH YCKTCITCHAUTH KOPCOTYIIY.

Ypynmmyy co30ep:. 4eKTeNTreHIUK, 06IYKTeNl MHTErpannoo, upuxieHuH ¢opMmynacsl,
WHTETPAJII00.

B o310l craThe u3ydaeTrcs OrpaHUYEHHOCTh pEIIeHUH HHTErpo-AudQepeHInaIbHbIX
YpPaBHEHHUH C YaCTHBIMH TNPOM3BOAHBIMU Ha OECKOHEYHbIX obsacTsax. YToObl MOKa3aTh
OTPaHMYEHHOCTD PEIIEHUS IPUMEHSAETCS METOJ] HEOTPULIATEIbHBIX KBAAPATUUYHBIX (HOPM.

Kniouesvie cnosa: OTrpaHWYEHHOCTh, HHTErpUpys MO uacTsaMm, (opmynsl [lupuxie,

HHTCTPUPOBAHUC.

1. Introduction
In [1-3] considered the question of limiting solutions for an infinite domain
of integral and integro-differential equations on the half. In [4-7], results were
obtained on the boundedness of solutions of integro-differential equations and
systems of integro-differential equations in partial derivatives of the second and
third orders in infinite domains. Questions of boundedness of quadratic
integrability and stability of solutions for differential, integral, and integro-

differential equations have been studied in many works, for example, in [8,9].
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In this article, applying the method in [10], we prove a theorem of
uniqueness and boundedness of solutions of integro-differential equations in partial
derivatives of the second order in infinite domains.

The equation

Uy (t, X) +a(t, x)u, (t, X) + b(t, x)u, (t, X) +c(t, x)u(t, x) + j.A(t,x,s)uXS(s,x)ds +

+JX‘ B(t,x,y)uy (t,y)dy +JEJX‘ K(t,x,s,y)ug, (s, y)dyds = f (t,x), (t,x) G , (1)

f(t,x)eL,(G)nC(G) (f)
with conditions

u(0,x)=0, xel0, +w)

u(t,0)=0, telo +o0) *)

where

A(t,x,s),B(t,x,y),K(t,x,5,y),c(t,x),a(t,x),b(t,x), f (t,x) — known features,
a u(t,x) — unknown function

Theorem. If the following conditions are met: (f),
a) functions
alt, x), bit, x), oft, x), & (t, x), by (t, x), ¢/ (t, x), ¢; (¢, x), e (t,x) C(G):

a(t,x)>0,a(t,x)<0, b(t,x)=0, bi(t,x)<0 4

(t,x) € G;

c(tx)<0, ¢ (t.x)<0, ct.x)za>0, citx)20 c*(tx)-a/(t,x)p;(tx)<0

at (t,x) € G;

6) functions A(t,x,s), A(t,x,s), A (t.x,s), AL (t,x,5)eC(G),

A(t,x,0)=>0,A(t,x,0)<0 at (t,x)eG u A(t,x,s)=0 Al(t,xs)<0 at (t,x,5)eG;
B) functions B(t,x,y),B;(t.x,y),B; (t,x,y) u B (t,x,y) €C(G,),
B(t,x,0)>0,B;(t,x,0)<0 at (t,x)eG u B|(t,x,y)>0, B (t,x,y)<0 at (t,x,y)€G,;

r) functions
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K(t,xs,Y),K) (t.x,5Y),Ki(t,x58,y), K (t,x5s,y), K (t,x,5,Y),Kg (t.x,5,Y),

K (t,%,5,Y), Ki (t.%,8, ), K} (8.%,8,Y), Kl (6.%,5,Y), K (1, %,5,Y ), K, (t,%,5,Y)
u K (t,xs,y) eC@G,),

txsy

K (t,x,0,y)=0 at (t,x,y)er, Ki(t,xs0)=0 4 (txs)eG  K(tx00)>0

K{(t,x0,0)<0 K;(tx00)<0 Ki(tx00)>0 o (t,x)eG , Ky (t,x,s,y)=0
Ko (t.xs5,y)<0, Kt (t.x,s,y)<0, K& (t,x,5,y) =0 pu (t,x,5,y)eG
1) K*(t,x,0,0)—A/(t,x,0)B;(t,x,0)<0 at (t,x) G,

tx(KZ (t,x,5,y)) — AL(t.%,5)B] (t.x,y) <0 at (t,x,5,y)eG

10 3a/1a4a (1)—(*) umeer exuHcTBEHHOE pemieHne B L,(G)NC(G).

Proof. Let's make the following substitution
u(t,x) =”195ydyds 2
00
Substituting (2) into (1), we have

t X
9(t, x)+alt, xj&sx)ds+b(t x'[ (t, y)dy +cft, x”&s y dsdy +
00

0

O —_—

A(t,x,5)9(s,x)ds + JX. B(t,x,y)9(t,y)dy +Jt'JX.K (t.x,s,y)9(s,y)dyds = f (t,x). (3)

Obviously, problem (1)—(*) is equivalent to the system of integral equations
(2)-(3). Both parts of equation (3) multiplied by 9(t,x) and integrating over the

region G, ={(s,y):0<s<t, 0<y<x}, we get

ﬁgz (s.y) dyd3+jﬁa (s, y) drdyds+jﬁb (s, y)9(s,2)9(s, y)dzdyds +
00 000 000

As, y,7)9(z, y)9(s, y)d rdyds +

+ﬁﬁc(s y)9(z, 2)9(s, y)dzdzdyds+jj

O ey 0
O —_—

ﬁBsyz
00

txsy t X
x9(s,z)9(s,y)dzdyds+UHK(s,y,r,z)9( z)9(s,y)dzdrdyds “f 9(s,y)dyds. (4)
0000 00
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We transform each of the integrals on the left side of equality (4), with the
exception of the first one, according to the integration-by-parts formula and use the

following formula

KWW, =%(KW2)S' —%KS'W2

a(s, y)u Yz, y)d T}M Yz, y)d z}' dyds =

S

[ ) ——
O ey <

Ia Kz, y)(s, y)ddyds =
0

2

:%Ja (t,y)@&(r, x)dr] dy—%.:[a;(s, y)@&(r, y)dz | dyds.

1ot it 21 s = s ) o, ot v | s

t

] s o

0

Next, using the formulacvv,, = %(Cvz )y - %(Cs’vz )'y ~ %(C;VZ),S + %C"Syvz — vV,

O e <

.S”y-c (s,y)9(z,2)4(s, y)dzdzdyds:jj'c(s, y{j.
00 00 0

sy !
Sr zdzd }{ng zdzdr} dyds =
00

sy

2 X

:%c(t,x)ﬁi&(r,z)dzdr}z —%lcé(s,x)@i& 72 dzer s __jc t y)(_:[_(y[g(r,z)dzdrjzdy+

S

+%j'JX'cg’y(s, y)ﬁjy'S(r z dzer dyds — Jt' Jx'c ﬁ&ls z)d MI T, y)df}dyds

Integrating by parts using the formula

KWW, = %(KWZ)S' —% K, w2 and the Dirichlet formula, we transform the left side of

()

relation (4)

S

J::[As y,7)9(z, y)9(s, y)ddyds = ':['IEAS Y, T %US‘ £, y)d.f}dr s, y)dyds =

T

O t—

HA (s yo)[j (& dfjg 5,Y) dyd“jﬁAi(s, y,r)[js(f, y)dfjg(s,y)dzdyds=

74 I Herald of Institute of Mathematics of NAS of KR, 2022, No. 2



t

— %J Alt, y,O)U;S(f, y)dg} dy—%_j;:[ Al(s, y,O)@S(;, y)ng dyds +

0

2

+%ﬁ/¥(t,y 4 @9 &y dch dydr—%mA;;(s,yx)@&(; y)dfj dzdyds - (6)

Similarly, we get

:[BSYZ (s,2)4(s, ydzdyds—;j;Bsx,O{igsﬁjv] s-—”B syo)(j I(s,v)d )dydS+
I

To transform the integral, we use the following formula

O —_—
O ) X<

—+

B;(s,X,2) [IQ (s,v dvj dzds — = jﬁB;'y(s,y,z)Ug(s,v)dv} dzdyds . (7)

z z

N -

O ey <

Cv" =(Cv) 2 —(C'V) . —(Cv) . +C v
sy
at v(sy,r.z) = ”191(§,v)dvd(§.
We transform the last integral on the left side of relation (4):

K(s,y,7,2)9(r,2)9(s, y)dzd «dyds =

O —_—
O e <
O Ly 0
O e <

Ol O~ O ) O
Ol x O—X Ot ot x

K(s, y,0,0){ﬁS(é, v)dv dcf}y(s, y )dyds + jﬁ K!(s,y,z O)HS(Qg v)dvdéE (s, y)dz dyds +

+

y
IK;(S, y,0,2)
0

N C—— <

HE,v)dvdE (s, y)dzdyds + j”f K”(s,y,7,2)x

sy
x(”&(g‘,v)dvdéJg(s,y)dzdrdyds. (8)
Next, using the formula
, 1 N 1., 1
CVVSy=E(CV2)sy _E(CSVZ) 2(C 2)s+2C sV —Cv v
and the Dirichlet formula, from the last relation, we obtain
txXsy t X 2
H”K s,y,7,2)u(z, 2)u(s, y)dzdrdyds_—K t, xoo{”u &, vdvdfj
0000 00
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_%ng(s, x,o,o)mg(g,v)d mg] ds—%jK;(t, y,o,o)m.sz(g,v)d Vng dy +

+%ﬁ|<gy(s, y,o,o)@s oz dvng dyds — ”K S, yOO{

K¢, y)ngU Hs,v)d deyds+

O —

t

+%JK;(t,x,r,O)[:'IS(éj,v)dfva dr—%ﬁ K2 (s, x ro)( 395 v dvdfj dds -

0

2

.ﬁj K&(s.y, To)ﬁié’f Vdvng] dzdyds —

0

__ﬁK,';(t, Y.z, o)[j 8 v dvng dydz +

00

N |-

O e <

—iﬁKQ(S,y rO)U&’(eE y dg‘JUS s,v)d szdyds+ jK (t, x,0, zﬁ:[g Ev) dvdg]?ldz_

N

ﬁK;;(s,x,o z)mg(g v)dvdé] dzds——”K t,y,0, z)(ﬁs Ev dvdgj dzdy +

0

+%ﬁIK;§y(S, y,0, z{j;]zy'él(f v dvng dzdyds — ﬁIKZ s, .0, Z)US g, y)ngx

0

x iS(S,v)dv]dzdyds+%jjK;(t,x,r,Z)U'X[S(g,v)dvdgj dzdr—%j‘ﬁKﬂy (t,y,z,2)
z 00 Tz 000

X ;[2[9 Ev dvdf} dzdydr—;:[l.j;Km $,X, 7, zﬁ.'xfg £, v)dvdéj drdzds —

z

_j‘JX‘H‘KZ(S'y’T'Z{j-S(QZ y deUIS‘ S,V dv)dzdzdyds+

t xs 2
+%J.HTK(N) S, Y,7,2 L”S G,V dvdcf] dzdrdyds . 9)
0000

Taking into account relations (5), (6), (7), (9), condition d) and the Dirichlet

formula, from (4) we have

2

ﬁ&z (s,y dyds+—{jat y{j&r y drj dy+jb s, x{j& 5,2 dZJ ds —
00
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2

X 2 X
—j'c;(s,x{ug 7,2 dzer — t y){j'j',g 7,2 dzer dy}+ clt, x)ﬁj& 7,2 dzdr} +
0 00 00 00

+%i£{ )@97 ydszcs y)@m yer[:[Ss zdz]

b y)@g(s, z)dzjz}ddeJr%I_I cy (s, y)(

X

f Z, yo)[jgg ydgj dy+%_:|;Bs xO)@Ss Vdv] ds+

0

2
y
IS 7,2 dzer dyds +
0

O ey

X

X X 2
“Bz Z)[Jg v)dv dzds+%j'J'A (t,y, r)Ugg ydgj dydz —
00 00

z

+

N |-~

2

i!{& S, yO)u HE y)E | +2K(s, y,o,o)@lg(g, y)ng@g(s,v)dv}r
(650 ftoi j}dydsgm oot o)+

£ 2K (s, y, 7, z)Us ¢ y)déJ@.Q(s,v)va+%B;’y(s,y,z)@S(s,v)vaz}dzdrdyds+

NIH

K(t, x oo)UIg(g,v)dmng —%ng(s,x,o,o)ﬁjg Ev dvde ds —

K (s,y,7,2)x

PAS)

N | —
[S) —
O ey <
O

X

R

[72)

(D

><

*‘1

N
/%\
N —
N C—

=3

U\r

<

Q.

SAN
e

[N

o

N

o

wn

+
N |-
O —_—y
O Ly <

|

O e <
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sy 2 t X
XU 9(&,v) dvng dzdrdyds=”f 9(s,y)dyds . (10)
z 00

By virtue of conditions a) — e), the left side of relation (10) is non-negative, so this
implies the following inequality
t

ﬁ&z S,Y) dyds+—UX,9 S,y dyds]
00 0

0

ot—,,—»

j f 9(s, y dyds (11)
0
Then, by substitution (2), this is equivalent to the inequality

f(s,y)9(s,y)dyds| (12)

o'—’.—r
O'—;X

t X

”192 (s,y) dyds+—u (t,x) <
00 2

we have further

f(s,y)9(s,y)dyds < jjx‘ S,y dyds+—”82 (s,y)dyds
OO

O'—;'-"
O ey <

With this in mind, from (12) we have

t X t X

”192 s, y)dyds + au®(t,x) ” s,y)dyds
00 00

Hence, by virtue of the condition, ( f) we have

o0 0

jj&z s, y)dyds +au®(t,x) g”fz(s,y)dyds@o’
00

00

from which follows
u*(t,x) gl” f?(s,y)dyds
a 00

Consequently, u(t,x) limited at (t,x) e G.Thus, the theorem is proved.

The work was carried out within the framework of the project of the Institute

of Mathematics of the National Academy of Sciences of the Kyrgyz Republic.
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SOLUTION OF A PERTURBED NONLINEAR DIFFERENTIAL
EQUATION WITH A WEAK SINGULAR POINT

Turkmanov J. K.}, Karynbaeva M. M2, Agybaev A.S.2
12Bjshkek state university named after K.Karasaev,
3Kyrgyz State Technical University named after |.Razzakov

This article considers a perturbed differential equation with a famous singularity in the
case of a rational exponent of a singular point. We study the behavior of the solution of the
perturbed equation up to and including the singular point.

Key words: singular point, small parameter, problem solution, unperturbed problem,
exponential term, coefficients, asymptotic series, equation, mathematical induction principle,
closed ball, contraction mapping principle.

byn wmakanama CHUHTYNISIpyy YEKWTTHH paIMOHANAYY KOPCOTKYdy OOJIrOH ydypiaa
CUHTYJIAPpAYY KO3I'OJI'OH ,I[I/I(l)(l)epeHI_lI/Iaﬂ)IHK TCHACMC KapaJiaT. buz CUHTYJSIpAYY UYCKUTTU
KaMTbIT'aH KaHa aHbIH NYUHIC KO3roJroH TCHAEMECHNH YCUNMHWHNH abaibIH H3HJ’II[CI>16I/I3.

Ypyummyy ce3z0ep: CUHTYISPABIK YEKUT, KHYUHEKEH MapaMeTp, MAaceICHMH YE€YUMHU,
KO3TOJI0OTOH Macesie, SKCIMOHEHIUAABIK MY4e, KOd(PPHUIIMEHTTEp, aCUMNTOTUKAJIBIK KaTap,
TCHACMC, MATCMATHKAJIBIK MHAYKIIUSA HpI/IHIII/I6I/I, TYIOK 1Iap, KBICHIIT YarblIABIPYY HpI/IHHI/I6I/I.

B ,I[aHHofI CTAaTbC PACCMATPUBACTCA BO3MYIICHHOC I[I/I(l)(l)epeHLlI/IaHLHOC YpaBHCHHA CO
cnaboil OCOOEHHOCTHIO B CIydyae palMOHAIBLHOTO TMOKa3aTenss ocoOod Touku. M3yuaercs
MOBE/IEHNE PELICHHUS BO3MYIIEHHOIO YPaBHEHUS A0 0COO0N TOYKU BKIIFOUUTENIBHO.

Knrouegvie cnosa: ocobasi Touka, MaJIblii TIapaMeTp, pelieHre 3aaadu, HEeBO3MYIIEHHAS
3ajJayda, Z-)KCI'IOHCHLII/IaJ'ILHBIﬁ YJICH, KOS(I)(I)I/I]_[I/IGHTLI, ACHUMIITOTUYECKUN p4aa, YpaBHCHHC,

IMPUHIUIT MaTeMaTHUeCKOMU HWHAYKIIHH, 3aMKHYTBIﬁ map, IPpUHIHUIT COKUMAroIuX OTO6p8.)KCHPII>i.

Consider the Cauchy problem for the equation
Lu,:= (xl/”0 + eu(x)) u'(x) = g(x)ulx) + r(x), u(1) =u°. (1)

where 0 < & « 1 — small parameter, n, > 2, u®— given constant, x € [0,1].

The following conditions are imposed on the known functions:
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()

U: q(x), r(x) € C*[0,1]. q(x) = z qex®, 1(x) = Z e xk,

k=0 k=0
@ =q®) /k!, 1 =7r"0)/k!
The following questions arise: 1) Does problem (1) have a solution on the segment
[0,1]? 2) If so, is it possible to obtain a uniformly suitable solution over the entire
interval [0,1]?

The unperturbed problem (e = 0), corresponding to problem (1) has the form:

Lug(x): = x™™ug(x) — q()ue(x) = r(x), up(1) = u®. (2)
For equation (2), the point x=0 is a weak singular point. The asymptotics of the

solution of the unperturbed problem for x — 0 can be obtained directly from [1]:

Uo(x) = wo + x 1M B2, ul) xA-1mlixd, (x> 0) 3)
where
1
wo = w(0) = G(0) [uo —f G 1 (s)S Ymor(s)ds| # 0 (4)
0
G(x) = exp {j §=1/mo q(s)ds} = G(0)exp {f §=1/mo q(s)ds} =
= G(0) exp {110 Y gy / (j + 1= 1/ng)) 5)
7=0

If we provide the exponential term as a series in powers of x, then formula (5) can

be written as

G(x) =G(0) |1+ x11/m0 Z a;; x(l‘l/"o)ixj],

i+j=0

G 1(x)=G10) |1+ xt"1/m0 Z b;; x(l‘l/"o)ixf],

i+j=0

where
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0

G(0) = exp fS‘l/"O q(s)ds
0

80O = ) qpd /(G +1-1/ng),
j=0

a;j, b;j — constant coefficients independent of x.

w0 = 27V N g0 (x5 0), ©)
i+7=0
where u'?, 79 - constant coefficients independent of x.

ij o Hij
We will look for a solution to problem (1) using the small parameter method, i.e.,
in the form of a row

u(x, &) = ug(x) + su; (x) + €2uy (x) + -+ + ™u, (%) + -+ (7)
Substituting (7) into (1) and equating the coefficients at the same powers ¢ in both

parts of the equality, we arrive at the equations:

Luy (x) = — uo(x)up (%), u;(1) =0, (7.1)

Luy (x) = —ug(ug (x) —ug ()ug(x),  uz(1) =0, (7.2)

Lu,(x) = — z u; () ui(x), u,(1) = 0. (7.n)
i+j=n-1

then to determine u; (x) respectively, we use formulas (7.n).

By virtue of equalities (3) and (6), equation (7.1) can be written as:

Lul(x) = — (WO + xl—l/no z ug_)) x(l—l/no)ixj> <x—1/n0 z ai(](')) x(l_l/no)

i+j=0 i+j=0

-xj>, u, (1) = 0.

Luy (x) = x~1/mo Z u®) x(=1/m0)ix ],
i+j=0
Integrating the last equality, we have:

u () = G(x)J; (%), (8)
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where

X

Ji(x) = G‘l(O)j (s‘z/"o Z ug-)z) 5(1‘1/”0)i5f) G~ 1(s)ds

i+j=0
0

Putting in (8) the found value J; (x), we get:

t+J=0 j=0
ui(x) = x~2/Mo z ug) x(1=1/10)iyj 4 x=1/n0 zu]%) o (10)
ty=0 j=0

where C; = const.
Taking into account equalities (3), (6), (9) and (10), equation (7.2) will be rewritten
in the following form:

Luy(x) = — (Wo + x171/m0 Z ul.(](.)) x(l‘l/”o)ixf) X

i+j=0
y (x—z/no z ag’)x(l‘l/"") x4 x~1/mo z a]%) -xf> X
i+j=0 i+j=0
\ i+j=0 i+j=0
_ (x_l/no z al(;)) x(l—l/no) . x])) uz(l) = (.
i+j=0
Hence, grouping the coefficients at the same powers x, we get:
Lu2 (X) — x—Z/no Z ﬁ(()i) x] + x1—3/710 Z ﬁg) Xj +
j=0 j=0
j=0 _]=0

Integrating the last equality (11), we have:
Uy (x) = G(x)J5(x) (12)
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where

JoG) = x 1m0 N a@ iy ¢ 12N a® i kg, (13)
i+j=0 j=0

where C, = const.

Putting (13) into formula (12), we get:

Uy (x) = x173/mo z ul? x A1/l 4 x1-2/m0 z ud x4+ C; +
i+7=0 =0
+x171/mo Z ul? x, (14)
=0
uh(x) = x~3/mo z ﬁlg]?) x(=1/no)iy ) 4 x‘z/"OZﬁ]%) xJ +
i+j=0 j=0
+x~1/m0 Z 2@ . (15)
j=0

Similarly, by induction from the formula (7. n, + k) we have:

un0+k(x) _ u(no"'k) x—k+1)/no 4 u§n0+k) x—k/mo 4 ugn0+k) x~kmo 4 4

0
+ Py k2 (Inx) + x1-1/m0 z u8.1°+k) x(1=1/modiyj,
i+j=0

where P, ix_,(Inx) — ng + k — 2 — th degree polynomial in Inx function

or
Ung,,, ()~ 0(x ™+ /o) (x = 0) (16)
Consequently, series (7) will be rewritten in the form:
u(x, &) = wy + x1"1/mo z ug?) x(1=1/m0)iy ) 4 g[ x1-2/m0 Z ui(]}) x(A=1/m)iyj 4
i+j=0 i+j=0
+C; + x1/mo Eu]%) x| + 2 x173/M0 z ui(]?)x(l'l/"o)ixj +
j=0 i+j=0

+x1—2/nozu]§§) x/+ C, + xl‘l/”OZuﬁ) xIl + .+
j=0 j=0
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+ gno—Z[xl/no z ui(;lO_Z)x(l_l/no)i x] + vee + xl—l/no Euj(‘g’l(z)__i)) x]] +
i+j=0 j=0

0

+ sno_l[lnx(ug%"_l) + x171/10 Z ui(?"_l)x(l‘l/"o)ixj + ..+

i+j=0
+ x1—2/n02u]('no—1) xj] + gho [u(no)x—1/n0 lnx(u(()go) + u((ﬁo)xl—l/no +
j=0

o0 o0

+ x 172/ z w0 xU-1/nodiyi 4 4 x1‘3/”02u(n°) x/] + .+

ij Jj(mo-3)
i+j=0 j=0
_ +k)
+ gnotk [y (ot =Cetn)/mo gy MotK) s —k/mo gy Ppy+k—2(Inx)+

[}

+ x171/m0 z ug.l”k) xA=1/modiy i 4 (17)
i+j=0
The resulting series (17), for x — 0 has the form:

u(x, e)~wo + 0(e) + 0(e?) + ..+ 0(e™2) + 0(e™ L Inx)+

k
+eMox~1/Mo[w, + 0(ex™1/0) |+ 0(£x‘1/"0)2+ o+ 0(exVmo) 4 ]
1.k

(3 e
Consequently, =~ ————==¢&x mo

ex_%
Hence we have:
gx~1/Mo= ¢B, xo () = g™ (1=F), 0<p < 1.

Series (17) is an asymptotic series on the segment [e™0(~A) 1],

u(xg, (£),8)~wy + 0(e) + 0(e?) + ...+ 0(g™ %) + 0(™ Linx (1/¢))+
+emo*E[wy + 0(eP) + 0(e?P)+...+0(FF)+...],

u(xg, (€),&)~wy + 0(e™ 1 inx (1/¢)) (x > 0) (18)
Thus, the following theorem is proved.

THEOREM 1. Let the following conditions be satisfied: 1)
a =1/n,, (ny, = 2), functions g(x),r(x) — expands into an asymptotic series in

powers of x on the segment [0,1]; 2) lim,_,o uy(x) = w, # 0. Then the solution of
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problem (1) obtained by the small parameter method is an asymptotic solution on
the segment [¢™(1=A) 1].
To continue the solution to the segment [0, "@~A)] in (1) we make a substitution:
x = ghoT, u(x) = wy + v(1) (19)
Then we have
(erl/"o + e(wp) + v(r)) geTModv/dt = q(e™1)(wy + v(T)) + r(e™01),
(z¥™0 + wy + v(7) )dv/dr = ™ g(e™1)(Wo + v(1)) + r(e™7) | (20)
By virtue of equalities (18) and (19) for v(t) we obtain the Cauchy problem:

v(1y) = 0(e™ tinx (1/¢)) = w(e), (19 = o, > 0) (21)
where T1y:= g ™F
Equation (19) is equivalent to the integral equation

v(1) = w(e) — gMho? fTTOF(S,v(s),e)ds = Tv, (22)

where

F(r,v(7), ) = (q(e"or)(wo +v(0) + T(SnOT)) /(T +wo +v(1))  (23)

Next, we assume that w, > 0. We take a closed ball:

Co) = :lv@)| < 2w(e)}.
Then we have

|F(t,v(7),¢)| = |(q(e"°r)(w0 + v(r)) + r(e”or)) / (Tl/"o + w, + v(r))| <

< (M(wo + 20(e) + 1)/(7/% +wy) ) < L, (24)
where
V1= 2M(wo + 2w(e) + 1), lg(eT™)], [r(et™)| < M.

To

‘ ds
IT(7)] < w(e) +e™?! j |F(S,v(s),&)|ds < w(e) + 8”0_1j <

S1/no

<w(e) + £n0_1]71/|’[é_1/n0 — 7171/10

< w(e) + e yp|r, — |tV <

< w(e) + gty - g=mo-LE, (25)
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where
71 = vino/(ng — 1).
Now let's choose 8 —so that it is
&7 VE = In(1/e), B = (lny—l1 + Inin(1/¢€))/((ny — DIn(1/¢).
Then from (32), we have
|Tv| < 2w(e).
|F; (7, v(7), &)

= |(q(enor) (Tl/no +wy + U(T)) _ (Q(EnOT)(WO n v(r))

+ r(e"%)) // (Tl/"o + wy + v(r))z

< (M/ (Tl/no +wy + v(r))) +
+ <M(W0 +2w(e) + 1)/ (Tl/"o + wy + v(r))2> <

< (M/(xV/m0)) + (Mwo + 200() + 1)/ (10 wp) )

Y2
where
Y2 =M+ yi/ wy
To
|Tyv; — Tyv,| < 5n°_1|f[F(S,V1(S),€) — F(S,v,(5),8)]ds| <
T
To To
< 8"0'1J|F(5,U1(S),8) — —F(S,v;(8),8)|ds < e"O‘lj Vs = 7ol ds <
FU(S,Ul(S),S)
T T
To
Y2
-1
< gho ||v1—172||J S1/ng
T
< gn0_1”171 _v2|h72|l_é—1/no — 1-1/ng <

< M7, |lvy — vylllTe — TIMTH™ < e™7 vy — vyllin(1/e).
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Therefore, we get
[Ty — Tyvy| < et ypllvg — vollin(1/e), (27)

For € small

(Y2¥1)e™ tn(1/e) < % )

then the operator T is contractive and we map the ball C,,(,) into itself.

According to the contraction mapping principle, equation (22) has a unique
solution on the interval [0,7,], for small &, where |v(7)| < 2w(e).Thus we reach
the point t{ =ty — Ty_1 = To - u. Similarly, after N steps we reach the point

T=0.

Thus, the following theorem has been proved.
THEOREM 2. Let in Theorem 1 additionally w, > 0. Then a solution to problem
(1) exists on the segment [0, 1] and

uo(x) + cuy (%) + £2u, (x)+.., gM(-B) < x <1

X 1-
Wo"‘”(g), 0<x<enl™P

u(x,e) =

Let, wy < 0, then u(x,, (¢), &) < 0 for small &, which follows from an estimate of
the form (18). Since w, < 0 the function F(t,v,¢) is indefinite on the interval
[0, 7,]. Obviously, the solution of problem (1) is not extendable to the point x=0

forw, < 0.

The work was carried out within the framework of the project of the Institute of Mathematics of
the National Academy of Sciences of the Kyrgyz Republic.
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IMPROVED ALGORITHM TO DETECT PATTERNS

IN IRGOO-TYPE PROCESSES
Tagaeva S.B.

Institute of Mathematics of NAS of KR

Systematic search of phenomena as consequences of effects was initiated in Kyrgyzstan.
Processes of generation of order from chaos (irgdoo-type processes by the name of the first
process of local diminishing of entropy due to dissolving of energy mentioned in literature) were
considered; they are real (including running computers) and random, are defined by some
components (states of computer) at each moment. Supra, with the author’s participation,
appearance of phenomena in systems only with large number of components is said to be the
effect of numerosity. The least number of components preserving such phenomenon was said to
be the constant related to it. Algorithm to detect simple patterns on a plane was implemented, an
improved algorithm is built and applied.

Keywords: algorithm, order, chaos, irgdd, numerosity, effect, phenomenon, differential
equation, difference equation

Koipreiscranna a¢dekrrepanH Katapsl KyOynylITap/bl bIpaaTTyy U366 OaluTasibl.

bamr amamaHjbpIkTaH TapTHN Tmaiina OONTOHY mpoleccTepr (amadusarra OHUPHHYH
66J’IFI/IJ’IYY 00JITOH OHEPIUA TAPTKATbUIN'AHbIHAH JHTPONHWAHBIH KCPrujiuk a3ary IMPOUCCCUHUH
aTajiblllsl 0OIOHYA ajira”H/zia, «HUpree» TI/I6I/IHI[6FI/I HpOI_IeCCTep) KapanaT; aJlapAblH HETHU3TH
O3Iro4eJIYKTOPYH TOMOHKYYO OEeIrnenIerT: aJIap YbIHBITBI (aHBIH HYUHAC KOMIIBIOTCPJIICPAUH
apakeTTepu) jkaHa KOKYCTaH, ap Oup ydypaa Oup Hede KOMIOHEHTTEp (KOMIBIOTEpAUH
abanjgapel) MEHEH aHbIKTamar. Mypaa, aBTOp KaThIIIyyCy MEHEH CYHYIITaraH aHbIKTaMa
0OOHYa, KeIl 3JIEeMEHTTEpJIeH TypraH CHCTeMajap raHa ydyH mHaiga Oonyydy KyOymymTap
«kermue» 3pdexTucu en araarad. MplHAal KyOylIyIiKa ajblll Keayydy, OLIoi KyOyaylll MEHEeH
OailaHbIIIKaH, PH KUYMHE CaH TypakTyy Oomyn caHanaT. Terumszaukre >keHeKell caliManapibl
aHBIKTAIl TaaHyydy ajarOpPUTM HIIKE AallbIPbUINaH, OPKYHAOTYITOH ajlrOpUTM Kypyjaar >XaHa
KOJIAOHYJIAT.

Ypynmmyy co30ep: anroputm, uper, OarragaMaHabIK, Upree, «kemie», 3pdexr,
KyOynym, muddepeHanabK TeHaemMe, aibipManyy TeHIeMe

B Keipreizcrane ObUT HauaT CHCTEMATHUECKUN TIOMCK <«SIBIICHHI» KakK CJIEACTBUUN
«ddexToBy. PaccMaTpuBarOTCsl TPOIIECCH BOZHUKHOBEHUS MOPSIIKA U3 Xaoca (MPOIecChl TUTIA
«HMpreo» I110 HAa3BAHUIO IICPBOIO TaKOro Imporecca JOKAJIBbHOTO YMCHBIICHHUA OHTPOIIUH
BCJICACTBHUEC JUCCHIIALIMKA DHCPIrUr, U3BECTHOT'O B nHTepaType), HUX OCHOBHBIC IMPU3HAKW: OHU -
PCaIbHBIC (BKJIIO‘-Ia}I HeﬁCTBHH KOMHLIOTepOB) u CJ'Iy‘-I&fIHBI, ONpPCACIIAIIOTCA HCECKOJBKUMU
KOMIIOHEHTaMH (COCTOSIHUSIMM KOMIIbIOTEpa) B KaXKIblii MOMEHT. PaHee, 1o ompeaesneHuio ¢
y4aCTuCM aBTOpa, BO3HUKHOBCHUC SIBJIECHUH TOJIBKO J1s1 CUCTEM C 60HBH_II/IM KOJINYECTBOM
KOMITIOHCHT HAa3BaHO 3(1)(I)CKTOM «MHOKECTBEHHOCTHY». CamMoe MaJioe YHCJI0, BBI3BIBAOIICC TAKOC
SBJICHHUE, HAa3BaHO HOCTOHHHOﬁ, CBSI3aHHOM C 3THM SBJIEHHEM. BBIT p€alln30BaH aJIrOPUTM IJId
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BBISIBJICHUS TTPOCTHIX Y30pOB Ha IUIOCKOCTH. [10CTpOCH M MCHOIBb30BaH YCOBEPIICHCTBOBAHHBIH
aJlCOPUTM.

Kniouegvle cnosa: anropuT™, HOPSIOK, Xaoc, HPree, MHOXKECTBEHHOCTb, 3(dekr,
sBIeHNe, uphepeHInaTbHOE ypaBHEHNE, Pa3HOCTHOE YpaBHEHHE.

1. Introduction

Systematic search of phenomena as consequences of effects was initiated in
Kyrgyzstan. Processes of generation of order from chaos (irgdoo-type processes by
the name of the first such process of local diminishing of entropy due to dissolving
of energy mentioned in literature [1]) are considered in the paper. Main features of
such processes: they are real (including running computers), random, are defined
by some components (states of computer) at each moment.

Considering a computer as a real object and computer presentations as real
processes was noted in [2].

Discoveries of new "phenomena” and "effects™ used to be sufficient steps in
developing science but there were not definitions of these notions before [4] with
corresponding definitions and examples, methodic to search new “phenomena’ as
consequences of “effects”.

Section 2 contains definitions of effect of numerosity, of constant of
numerosity and of algorithm to detect phenomena as a constituent of general
problem of pattern recognition.

There is the example of some known process in Section 3.

In Section 4 we propose a new algorithm to detect a pattern.

2. Definitions of effect and constants of numerosity and phenomena-

detecting algorithm

The law of large numbers can be considered as some phenomena in statistic.
Supra, by our definition, appearance of phenomena in systems only with
large number of components was said to be the effect of numerosity.
We found some phenomena due to this effect not related to statistic.
Definition. Appearance of phenomena in systems only with large number

of components is said to be the effect of numerosity.
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Definition. Ifaphenomenon occurs less often for number of
components less than N and does more often for number of components greater
than N then the number N is said to be the constant of numerosity for this
phenomenon.

Let any algorithm dealing with a set of numbers given by a certain real
experiment or computational experiment with random initial data outputs “yes” or
“no” (the algorithm may contain parameters too).

Definition. Ifthe algorithm outputs “yes” in more than 50%
numerous experiments implementing a supposed phenomenon then such
phenomenon is existing.

There arises a problem to construct such algorithms for known

phenomena.
3. Virtual process “repelling” of irgoo-type

We searched self-ordering of discrete electrical charges in viscous media [3].
Motion of equal, repelling by the Coulomb law electrical charges from a random
initial distribution on a topological torus (bounded surface without an edge) formed
a final regular grid was modeled by computer.

Motion of N electrical charges can be described by a system of N two-
dimensional differential equations. These differential equations were approximated
by a system of difference equations. An algorithm was proposed [5] and
constructed [6].

4. New algorithm and program

Here we propose new

Algorith m Leta finite set of K distinct points {z[1].. z[K]} in a
bounded metrical (locally Euclidean) space be given. Choose a constant v>1.

A) Found the minimums M[i]:=min{|z[i]z[J]|: j=1 }, 1<i=K.
B) Calculate numbers of neighbors of all points,
Cli]:=card{j: M[i]<| z[i]=z[jlI=M[i] v}, i=1..K;

C) Calculate frequencies, the most frequent one and its frequency
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WI[q]:= card{i:C[i]=q}, 9=1..6;

FW:=max{W[q]: q=1..6}; Fl:=argmax{W[q]: g=1..6}; FQ:=FWI/K.

D) Output FI and FQ.

If FQ> 0.5 then most of numbers C[i] are equal and a pattern exists.

For example, in R% if F1=3 then a hexagonal grid exists;

if F1=4 then a hexagonal grid exists; if FI=6 then a triangular grid exists.

The following program was written in pascal, v=1.5.

PROGRAM sab_aln; USES CRT, math;

var hxy,vx,vy,dx,dy,dxy,dxyl,hxyl,z,z2,xj,yj,dxy2,dxyd,

d_xy2,mn,rel_xy,scous,v: real; i,j,nxy,it,nt,np,ihand,n_time,ik: longint;

ncount: array[1..500] of integer; w: array[0..100] of integer;

var f,n,iw,jcase: integer; x,y:array[1..500] of real;

function dxy_2(ii,jj:longint): real; begin

Xj:=x[jj]; if Xj>x[ii]+z2 then xj:=xj-z; if Xj<x[ii]-z2 then Xj:=xj+z;

yir=yljl; if yj>ylii]+z2 then yj:=yj-z; if yj<y[ii]-z2 then yj:=yj+z;

dxy_2:=sqr(x[ii]-xj)+sqr(y[ii]-yj); end;

begin {main} randomize;

writeln(" Tagaeva, Dec. 2022. Repelling charges on torus, improved");

for jcase:=1to 5 do begin write(' Give number of charges and wait a little: *);

readIn(nxy); v:=1.5; z:=700.; z2:=2/2.0; np:=10; hxy:=1.0; hxyl:=hxy; nt:=1000;

for ik:=1 to nxy do begin x[ik]:=z*random; y[ik]:=z*random; end,;

for it:=0 to nt do begin {it} if it>np then hxy:=2.0*hxy1;

if it>2*np then hxy:=4.0*hxy1;

for i:=1 to nxy do begin {i=ix} vx:=0.; vy:=0.; for j:=1 to nxy do

begin if j<>i then begin dxy2:=dxy_2(i,j)+1.;

dxyl:=z/(dxy2*sqrt(dxy2)); if dxyl<sqr(z)/nxy then begin

dx:=(x[i]-xj)*dxy1; dy:=(y[i]-y))*dxyl; vx:=vx+dx; vy:=vy+dy; end; end; end;

X[i]:=x[i]+vx*hxy; if x[i]>z then x[i]:=x[i]-z; if X[1]<O0. then x[i]:=x[i]+z;

yli]:=y[i]+vy*hxy; if y[i]>z then y[i]:=y[i]-z; if y[i]<O0. then y[i]:=y[i]+z;
end {i=ix}; end {it};
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for iw:=0 to 100 do w[iw]:=0; for i:=1 to nxy do begin mn:=100000.0;

for j:=1 to nxy do begin if i<>j then mn:=Min(mn, dxy_2(i,j)) end;

ncount[i]:=0;

for j:=1 to nxy do begin if (i<>j) and (dxy_2(i,})<mn*v) then

ncount[i]:=ncount[i]+1 end; end,

for j:=1 to nxy do w[ncount[j]]:=w[ncount[j]]+1;

for iw:=2 to 7 do begin write(' ',iw:1," ,w[iw]:2,";") end; writeln; end; readin; END.
This program was run many times to calculate the most frequent number W

of neighbors for each N being a square of integer.

N:81 100 121 144 169 196 225

W:5645 56 4 6 4 6

Hence, the strict constant of numerosity is ~ 144 (beginning of evident alternation).
Also, when the number of charges is a square of even number then the grid

IS square in most of experiments; when it is a square of odd number then the grid is

triangular in most of experiments.

Conclusion

We hope that proposed definitions would yield new phenomena in reality
and in computational experiments and constants of numerosity would be found for
other real and virtual processes. The general problem: what kinds of patterns can

be detected by any algorithms?

The work was carried out within the framework of the project of the Institute

of Mathematics of the National Academy of Sciences of the Kyrgyz Republic.
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FUNCTIONAL RELATIONS AND MATHEMATICAL MODELS
OF VARIABLE OBJECTS

Kenenbaev E.
Institute of Mathematics of NAS of KR

Many objects to be presented on computers for scientific and educational purposes are
variable. For convenient algorithmic presentation, we propose to use functional relations. For

independent interactive computer presentation of natural languages, B. Bayachorova and S.
Karabaeva proposed to present transforming verbs. Such verbs are more complex than
“sequences of shifts”. In the paper mathematical and computer models of some notions are

constructed by functional relations between points of virtual objects.
Keywords: variable object, language, computer presentation, mathematical model,

independent presentation

Ken kommbloTepiie WIMMMIA KaHAa OKYTYY MaKcaTTapbl YYYH KOPCOTYIYY4Y OOBEKT
e3repyydy ©Oomyn ocentener. blHrainyymyk Y4YH QITOPUTMAMK  YarbUIAbIpyyAa
(GYHKUMOHANBIK ©3 apa OaliaHbIITapAbl KOJJIOHYYHY CYHYWITaiOb3. TaOurelii tummepau
KOMIIBIOTEp/IE KO3 KapaHAbICBI3 HWHTEPAKTUBAMK 4Yarbulaelpyy YdyH b.basdopoBa xaHa
C.KapabaeBa e3repTyydy STUIITEPAM YarbUIABIPYYHY CYHYII KbUIraH. MBbIHAAW 3THUIITED,
“XbUIIBIPYYJapblH yAaalblIITEIIBIHA® Kaparaijaa, TaTaanblpaak. byn wmakamaga k33 Oup
TYLIYHYKTOPIYH MaTeMAaTUKAJIBIK XKaHa KOMIBIOTEPAUK MOJEIIEPH IECTETUITEH (BUPTYAINYY)
O0BEKTTEPAMH YEKUTTEPHUHUH apachbiHAarbl (pyHKIMOHANJBIK ©3 apa OaijlaHbITap apKbUIYy
Kypynay.

Ypynmmyy ce30ep: e3repyydy 0OBbEKT, THII, KOMIIBIOTEPIUK YarbLIIBIPYY,

MaTCMAaTUKAJIbIK MOJCJIb, KO3 KAPaHABICHI3 YarbUIABIPYY

MHorue OOBEKTHI, KOTOpbIE HY)KHO IpPEJICTaBUTh HA KOMIIBIOTEPE IS HAyYHBIX HU
y4eOHBIX ILIeJIeH, SIBJISAIOTCS MepeMeHHbIMH. J[s1 ynoOHOro aJropuTMHYECKOro MpeaCTaBICHUS
MBI TIpeAJiaraeM HCIOJIb30BaTh (DYHKIIMOHAIBHBIE COOTHOWICHHS. J[Is1 HE3aBHCHUMOTO
MHTEPAaKTUBHOTO KOMITBIOTEPHOTO IIPE/ICTABICHUS €CTECTBEHHBIX s3bIKOB b.basdopoBa u
C.KapabaeBa mpeUIOKWIM TPEACTaBUThH IMpeoOpasyrone riaaroibl. Takue riaroisl - Oojee

CJIOXKHBIC, UEM «II0CJICAO0BATCIBHOCTE CABHUI'OBY. B IlaHHOI>'I CTAaTbC NMOCTPOCHLBI MATCMATHYCCKUC
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U KOMIIBIOTEPHBIE MOJIENIM HEKOTOPBIX MOHATHH MPHU NOMOIIM (PYHKIIMOHAIBHBIX COOTHOLICHUN
MEXy TOYKAMH BUPTYAJIbHBIX O0BEKTOB.
Kntouesvie cnoea: nepeMEHHbI OOBEKT, S3bIK, KOMIIBIOTEPHOE IMPEJCTABICHHUE,

MaT€MaTU4YCCKasad MOJCI/Ib, HE3ABUCUMOC IIPECACTABIICHUC

1. Introduction

One of main directions of modern informatics is construction of computer
presentations of various objects and processes for scientific and educational
purposes. Many of such objects can be presented by consequences of “shifts” or
“Drag-and-

Drop” operations.

For independent interactive computer presentation of natural languages,
presenting transforming verbs was proposed in [11]. Such verbs are more complex
than “sequences of shifts”. In [13] we noted that mathematical and computer
models of such verbs can be constructed by functional relations [12] between

points of virtual objects. In this paper we consider this item in general.
1. Review of using objects for teaching languages

At all times, travellers learned languages from inhabitants which did not
know the traveller’s native language. This method (demonstration of objects and
actions with comments) was described in details in “Gulliver's travels” by J.Swift,
1726. In 1878 M.Berlitz proposed a method with is considered as “the first-known
immersive teaching method”.  Such method was improved as “Total physical
response” [1].

Winograd T. [2] proposed giving commands to a robot with such words as "table™,

"box", "block", "pyramid”, "ball", "grasp", "moveto", "ungrasp".

Using these ideas, since [3] general methods for interactive computer
presentations of natural languages are being developed [4-10]. If a computer
presentation does not depend on the user’s knowledge and skills on similar objects
then it is called independent. Such presentations are more effective because the
user can learn a language inductively, and they begin thinking in it, without

translation in mind.
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2. Definitions for independent presentation of objects

The following definitions were proposed in [4-12].

Definition 1. If low energetic outer influences can cause sufficiently various
reactions and changing of the inner state of the object (by means of inner energy of
the object or of outer energy entering into object besides of such influences) at any
time then such (permanently unstable) object is an affectable object, or a subject,
and such outer influences are commands. A system of commands such that any
subject can achieve desired efficiently various consequences from other one is a
language.

The following definition is proposed by us.

Definition 2. A marked set (2D-set on display) is a set (S) with some marked
points on it (X3, X2, X3 ... € S). A transformable object is a (varying) set or union of
marked sets, marked points of them are connected with functional relations:
).

R e mar k. Marked sets were proposed in [14] and developed in [15].

Definition 3. Mathematical models consist - of fixed (F;) and movable (M;)
sets; an extended algorithm: temporal sequence of conditions of types
MjcF), MjnFi=9), (MjnFiz); &(X(M)), X(M;)).

R e m ar k. Mathematical models also include transforming objects.

Definition 4. Transformation of objects can be presented by a controlled
differential equation. Firstly, we consider motion of a flat object without inertia
and not-self-moving objects. Let SeR? be initial position of the object; S(t) be the
position and shape of the object at time t. We have the equation y’(z,z)=F(t,
S(t),u(t)), 0 <t <o with initial condition y(0)= z & S, where u(t) is a control
function (given by the user), the function F(s,u) (to be implemented by the
programmer) is bounded, y(t,z): [0, 20)xS — R? is the trajectory of the point z € S.
Let S and S(t) be marked, defined by points z;, z,,...,zxeS and their images

correspondingly. Then F=F(ty1, Yo ... vu(t)). Values yi, yo,...,»x are to be
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connected with functional relations. Computer interactive presentations are built on
the base of mathematical models.
3. Mathematical models for transformable objects

3.1. k=2, the functional relation is dist(y,y,)=const. It can be used for verbs
ROTATE, TURN; PULL.

3.2. k=3, the functional relations are y;=const, y,=const, dist(y,,ys)=const. It
can be used for the verb BEND.

3.3. k=3, the functional relations are

dist(yy,y2)= dist(y,,y3)=...= dist(yx_1,yx)= const

It can be used for the noun LENGTH, verb BEND.

3.4. k>2. Firstly, two S; and S,. y;€S; and y, €S,. The relation is y,=y, for

any t>t;. (Or more than two distinct objects).

3.5. k=2. The functional relations are y;=const, dist(y,y,) increases. The
verb STRETCH.

4. Conclusion

This paper enlarges the scope of objects which can be presented interactively
in the frames of general project of developing mathematical models of various
notions for independent presentation of natural languages. We hope that such
software would be interesting and useful for people to study various objects

interactively.

The work was carried out within the framework of the project of the Institute
of Mathematics of the National Academy of Sciences of the Kyrgyz Republic.
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ON A CANONICAL PROJECTOR OF AVECTOR IN AN IDEMPOTENT
SPACE BY A SEMIMODULE OF IDEMPOTENT PROBABILITY

MEASURES

Tagaymurotov A. O.
Chirchik State Pedagogical University

In the paper we show general form of a canonical projector of a vector in an idempotent
space by a semimodule of idempotent probability measures.
Keywords: semimodule, canonical projector.
By'J'I MakaJjiaaa ous HACMIIOTCHTTYY MeﬁKHHI[PIK BCKTOPYHYH MOAYJIYHYH UACMIIOTCHTTUK
BIKTBIMAJI/IBIK ©TYOMIOPYHYH KaHOHAYK IPOEKTOPYHYH KAaJIIbl KOPYHYIITYH KOpcoToOy3.
Ypynmmyy ce3zdep: xapbiM MOAYJb, KAHOHYK ITPOEKTOP.
B nmanHoli pabore moka3zaH OOmMIA BHUJ KAHOHUYECKOTO IPOCKTOpa BEKTOpa
HACEMIIOTCHOI'O MTPOCTPACTBA 110 MOJTYMOAYIII0 UACMIIOTCHTHBIX BEPOATHOCTHBIX MEP.

Kniouesvie cnosa: monymoyib, KAHOHUYECKHH TPOEKTOP.

Subsemimodules and convex subsets of semimodules over semirings with an
idempotent addition studied by Guy Cohen et. all 2003 [1]. Furthermore appeared
Projector Formula and proved Universal Separation Theorem for an idempotent
complete subsemimodule (see [2] for details). In this paper, we give a Projector

Formula and an Universal Separation Theorem for the idempotent semimodule

I(X).Let R, =RU{-} equip with two operations v and ©, which are
defined as xv y=max{x,y}, xOy=x+y, X, yeR . Then 0:=—o0 is the zero

in R__ according to ©, and 1:=0 is the unit in R__ according to ©. It is well-

X X

known [3] that (R,,,.®,0,0,1) is idempotent semifield (since xvx=x for all

max !

XxeR_).

By ordered set, we will mean throughout the paper a set equipped with a
partial order. Let a partially order define the following way:

a<b < avb=bh.
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For any subset Y of an ordered set (S,<) by VY (resp. AY) we denote the

least upper bound (resp. greatest lower bound) of Y , when it exists [2]. When VY
(resp. AY) belongsto Y, vY (AY) is said to be the top (resp. bottom) element of
Y, and written TY (resp. LY ) instead of Y (resp. AY).

Definition 1.[4] Let V be an idempotent semigroup, K be an idempotent
semiring, and let a multiplication operation k,x+ k ® x be defined so that the
following equalities hold

(k. @k, )ox=(k ©x)®(k, ©x),
ko(x@y)=(kox)®(koy),
1Oox=X
for all X,yeV, k,k,k, e K. Then the semigroup V is called a (left) idempotent
semimodule over the semiring K (or simply a semimodule).

Definition 2.[4] A semimodule V over a semifield K is called an
idempotent space.

This notions is analogous to the notion of linear (vector) space over a field.

Idempotent mathematics is based on replacing the usual arithmetic
operations with a new set of basic operations, i. e., on replacing numerical fields by
idempotent semirings and semifields. Typical example is the so-called max-plus
algebra R, . Many authors (S. C. Kleene, S. N. N. Pandit, N. N. VVorobjev, B. A.

Carre, R. A. Cuninghame-Green, K. Zimmermann, U. Zimmermann, M. Gondran,
F. L. Bacelli, G. Cohen, S. Gaubert, G. J. Olsder, J.-P. Quadrat, V. N. Kolokoltsov,
A. A. Borubaev, A. A. Zaitov and others) used idempotent semirings and matrices
over these semirings for solving some applied problems in computer science and
discrete mathematics, starting from the classical paper by S. C. Kleene [5].The
modern idempotent analysis (or idempotent calculus, or idempotent mathematics)
was founded by V. P. Maslov and his collaborators.

Idempotent mathematics can be treated as the result of a dequantization of
the traditional mathematics over numerical fields as the Planck constant h tends to

zero taking imaginary values. In other words, idempotent mathematics is an
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asymptotic version of the traditional mathematics over the fields of real and
complex numbers.

The basic paradigm is expressed in terms of an idempotent correspondence
principle. This principle is closely related to the well-known correspondence
principle of N. Bohr in quantum theory. Actually, there exists a heuristic
correspondence between important, interesting, and useful constructions and
results of the traditional mathematics over fields and analogous constructions and
results over idempotent semirings and semifields (i. e., semirings and semifields
with idempotent addition) [5].

Let X be a set consisting of n different points, and equipped with the

discrete topology. Consider the following sets:

|(x)={i<:nr>lﬂi O, 42 =0i=12...0.84 :0}'

It is well-known that P(X) represents the set of all probability measures on X,
and I(X) represents the set of all idempotent probability measures on X [3].

Moreover, P(X)cR" and I (X)cR], .

In figure 1 we show the difference of N A
- (—0,—,0) z
this sets. 001 |3
Let Y be a complete semimodule, K a 029 Fo
N 5. @6, 00 6\
complete semiring. For X, yeY and 1K (-0~ .
631
put
8y 5 D8y

def (0,—o0,—0) (0,0,—<)
x\y=(L)(y)=T{1eK|xO A<y},
» Figure 1. The images 1(X) (grey part)
xI 2 = (R)'(x)=T{zeY|[z0A<x}. and P(X) (green part) when
X consists of three points.
Nonlinear projector. Let V be a complete subsemimodule of a complete

semimodule Y over a complete idempotent semiring /C, i. €., a subset of Y that is

stable by arbitrary sups and by the action of scalars. Amap P, :Y —Y is called [2]
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a canonical projector on V. which defines
R(y)=T{veV|v<y}, yeY.
W is called [2] a generating family of a complete subsemimodule V if any

element veV can be written as v=v{wO 4, |[weW}, for some 4, € K.
Example 1. R?_ is a semimodule over R ., 1(X) is a subsemimodule of

R}, and the family

s, =(10,...,0)
o =(0,1,...,0),
W< ® ( )
S, =(0,...,0,1)

is generating family of 1(X) for 0<A<1.
It is obvious that for | (X) and any yeR"  the canonical projector P,(X)(y)

has the following three cases

a) if y=(y,)_ >0 then Poo(y)=T{uel(X)lu< y}=i€\[/n]OO§Xi;

b) if y and O are not comparable then B, (y) =T {ue I (X)[u<y}el(X);
c) if y=(y,),, <O then y does not have a projector by 1(X),i.e.
Poo(Y)=T{uel(X)|usy}=T2.
Theorem 1. (Projector Formula) For the set I(X) with generating family
W/, the following equality holds B, (Y)= v (Ww\y)Ow.

Here y=(y,) = Ry, and there exists at least an index i, [n] such that y, >0.

Proof. Since W is a generating family of the semi module | (X) for every

yeRr_ its projector by I(X) can be rewritten as B, (y)=

ie[n

[]l, ©J,, here
ﬂ'ﬂl € Rmax -
Suppose Yy =(Y;),;,y = 0. Then for every weW we have

w\ly=5 \y=(0,...,1,...0)\(y,.... ¥ir-ou ¥, ) =1.
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In this case P, (y)= v 105

=V
ie[n] o wew

(w\y)ow.

Let now y and 0 are not comparable. Then

1, if y >1,
w\y=35, \y:(O,...,l,...,O)\(yl,...,yi,...,yn)z{

y, If y <1
Therefore, by definition we have P, , ()= W\CV(W\ y)©w. Theorem 1 is proved.

The work was carried out within the framework of the project of the Chirchik State

Pedagogical University, Uzbekistan.
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PATHS INTERSECTION AND EXISTENCE OF MULTIDIMENSIONAL

LOCALLY HETEROGENEOUS KINEMATICAL SPACES
Zhoraev A.H.

Kyrgyz-Uzbek International University named after B.Sydykov, Osh

There are found conditions preserving existence of a point in a multi-dimensional
kinematical space with a neighbor to be non-homeomorphic to a ball; that is the space is
heterogeneous.

Keywords: kinematical space, path, heterogeneity, neighbor, condition

KuHeMaTuKamblK Kol eMd4eMlyyY MEUKHHIWUKTE Iapra roMeoMOpPTyK dMecC aillaHaChl
60siroH dekuT Oap Oonyy (6.a. MEHKHMHIMK OMp TEKTYY dMeC) 3KCHIMIMH KaMChI3 KbUIyYdy
mapTTap TaObLITaH.

Ypynmmyy ce30ep: KMHEMAaTUKAIBIK MEHKHHIIUK, JKOJI, OMp TEKTYy DMECTHK, ailjiaHa,
mIapr.

Haﬁ,[[eHBI yClIoBuA, IPU KOTOPBIX B MHOIOMCEPHOM KHHCMATHYCCKOM IIPOCTPAHCTBE
CYIIECTBYET TOYKa C OKpPECTHOCTbIO, HEroMeoMOop(HOHl IIapy, TO €cTb MPOCTPAHCTBO
OKa3bIBaCTCAd HCOAHOPOAHBIM.

Knrouesvie cnoea. KHMHEMAaTHU4YCCKOEC MMPpOCTPAHCTBO, IyThb, HCOJHOPOAHOCTD,

OKpPECTHOCTD, YCIIOBHUC.

1. Introduction

Definition of a kinematical space M (the metric p« is the minimal time of
passing between points) was introduced in [1]. There exist paths in such spaces,
length of a path [a-b] between distinct points a and b is not less than pk(a,b).

Definition 1]2]. If two points of a topological space have
homeomorphic neighborhoods then they are said to be locally homogeneous.

We proposed

Definition 2. If atopological space has at least two non-homogeneous

points then it is said to be locally non-homogeneous.
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Remark. Some conditions on non-constructive existence of non-

homogeneous spaces are given in [3], [4], [5].
2. Definitions for motion of points with bounded velocity

As a codifying the ancient idea of controlled motion with bounded velocity,
the notion of kinematical space was introduced [1].

Definition 3. Acomputer program is said to be a presentation of a
computer kinematical space if:

P1) there is an (infinite) metrical space X of points and a set X; of display-
presentable points being sufficiently dense in X;

P2) the user can pass from any point x; in X; to any other point x, by a
sequence of adjacent points in X; by their will;

P3) the minimal time to reach x, from x; is (approximately) equal of the
minimal time to reach x, from x;.

The space X is said to be a kinematic space; the space X; is said to be a
computer Kinematic space; this minimal time is said to be the kinematical
distance py between x; and x,; a sequence of adjacent points is said to be a route.
Passing to a limit as X; tends to X we obtain the following.

There is a set K of routes; each route M, in turn, consists of the positive real
number Ty (time of route) and the function my : [0, Ty] — X (trajectory of route);

(K1) For x; # X, eX there exists such M eK that my(0) = x; and my(Ty) = X,,
and the set of values of such Ty is bounded with a positive number below;

(K2) If M={Ty, mu(t)} € K then the pair {Ty;, my (Tm —1)} is also a route of K
(the reverse motion with same speed is possible); (cf. P3).

(K3) If M= {Ty, my(t)} € Kand T*e (0, Ty) then the pair: T* and function
m*(t)=my(t) (0 <t <T%*) is also a route of K (one can stop at any desired
moment);

(K4) concatenation of routes for three distinct points Xy, X,, Xa.
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If there exists a kinematic consistent with the given metric then the metric
space is said to be kinematizable.
Denote [a-b] as any path (trace of a rout) in a kinematic space X connecting

points a and b.

Denote Sk(a, r):={y € X: pk(a, y)<r}.
3. One-dimensional kinematical spaces

Theorem 1. If there are such point z € X and r>0 that Sk(a, r) is
isometric to (—r, r) and four distinct points a, b, ¢, d e X such that any paths [a-b],
[a-c], [a-d] have the only common point

then the kinematical space X is not locally homogeneous.

Proof. Letr <min{ok(a, b), pk(a, c), pk(a, d)}.

If Sk(a, r)» [a-b] is not isometric to (—, 0] then the kinematical space X is
not locally homogeneous, as well as Sk(a, r) [a-c] and Sk(a, r)» [a-d].

If all these three sets are isometric to (—r, 0] then Sk(a, r) is isometric to the
union of three copies of (—r, 0] glued at the point 0 and the point a is not locally
homogeneous to the point z. Q.E.D.

4. Main theorems on multi-dimensional kinematical spaces

Denote Sk(a, r):={y e M: p«(a, y)<r}.

Theorem 2. Inakinematic space M, if each point x has a neighbor S(x, r)
being isometric to an open ball of radius r in R" , n>2, then for any path [a-b], and
compact set C,, [a-b];» C, = O there exists (another) path [a-b], and its finite
covering

S*:= (=g T S(Xi M)
such that S(x;,ri) NS (Xi+1, ri+1)# &, i =1.m-1; S*H C, =& and for the boundary
Bd(S*) n[a-b], =&

P r o o f. By the condition, for each x e [a-b]; there exists a neighbor S(x, r).
Diminish each r to ensure r < p«(x,C,). Due to compactness, there exists a finite

cover of the set [a-b]; by these open balls S(x,r). Number them along the path [a-
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b],. Further, we change segments [Xx;xi+1] of the path to ones with lengths close to
ox(XiXie),d = 1,...,m-1.

Theorem 3.If1) there are four distinct points a, b, ¢, d € X such that
there exists a path [a-c] not containing points b and d and every path [a-c] and
every path [b-d] have a common point; 2) At least one point has a neighbor
isometric to an open ball in R" then the space X is locally non-homogeneous.

Proof (bycontradiction). Let all points in X have neighbors isometric to
open balls in R", let a point e e [a-c] v [b-d] . Let {Xi,X,,...,.Xn} be a sequence built
by Theorem 1 with C,:={{b}, {d}}. As b and d are not in Bd(S*), let z, be the
"first" point of a path [b-d] in Bd(S*) and z; be the "last" one, i and j are such
numbers that z, € S(x;, ;) and z; e S(x;, r;). Without loss of generality, i <.

Choose points y, € BA(S(x, rv)) «Bd(S (X+1, rk+1)), k=i,...,j and draw a path
along boundaries:

[20-21] =[2o-YiYis1---~Yj1m21].

Hence, there exists the path [b-z,-z;-d] having empty intersection with the

path [a-c] and, hence, which contradicts the condition 1) of Theorem. Q.E.D.
5. Corollary

The following theorem can be considered as application of

Dirichlet's box principle: if p items are put into q containers, with p > q,
then at least one container must contain more than one item.

Theorem 4. If 1) there are distinct points a, b, ¢4, C,, ..., ¢g, d € X such
that there exist paths [a-c.], [a-C,/, ..., [a-Cq], each couple of them has the only
common point a; 2) one of paths [a-c;] and every path [b-d] have a common point;
3) At least one point has a neighbor isometric to an open ball in R"
then the space X is locally non-homogeneous.

P r o o f. Suppose that the paths [a-c;] have a common point [b-d]. Applying
Theorem 3 we obtain locally non-homogeneity.
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6. Conclusion

For kinematical spaces being subspaces of R", these theorems provide
existence of points z such that for all its neighbors V the set difference V \{z} is not
connected. Probably, points with neighbors being holomorphic to “half-balls” for
n=2

{212, ....z0) € R" 1 2,242+ ... 4z < 1%, 2,20}
by means of paths “which cannot be crossed”.

What other types of neighbors can be detected by properties of paths?

The work was carried out within the framework of the project of the Kyrgyz-Uzbek

International University named after B.Sydykov.
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MORPHISMS IN CATEGORY OF CONTROLLED PROCESSES
IN COMPUTATIONAL MATHEMATICS

Pankov P.S.!, Kenenbaeva G.M.?
YInstitute of Mathematics of NAS of KR
'Kyrgyz State University named after J. Balasagyn

Supra, the notion of category of equations was introduced by the second author with
assistance of the notion “predicate” on the base of the principle of preservation of solution while
transformations; elements of the category of equations and its subcategories were constructed on
the base of well-known categories. As a specification of the second law of thermodynamic for
isolated systems, supra the first author introduced new definitions, proposed general hypotheses
and derived estimations from below on increasing of entropy on depending on time in
permanently unstable (affectable) systems. On this base, the authors proposed the category of
controlled processes
in computational mathematics. Definition and examples of morphisms in this category are
proposed in this paper.

Keywords: category, morphism, entropy, control, differential equation, affectable system,
motion.

Mypaa 3KuHYH aBTOp, ©3repTYYJIep1e UbITapbUIBIIITEl CAKTOO MPUHIIMONHUH HETU3UH/E
“mpeaukar’ TYHIYHYTYHYH >apJaMbl MEHEH TEeHJEMENIepANH KaTerOPUSICHIHBIH TYIIYHYTYH
KHUPIru3red, TCHACMCICPANH KAaTCTOPUACBIHBIH JKaHAa aHBIH KaTCropuddalapblHbIH 3JICMCHTTCPHU
6CJ'ITI/IJ'IYY KaTeropusiap AbIH HETU3HNHAC KypyJiraH. YerTeTHarex cucreMmaaa
TEPMOANHAMHUKAHBIH ODKWHYM 3aKOHYH TaKTOO KaTaphbl, 6HpHHqH ABTOP XaHbl aHBIKTaMaJ1apJbl
KUPrU3TeH, JKalbl TUIIOTE3ajJaplbl CYHYIITAIl, TaaCcup OJTWIYYYY CHUCTEMala MaTepHUaIIbIK
YEKUTTH CYPYJIYYCY3 aHa CYPYJIYYHYH HETH3WHJAE KaHJIAiIplp OMp apajiblKKa >KbULABIPYYAa
yOaKbITTaH KO3 KapaHAbl OOJI'OH JHTPONUSHBIH OCYYCYHYH TOMOHKY OaachlH airaH. byn
Makajazia OyJ aHbIKTaMasap alKaibIITHIPbUITaH.

Ypyummyy ce3z0ep. xareropusi, mopdusm, sHTpomus, Oamkapyy, AuddepeHIranIbK
TEHJEME, TaaCup dTUITYY4Y CUCTEMA, KbIMMBLII0O0.

Panee BTOPBIM aBTOPOM 6LIJIO BBCACHO IIOHATUC KaTCropuu ypaBHeHI/Iﬁ C IIOMOIIBKO

MOHATUS “TIpeMKAT’ HAa OCHOBE MPHUHIMIIA COXPAHEHHUS PEHICHHS TPH TPeoOpa3oBaHUSX;
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IIOCTPOCHBI JJIEMEHTHl KaTErOpMM YypPaBHEHUN M €€ IMOJKATEropuii Ha OCHOBE W3BECTHBIX
KaTErOpHUil.
Kak yrouHeHue BTOpOro 3aKOHa TEPMOJUHAMMKH Uil M30JUPOBAHHBIX CUCTEM, IIEPBBINA aBTOP
BBEJI HOBBIE OIpPENEICHUs, NPEAJOKWI OOLIMe TMIOTEe3bl M TMOJMYYMJ OLEHKHM CHMU3Y MAJs
BO3PACTaHMs SHTPOINUU MPHU MEPEIBUKEHUHN MATEPUATIbHON TOUYKH O€3 TPEHUS M ¢ TPEHUEM Ha
OINPEECNIEHHOE PACcCTOSIHME B 3aBUCHUMOCTH OT BPEMEHHM B IIEPMAaHEHTHO HEYCTOWYMBBIX
cucremax. B naHHol cratbe 3TH onpeesieHns 00beAUHEHBI.

Kniouesvie cnoea: xareropus, MOp(hu3M, SHTPONHUA, YIpaBieHUE, TUPPepeHIraIbHOe

YpaBHCHHUEC, ICPMAHECHTHO HGYCTOfIQHBaH CHUCTEMA, IBHKCHUC.

1. Introduction

Investigations in the category of topological spaces in Kyrgyzstan were
initiated [1]. The notion of the category of equations was introduced [2] with
assistance of the notion “predicate” on the base of the principle of preservation of
solution while transformations; elements of the category of equations and its
subcategories were constructed on the base of well-known categories.

As an improving of the second law of thermodynamic for isolated systems,
on the base of [3], [4], [5], we put a general hypothesis on estimations from below
on increment of entropy during motions in [6].

By using new definitions in [7] If low energetic outer influences can
cause sufficiently various reactions and changings of the inner state of the system
then it is said to be an “almost isolated”, “permanently unstable”, “affectable”
system (A-system); such outer influences are said to be commands (these reactions
and changings are implemented by means of inner free energy of the object) we
found some estimations from below on increment of entropy while motion of a
material point both without friction and with friction over definite distance on
depending on time in such systems.

Section 2 contains survey of known categories including the category of
energy-entropy-optimization processes.

There are examples of some morphisms in this category in Section 3.

Remark. Morphisms are denoted as Mor or Hom in literature.

2. Survey of known categories
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2.1) The basic category Set of sets. Ob(Set) are sets; Mor(Set) are functions.

2.2) The category Func of functions (synonyms in various branches of
mathematics: maps, operators, transformations). It is mentioned in publications but
we did not find its formal description. Ob(Func) = Mor(Set), Mor(Func) are
transformations of functions.

2.3) The category Top of topological spaces. Ob(Top) are topological spaces,
Mor(Top) are continuous functions.

We proposed

2.4) Category of equations Equa. Ob(Equa) contains tuples
{Non-empty sets X, Y, predicate P(x) on X, transformation B :X—Y}.

If (FxeX)(P(X)A(y=B(x)) then yeY is said to be a solution of the equation
{X,Y, P, B}. Particularly, if B is the identity operator I, then we obtain the equation
“P(x) ’only. Mor(Equa) are such transformations of tuples {X, Y, P, B} that
solutions (or their absence) preserve.

We also defined some subcategories of Equa:

2.5) The category Equa-Func of equations for functions.

2.6) The category Equa-Par of equations with parameters.

2.7) The category Equa-Func-Par of equations for functions with parameters
(including control).

2.8) The category Equa-Func-Ent of energy-entropy-optimization controlled
processes.

Denote the physical dimension as dim; dim(time)= z; dim(length)=24;

dim(mass)= x; dim (absolute temperature®) = 4. Then dim(energy)= pA%/7°.
In processes considered below increment of entropy is defined as 4H = ), AQ/®
where AQ is energy that was converted to heat irreversibly; dim(4H)= pA?l#1 9.

The second law of thermodynamic for isolated systems states increment of
entropy AH > 0 but does not give quantitative estimations. One estimation was
proven in [4]: the minimal energy (increment of entropy) to treat one bit of
information is the Shannon-von Neumann-Landauer boundary:

AHpi = kg In 2 where kg is the Boltzmann constant.
117 I Herald of Institute of Mathematics of NAS of KR, 2022, No. 2


https://ru.wikipedia.org/wiki/%D0%A2%D0%BE%D0%BF%D0%BE%D0%BB%D0%BE%D0%B3%D0%B8%D1%87%D0%B5%D1%81%D0%BA%D0%BE%D0%B5_%D0%BF%D1%80%D0%BE%D1%81%D1%82%D1%80%D0%B0%D0%BD%D1%81%D1%82%D0%B2%D0%BE
https://ru.wikipedia.org/wiki/%D0%9D%D0%B5%D0%BF%D1%80%D0%B5%D1%80%D1%8B%D0%B2%D0%BD%D0%BE%D0%B5_%D0%BE%D1%82%D0%BE%D0%B1%D1%80%D0%B0%D0%B6%D0%B5%D0%BD%D0%B8%D0%B5

A hint to such estimation in general case was in [5]: “In any mechanical
system the energy that must be expended to work against friction is equal to the
product of the frictional force and the distance through which the system travels.
Hence the faster a swimmer travels between two points, the more energy he or she
will expend, although the distance traveled is the same whether the swimmer is fast
or slow.”

Basing on the notion of economical (cruising) speed, taking into account
ide-as of Ecological Rallies for cars we specified the second law of thermodynamic
for A-systems. We proved some estimations in mathematical models describing
such concrete systems [8]-[9]-[10].

Let there is a (closed) system. Let it is in any stationary state A now and
there it can pass to any other stationary state B.

Hypothesis [6]. There exists such time T, (the adiabatic time of the system),
depending only on the initial state of the system, that AH is not less than any
positive value for any transition from the state A to the state B during T<T,.
Moreover, there also exists such positive constant C, that AH > C, /T %
dim(Co)= uA?l 4.

By the principle of determinism, there is only scenario of the future for any
iso-lated system, that is, there cannot be different possibilities of transitions.
Hence, the system is to be A-system (with unbounded volume of inner free
energy): different possible actions, transferring it from the state A to the state B by
means of irreversibly converting free energy to heat which are controlled by any
outer impetus of sufficie-ntly small energy.

Ob(Equa-Func-Ent) are A-systems with the task (*): to transfer the state A to
the state B in time T with minimal increment of entropy AH.

Mor(Equa-Func-Ent) are transformations of A-systems preserving the
minimal increment of entropy.

3. Examples of morphisms

Example 3.1. Let B be over A in gravitation field with constant g, dim g

=Al7 2. There is the load M of mass m based on many compressed short almost
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ideal springs at the point A, the massive brake with temperature @ along the

segment AB and the catcher at the point B; (*).
It is proven in [11] that the adiabatic time is To := W(2h/q) and
sup AH = mh¥T? (1- T4 T, %)%/2/ 6.

Example 3.2. Let A be over B at the height h in gravitation field and B be on
an
absolutely elastic plane. There is the load of mass m at the point A, the massive
brake with the absolute temperature @ along the segment AB and the catcher at the
point A. We can apply unbounded force to the load. It is necessary to return the

load to the point A by repelling at the point B during the time T.
It is proven in [11] that the adiabatic time is T, := 2 W(2h/q) and
sup AH =2mh?/T? (1- T4 T, %)% 6.
Theorem 1. Changing (m, h, q) — (m/7, nh, 1q), 7>0 yields a morphism.

The work was carried out within the framework of the project of the Institute of Mathematics of
the National Academy of Sciences of the Kyrgyz Republic.

REFERENCES

1. Borubaev A.A. [On categorical characteristics of compact, complete uniform
spaces and Raikov-complete topological groups]. Proceedings of Academy
of sciences, 2007, issue 4, pp. 1-6 (in Russ.).

2. Kenenebaeva G.M., Askar kyzy L., Beishebaeva Zh.K., Mamatzhan uulu E.
Elements of category of equations. Herald of Institute of Mathematics of
NAS of KR, 2018, No. 1, pp. 88-95 (in Russ.).

3. Martin N.F.G., England J.W. Mathematical Theory of Entropy. Addison-
Wesley Publishing Company, 1981, 257 p.

4. Landauer R., Bennett C. H. The Fundamental Physical Limits of
Computation. Scientific American, July, 1985, pp. 48-56.

5. Landauer R. Irreversibility and heat generation in the computing process.

IBM Journal of Research and Development, 1961, vol. 5, pp. 183-191.
119 I Herald of Institute of Mathematics of NAS of KR, 2022, No. 2


https://www.google.kg/search?hl=ru&tbo=p&tbm=bks&q=inauthor:%22Nathaniel+F.+G.+Martin%22
https://www.google.kg/search?hl=ru&tbo=p&tbm=bks&q=inauthor:%22James+W.+England%22
http://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.68.7646&rep=rep1&type=pdf

6. Pankov P.S. Adiabatic indicators of closed systems. Bulletin of Kyrgyz
National University named after J.Balasagyn. Series 3. Natural and
technical sciences. Physics

7. and physical education, 2003, pp. 146-147.

8. Pankov P., Bayachorova B., Juraev M. Kyrgyz tilin komputerde chagyldyruu
[Presentation of Kyrgyz language on computer]. Bishkek, Turar, 2010. 172
p. (in Kyrg.)

9. Pankov P., Akerova Dzh. Minimization in mathematical model of increment
entropy in almost closed systems. Abstracts of V Congress of the Turkic
World Mathematicians. Bishkek, Kyrgyz Mathematical Society, 2014, p.
252.

10.Kenenbaeva G.M., Akerova Dzh.A., Kenenbaev E. Mathematical models to
estimate increment of entropy. Theses of proceedings of the Il Borubaev
readings. - Bishkek, Kyrgyz Mathematical Society, 2018, p. 26.

11.Pankov P.S., Akerova Dzh.A. [Differential equations with control in the
model of increment of entropy in almost closed systems with friction].
Herald of Institute of Mathematics of NAS of KR, 2018, No. 1, pp. 23-30 (in
Russ.).

12.Pankov P.S., Kenenbaeva G.M. Category of controlled processes in
computational mathematics and almost-isolated systems. Herald of Institute
of Mathematics of NAS of KR, 2022, No. 1, pp. 125-131.

13.Pankov P.S., Akerova Dzh.A. Mathematical models of increment of entropy

14.in affectable systems. Herald of Institute of Mathematics of NAS of KR,

2020, No. 1, pp. 82-88.
Received October 17, 2022
Accepted: 15th December, 2022

Information about the authors
Pankov Pavel, doctor of physical-mathematical sciences, professor, Corresponding

member of National Academy of Sciences of Kyrgyz Republic, head of laboratory of Institute of

120 Herald of Institute of Mathematics of NAS of KR, 2022, No. 2



Mathematics of National Academy of Sciences of Kyrgyz Republic, Bishkek, ORCID iD:
https://orcid.org/0000-0002-1420-9898, e-mail: pps5050@mail.ru

Kenenbaeva Gulay, doctor of physical-mathematical sciences, acting head of chair of
applied mathematics, informatics and computer technologies of Kyrgyz National University

named after J.Balasagyn, ORCID iD: https://orcid.org/0000-0002-9675-6667, e-mail:

gylaim@mail.ru

121 Herald of Institute of Mathematics of NAS of KR, 2022, No. 2


https://orcid.org/0000-0002-1420-9898
https://orcid.org/0000-0002-9675-6667

Mathematical loqgic, alopebra and number theory
MSC 15B99, 15A83 DOI: 10.52448/16948173 2022 2 122

TERMS OF ARITHMETIC PROGRESSION AS IDENTIFIERS IN THE

DECOMPOSITION METHOD
Bayzakov A.B.!, Aitbaev K.A 2, Sharshenbekov M.M.?

L23|nstitute of Mathematics of the National Academy of Sciences of the Kyrgyz Republic

It is revealed that the main mathematical apparatus for constructing high-order M-
matrices is an arithmetic progression. By virtue of the properties of the constants of squares as a
member of an arithmetic progression, we obtain the possibility of constructing matrices of ever
higher order. The possibility of obtaining a variety of M-matrices, for example, by rotating sub-
blocks, gives a good condition for applying high-order magic squares to information security, in
particular in cryptography.

Keywords: magic square, decomposition method for magic squares, arithmetic
progression

XKoropky Taptuntern M-maTpunaiapasl Typry3yyAa HErM3rM MAaTeMAaTHKAJbIK aIIapar
apu(QMeTUKaJIbIK IPOrpeccusi HKEHU aublk KepceTynny. KsagparTap[blH KOHCTaHTallaphbl
apu(MeTHKaJIBIK IMPOrPECCUSHBIH MY4eJepy KaTapbl OOJIOH KAaCHeTHMHEH YJaM YOHYpaak
TApTUOTETH MaTpULIaIapAbl TY3YY MYMKYHUYJYTYHe 33 00500y3. M-maTpunanapJbslH Ken
TYPA6PYH allyy MYMKYHUYJIYTY, MUCAJIbl, MUKH OJIOKTOpAY allIaHTyy >KOJIy MEHEH, >KOTOPKY
TAPTUIITETH  MAarvsjiblK  KBaAPAaTTBIH MaaJIbIMATTBIK ~ KOOIICY3JYKKa, JKCKCUC Yyuypada
KpUnTorpadusaa KoJaJI0HyIIyHa )KAKIIBI HIApT TY36T.

Ypynmmyy ce30ep: ChIAKBIPIlYY KBaJpaT, CHIMKBIPIYY KBajpaTTap YUYH AEKOMIO3HMLIUS
ycyiy, apu(pMeTHKaIIbIK IPOrPECcCHsl.

BBIHBHGHO, 4YTO OCHOBHBIM MAaTEMAaTUYCCKHUM ammaparoM IOCTPOCHUMA M-ManI/IH
BBICOKOI'O TIopsaKa, ABJIACTCA apH(bMeTquCKaﬂ Iporpeccus. B (927018% CBOICTB KOHCTAaHT
KBaApaTOB KaK YJICHa apH(bMeTHHCCKOﬁ nporpecCun mnojydacM BO3MOXKHOCTb ITOCTPOCHUA
MaTpull Bce Oosiee BBICOKOTO Mopsaka. Bo3MOXKHOCTH MoiydeHus MHOrooodpaszus M-marpwil,
Harmpumep, BpallCHHUEM HO)I6J'IOKOB, JacT Xopouie€ YCIOBHE TPHUMCHCHHA MAarun4eCKux
KBaJPaTOB BBICOKOTO TMoOpsAKa K HWH(POPMAIMOHHOM O€30MacHOCTH, B YacTHOCTU B
KpUnrorpaduu.

Kniouesvle cnosa: marmyeckui KBaJpaT, METON JIEKOMIIO3UIMU [IJII Maru4ecKux

KBaJ[PaTOB, apu(hMETHUECKAs IIPOTPECCHSL.
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Various methods have been proposed for constructing magic squares
(hereinafter M-matrices) [1-2]. One of the effective methods for constructing M
matrices is the terrace method. However, this method has a drawback - the method

works only for constructing M-matrices of odd order: n=2k -1,k e N .

The authors implemented the algorithmization and programming of this
method in electronic form. In particular, on a computer it is possible to construct
M-matrices of a high order 101-101, even of a higher order. Note that the constant
of squares of this matrix is calculated by the formula for determining the sum of
the members of the arithmetic progression

Uy, +U
— 1k k
Sy = .,
2

k is the number of the split matrixor S, ., =S, +mk.

nk+m

To construct high-order M-matrices (both even and odd), the authors
proposed a new decomposition method [1]. In this method, the main mathematical
construction apparatus is the properties of an arithmetic progression. The constants
of squares forming an arithmetic progression act as identifiers - operators. Note
that the required set of values of square constants can also be calculated using a
second-order difference equation of the form

U,,=2u..,—U, nx1 (1)
with appropriate initial conditions. According to the Euler method, the general
solution of equation (1) has the form

u(n)=c,+c,n,
due to the fact that the roots of the characteristic equation A°-21+1=0:

A, = A, =1 coincide. The constants of squares that form an arithmetic progression

act as operators.
For clarity, let's build an M-matrix of size 9 * 9. We apply the
decomposition method. For the base we take a magic square of size 3 * 3 with

spaced numbers, see Fig. 1.

8]1]6]
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3|5 |7
419 |2
Fig.1

We divide the given 81 digits into 9 groups: 1, 2, 3, ..., 9, 10, 11, ..., 18, 19, 20, ...,
27,28, ..., 72,73, 74,..81.
Further, in each group, without changing the order of the numbers, we introduce

the notation: a,,a,,..., a4, 8. In the first group, they are located as in the base
square.

In the 2nd group & =10, a, =11, a, =12, ...,,a, =18; In the 3rd group a, =19,
a,=20,a,=21,...,8,=27, ..., in the 9th group a =73,a,=74,..,a,=81. Let us
determine the constants of squares in groups. It is clear that for the base square

S :%.3:15_

1

a8 al aG

a‘3 a‘5 a7

a, | a, | a,
Similarly: S, = 47% 3 10;18 -3=42,

_19+27

S, :3=69=S,+9-3=42+27 and soon

S,=S,+27=96,S, =S, +27=123,S, =150,S, =177,S, = 204,S, = 231.
The found constants of the squares are arranged in an M-matrix of size 3 * 3, in

particular, according to the same rule, see Fig.2. Now we will consider each square

constant as an identifier of the group in which it was calculated.

204 |15 | 150

69 |123|177

96 | 23142
Fig. 2

Next, instead of each identifier, we will open 3 * 3 squares. For example,
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816 17 10 15
S, =15 357 [;S,=42<(12 14 16 |;...;S, =204 <

492 13 18 11
71 64 69 80 73 78
< |66 68 70 |S;=231<|75 77 79
67 72 65 76 81 74

AS a result

64 | 69 53|46 |51

68 | 70 48 |50 | 52

72|65 49 | 54 | 47

19|24 144 |37 |42

27120]40|45|38

| 23]25|39]41][43
|

@ 17 10 15 28 | 33

N 12 14 16 32|34

iy 13 18 11 36| 29

Let us calculate the constants of the square of the constructed M-matrix:

S= a1;a81 -9:1+281-9:369.

Let's do a check. For example, the sum of the first row:
71+64+69+8+1+6+53+46+51=2369.
Similarly, the sum of each row and the sum of each column, as well as the sum of
the main diagonals individually, is 369. The goal is achieved.
We have built a 9*9 magic square based on the previously built one 3*3
magic square. Further, due to the constant of squares of size 3 * 3, we can get
many different magic squares of size 9 * 9. Each square (block) of size 3 * 3,

independently of the others, can be rotated clockwise (or counterclockwise) by
90°;180°%;270°, then each time a new magic square of size 9 * 9 will appear. This

possibility of diversity gives a good condition for the application of high-order
magic squares (for example, 100*100) to information security, in particular in
cryptography. This is the reason for the relevance of constructing high-order M-

matrices.
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Next, we will illustrate the construction of a 12th order M-matrix based on
the available M-matrices of the third and fourth order. Recall that the first chosen

M-matrix of the fourth order is known as the “Diirer square”.

6|72 163 |2 |13 13| 2 |12 7

115]9 5/10|11] 8 16396

834 916|712 1148 |11

Fig. 3 4 11514 |1 4 1155 |10
Fig. 4.

We will construct a 12th order M-matrix using the 3*4 decomposition
method. Now we divide the set of numbers from 1 to 144 into 9 groups, in each
group there are 16 numbers in ascending order:

Istgroup-1,2,3,...,16,

Il group - 17, 18, ..., 31, 32, and so on,

Group VIII - 113.114, ..., 127, 128,

IXth group - 129.130, ..., 143, 144,

Further, each group of numbers will be placed according to Fig. 3, counting
the initial number as shifted number 1, and the last number as shifted number 16.
For example, in the second group, the number 17 will be placed instead of 1; the
number 18 is placed instead of 2, and so on, the last number of this group 32 is
placed instead of 16. To calculate the constant of the squares of each group, we
proposed the formula

n®+1

S= n+kn

k is the amount of shift. For the second group k =16, for the third group k=32,
and so on. For our case n=4. Then the constants of the squares of the created
groups form an arithmetic progression with the difference d =16-4=64. And so
we have the first 9 members of the arithmetic progression a =34, a, =98,

a, =162, ..., a, =546, and we will place them in full accordance with the numbers

in Fig. 1, that is,
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a, a a, 354 418 98
a, a, | = |34 290 546
a, a, 482 162 226

&
8
Note that the square constant of the last M-matrix is 870.

Further, we will consider the obtained 9 square constants as operators of
expanding order. The M-matrix of the 12th order is considered as a nested 3 * 4, or
rather a block matrix. Each element of the M-matrix of the third order is
considered as a block and expanded, keeping its location in Fig.3. So, for example,

the constant 34 will consist of M-matrices of the fourth order of the form

16| 3 | 2 |13

5
916 |7 |12
4

By virtue of the constants of the square, each block can be painted in an arbitrary
way. We have the right to take any other M-matrix of the fourth order from the

database, for example,

13|12 |12 7

16/ 3|96

1 (14| 8 |11

4 115|510
Fig. 5

For the constants 98 and 162, we can take the M-matrix of the fourth order built on

the basis of the last Fig. 5 contained in our database:

2918|2823 45|34 144 |39
321192522 4835|4138
17130 |24 |27 3330|4043
2031|2126 36|47 37|42

We will continue this procedure for all constants of the squares in Fig.5. As a

result, instead of each constant of the square, we write the M-matrix of our group,
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we get the M-matrix of the 12th order. Here is a fragment of the location instead of

constants 34, 98, 162 M-matrices of the 4th order of these groups.

2918 28|23
321192522
1730 |24 |27
201312126

(B
w
N
=
N
~

H
|_\
N
Ul|oo|w©
|_\
H

45134144 |39
48 135141 |38
33130[40]43
36 | 47|37 |42

Finally, we obtain one form of the M-matrix of the 12th order:

93 |82 |92 |87 29 | 18 | 28 | 23
96 |83 |89 |86 32 119 | 25 | 22
81 |94 |88 |91 17 | 30 | 24 | 27
84 |95 |85 |90 20 1 31 | 21 | 26

13 | 2 |12 | 7 | 77 |66 |76 |71 |141]130[140]|135
16 | 3 9 | 6 | 80|67 |73 |70 |144|131|137|134
1 14 | 8 |11 | 65 |78 |72 |75 |129]142|136|139
4 115 ] 5 1068 |79 |69 |74 |132|143 133|138
61 |50 |60 |55
64 |51 |57 |54
49 162 |56 |59
92 |63 |53 |58

+a,
It is clear that §= %' on_34+546

3=870. We built 9*9 (12*12) magic

squares based on the previously built one 3*3 (4*4) magic square. Further, due to
the constant of squares of size 3*3(4*4), we can get a lot of different magic
squares of size 9*9 (12*12) from the magic square we built of size 9*9 (12*12) of

each square (block) of size 3*3 (4*4) independently of the others, you can rotate
clockwise (or counterclockwise) by 90°;180°;270°, then each time a new magic

square of size 9*9(12*12) will appear. This possibility of obtaining a variety of

matrices gives a good condition for the application of high-order magic squares to
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information security, in particular in cryptography. This is the reason for the

relevance of constructing high-order M-matrices.
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THE PROBLEM OF OPTIMIZATION OF LIVESTOCK PRODUCTION,
TAKING INTO ACCOUNT SOWING AND RENTAL AREA

Asankulova M., Iskandarova G.S., Nurlanbekov A.N.
Institute of Mathematics of National Academy of Sciences of the Kyrgyz Republic

Abstract:The article developed a mathematical model and an algorithm for solving the
problem, which determines the optimal size of the sown and rented area, as well as the choice of
kept animal breeds on the farm without limiting production volumes according to the criterion of
maximum net income.

Key words: mathematical model, rental sown area, production, net income, household,
animal breeding, expenditure, solution algorithm.

byn makanaga makcumanayy Taza KUPELIEHUH KpUTEpUiiM OOIOHYA OHAYPYLI KOJIeMYH
‘leKTe6eCTeH, oKapara aJlbIHI'aH afmoo ASHTBIHBIH OINTHMAJIAYY OJIYOMYH JKaHa qap6az[a
Oarpulyydy MajblH TYKyMYH TaHJ0O MAacejleCMH YEeUyYHYH MaTeMaTHKaJIbIK MOJEIU KaHa
AJIT'OPUTMH UIITCJIMITI YbIKKAH.

Ypyummyy ce3zdep: MareMaTHKalIbIK MOJENb, apeHAAJBIK STUH asHTHI, OHIYPYII, Ta3a
KHUpCIIC, 9KOHOMHKaA, Mall IIap6(«3.‘H>IJ'IBIFI>I, KCPCKTOO, 4CUYY AJITOPUTMMU.

B cratbe paspaboraHa MaTemaTHueckas MOJEIb M aJTOPUTM DPELIEHUS 3aJayu, e
OIIPCACIIACTCAH ONTHUMAIbHBIN pa3Mep IOCEBHOU U apeHz[yeMoﬁ IJIomaaun, a TaKXKe BBI60p
COACPKUMBIX ITIOPOJ KHMBOTHBIX B XO3SHCTBE 0€3 OrpaHU4YCHHA Ha 00BEMBI IMPOU3BOACTBA
MNPpOAYKIUHU 1O KPUTCPUIO MAKCHUMYMa YHUCTOT'O JOXO0AA.

Knrouesvie cnosa: wmaremMaTudeckast MOZACIIb, AapCHAHAasA IIOCCBHAA Iomanib,
MMpONU3BOACTBO, YUCTBIN J0X01, X03}II\/'ICTBO, JKUBOTHOBOJCTBO, pacCXond, aJITOPUTM PCILICHHA.

1. Introduction

The scientific discovery of L. V. Kantorovich [1], at the intersection of
mathematics and economics has become a tool for mathematical modeling and has
enabled many scientists to engage in this field of science. The main theoretical
aspects of economic and mathematical methods and models for solving a wide
class of applied problems of economic analysis and forecasting are described in
[2],[3]. In [4-14], applied economic and mathematical models of the agricultural
sectors of the economy are developed and are accompanied by specific numerical
examples. The authors of [14]-[16] developed economic and mathematical models
for regulating prices for agricultural products and the elasticity of product quality

in terms of price and costs.
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In this paper, a mathematical model and an algorithm for solving the
problem are developed that determine the optimal size of the sown and leased area,
as well as the choice of breeds of animals kept in the farm without limiting
production volumes according to the criterion of maximum net income. The
developed mathematical model leads to an increase in the efficiency of the

agricultural sector of the economy at the objects under study.

2. Problem statement

Let a farm having acreage of various categories (irrigated, rain-fed, etc.) in
the amount of s,, keK planned to get the maximum income from the production of
products by updating his farm with more productive cattle breeds as in [8] and
expand their acreage by additionally renting acreage. The farm plans to expand its
acreage based on financial capabilities. Rented acreage is limited by Ry, keK.
The fee is g per unit of k-th rented acreage, kekK.

Suposedly, for each type of cattle breed are known its productivity and the
corresponding daily feeding ration.

Besides, the yield of the fodder crop is known for each category of the sown
area.

It is required to determine the optimal number of productive animal breeds
and the appropriate size of the acreage to ensure maximum net income to the farm
from the production and sale of livestock products, as well as the size of the
acreage purchased for rent.

The mathematical model of the problem is presented below.

To find a maximum

L(X,y,z,v) = Zahzh - (Z Z CyXig T ch|hy|h) - ngvk (1)

heH keK jelg heH leL keK
having conditions
D X <s +V, keKUK, 2)
i€do
D% =2 D oy jedy, 3)
keK heH leL
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> 0'y' =2", heH, (4)

leL

kzggkvk <D, (5)

0<v, <R\, kekK, (6)

X =0, keK, jedo, (7

2" >0, heH, (8)

v >0, kekK, 9)
y' >0, heH, leL - isinteger, (10)

where z={ 2" heH} , x={ x4: keK, jelo}, y={y/ :he H, leL- is integer},
v={v: keK}.
J - is the index of the type of agricultural crop production used in the daily diet of
animal feeding, j&Jo;
Jo - 1S the set of sown production for animal feed, Jo={1,2,...,n};
k - is the index of the type of category of acreage in the farm, keK;
K- is the set of type of acreage categories, K={1,2,...,p},
h - is the index of the type of livestock products produced on the farm,h eH;
H - is the set of types of products animal husbandry, H={1,2,..., H};
| - is the index of the type of animal breed in the farm, |eL;
L- is the types of types of animal breeds, L={1,2,..., L }.
Known parameters:
Sk - IS the size of the sown area k -th categories in the household, keK;
ay - Is yield j-th type of sown on k -th categories of acreage of the farm, kekK,
j€Jo;
a?, - is an annual demand of j-th type of sown production per animal of I-th breeds

in production h-th types of products, where

a?,z,Bh,}/;‘,, jed,, leL, heH; (11)

ﬂ,—r] - is a share of j -th sown production in the daily diet per animal of I-th breeds

on the farm for production h- th types of products, j&Jo, l €L, he H;
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7/?. - is amount of days in the diet of feeding with plant products of j -th type for I-
th animal breeds in production of h-th type of product, je&lJo, leL, he H;
8" - is the volume of products of the h-th type received by the farm from one

animal of I-th breed, leL, he H;

& - Is the fee per unit of k-th rented acreage, kekK;

Rk — Is the maximum of possible size of the k-th type of rented acreage, keK;

D - is the financial ability of the farm to pay for rented acreage;

a"— is sale price of h-th types of livestock products on the farm, h eH:;

Cij — are costs per unit size of the k-th category of acreage for the j-th type of

culture, jely, kekK;
¢, - is annual consumption per animal of the I-th breed in the production of the h-th

type of livestock products, he H, I L.

Variables to find:
Xy — IS size from the k -th category of the sown area allocated for the j-th type of
crop, j€Jo, kekK;

y/'- Is the amount of animals of the I-th breed in the farm for the production of the

h-th type of product, he H, l L;
vi— Is size of the k-th category of the leased sown area, k eK;
2" — is volume of sold livestock products of the h-th type, heH.

Target function (1) determines the maximum net income received by the
farm from the production of various categories of sown and rented areas and the
sale of livestock products;

Limit (2) shows that for the cultivation of forage crops of all types, the
available acreage and rented acreage of various categories are occupied,;

Limit (3) show that the volume of agricultural products of each type produced for
feed must be equal to the volume of the farm's needs for internal needs (for feed);

Limit (4) requires that the volume of livestock products of each type must be

sold:;
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Limit (5) shows that the size of the leased acreage of various categories does

not exceed the financial capacity of the farm;

Limit (6) shows that the sizes of leased acreage of various categories are

limited to the maximum possible size of leased acreage;

Limits (7) (8), (9) require non-negativity of variables;

Limit (10) requires that the value of variables must be an integer.

Table 1

Recording the condition of the problem (1)-(10) in the form of a table

T2 A
X11 | X2 Xin | Xo1 | Xo2 | .. Xon | -] Xp1 | Xp2 Xpn |27 |2 z' |y Y
1 1 1
1 1 J1
1 1 1
ayg an ap1 —0{111 _allz
ai, an ap2 —ay | —oy
am azn apn —ay | —ap,
- 1 1
1 6, 0,
-1
-1
T 2 I 1
Ci1 | C12 Cin | C21 | C22 | ..{Con | ..{Cp1 | Cp2 Con (@ | @ a |c C,
Table 1 continued
1 2 2 2 h h h
Yi i | Ys Yi i Y2 yi o [Vi Ve Vk
-1 < S,
-1 < S,
_1 S Sp
1 2 2 2 h h h =
Oy | @y | T —0y Q| T —0y 0
1 2 2 2 h h h =
Ay | Ty | Ay —Uy, Ay | Ay —Qy 0
1 2 2 2 h h h =
—ay —Qpy ey —Qy —Qpyy —p ) 0
1 =
0,
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The algorithm for solving the problem.The algorithm for solving the
problem (1)-(10) differs from the algorithm described in [10, 11] with minor

changes. As in [10], calculations begin with the calculation of the parameter values

a?,, ] €Jo, I €L, h e H according to the formula (11).

Using parameter values ay, Cy, Sk, & R keK, jedo u 6, ¢, " heH,

I L, D, anumerical model of the problem is formulated according to (1)-(10).
From the solution of the problem, the number of cattle of the farm is

determined y={y;':, he H, le&L}, the appropriate size of the acreage allocated for

fodder crops x={ xij: keK, j&Jo and the size of the acreage purchased for rent v:
keK, as well as the volume of livestock products sold z={z": heH}, allowing to
provide the maximum net income to the household. The solution algorithm ends.

Example. Let a farm engaged in the production of livestock products (milk
and meat), having a financial resource in the amount of 1000000 soms and having
sown areas in the amount of S = 366 ha, of which irrigated S; = 280 ha, and
rainfed S, = 86 ha, planned to receive the maximum income from production by
updating its farm with more productive breeds of cattle and increasing acreage by
additionally renting acreage. He plans to increase the area under crops, based on
his financial capabilities. Leased crop areas are limited by Ry, k=1,2, i.e.
R«={R1,R2}={300,150}. We also know the payment & per unit of the k-th leased
area, k=1,2, i.e. g.={¢1,6,}={2000,1500}.
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The farm has a choice of animals of productive breed for the production of
milk and meat with the appropriate daily feeding ration [8]. Two breeds of dairy
cows and two breeds of beef cows. For milk production:

-the first type of breed - dairy cows with a milk yield of 3600 kg with a daily
feeding ration (Table 2);

- the second type of breed - dairy cows with a milk yield of 4500 kg with a
daily feeding ration (Table 3);

Similarly, the first and second types of breeds for the production of meat -
bulls (heifers) with a diet of feeding with a live weight of 300 kg, respectively and
450 kg meat (Tables 4 and 5).

Table 2
Daily feeding ration for dairy cows of the first breed with a milk yield of 3600 kg
Feed name Daily ration kg Fodder | common Total for number
(1 animal) units unit 1 animal of days
1 | Medick (dry fodder) 4 0,5 2,0 720,0 180
chaff wheat 1 0,2 0,6 180.0 180
2 barley 3 2 360.0
3 haylage 6 0,3 1,8 1080,0 180
The concen- | wheat 0,3 109,5
4 | tration of the | barley 2,4 1,5 1 2,4 5475 365
feed corn 0,6 219,0
5 | Silage(corn) 10 0,3 3,0 1800,0 180
6 | Mineral feed 0,010 - - - 365
7 | salt 0,030 - - - 365
Pasture forage 40 - - 7200,0 180
8 | Green feed
Total - - 9,8
Table 3
Daily ration of feeding milk cows of the second breed with milk yield 4500 kg of milk
The name of the fodder Dally_ ration Number | For ayear
(1 animal) of days (1animal)
1. Medick (dry fodder) 10 kg 180 1800 kg
5 chaff Wheat 3 kg 1 kg 180 180 kg
Barley 2 kg 360 kg
3. Haylage 8 kg 180 1440 kg
| Wheat 2 kg 730 kg
4 The  concen-tration 3 kg 365
' of the feed Barley 0,5 kg 182,5 kg
seed (corn) 0,5 kg 182,5 kg
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5. Silage (corn) 12 kg 180 2160 kg
6. Mineral feed - 365 3,6 kg
7. salt - 365 10,8 kg
Pasture forage
8. Green fodder 50 kg 180 9000 kg
Table 4
Daily ration for feeding cattle (bulls, heifers) with live weight 300 kg
. . General
1I'1hef dndame of Dally_ ratllon Egﬁder unit Total for | Days qty
the fodder (1 animal), kg 1 animal
1. Medick (dry fodder) | 3 0,5 15 540,0 180
9 cha | Wheat 9 0,5 0.2 0,4 90,0 180
' ff Barley 1,5 ’ 270,0
3. Hayalage 6 0,3 1,8 1080,0 180
Co | Barley 0,5 182,5
n ?ecé Wheat 15 0,5 1 15 1232 365
q Seed (corn) 0,5 ’
5. Silage (corn) 5,0 0,3 15 900,0 180
6. Mineral feed 0,010 - - - 365
7. Salt 0,030 - - - 365
Pasture forage - 5400,0
8. Green fodder 30 i 180
Total - - 6,7 - -

Table 5
Daily ration for feeding cattle (bulls, heifers) for meatwith a live weight of 450 kg

The name of the | Daily ration Days gty For a year (1
fodder (1 head) head)
1. | Medick (dry fodder) 5 kg 365 1825 kg
2. | chaff 1 kg 365 365 kg
3. | Hayalage 10 kg 180 1800 kg
Barley 1 kg 365 kg
4. t(;]inf%e(;)f seed (corn) | 3 kg 1kg | 365 365 kg
Wheat 1 kg 365 kg
5. | Silage (corn) 10 kg 180 1800 kg
6. | Mineral feed - 365 -
7. | Salt - 365 -
Pasture forage
8. [ Groen fodder 30 kg 180 5400 kg

In addition, the following are known: - the selling price of a unit volume of

milk a!= 25 soms, meat a® = 140 soms;
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- crop yield on irrigated fields (I) and rainfed (1), included in the feeding
ration, ay;, k=1,2, j=1,2,...,7 (Table 6).

Table 6.
wheat | barley | alfalfa hay | hayalage Green fodder Silage (corn) Grain (corn)
1 2 3 4 5 6 7
| | 2070.0 | 1962.2 | 2380.0 6281.0 5730.0 12340.0 20280.0
Il | 1500.0 0 1700.0 0 0 0 0

-the are expenses for growing agricultural crops per unit of size (1) and (1) fields,

Iij|2|7, Table 7.

Table 7.
1 2 3 4 5 6 7
| 2279.0 1096.0 2618.0 5071.0 9225.0 13574.0 7743.0
1 2000.0 1000.0 2000.0 5000.0 9000.0 13000.0 7000.0

Also known is the cost of keeping one cattle of each breed in the production
of milk and meat, respectively c;'=50040.0 soms, ¢/ =55080.0 soms, C';’

=18030.0 soms, ¢, =25020.0 soms.

It is required to determine the optimal size of the sown area of a different
category, the size of the leased sown area, based on the financial capacity of the
farm, and the corresponding number of productive animal breeds, allowing to
ensure the maximum net income for the farm from the production and sale of
livestock products.

For mathematical formalization of the problem, let's determine the annual
feed requirement per animal of each type of breed in the production of products,
ai, jel, lel, heH.

Using the daily feeding ration, we determine the annual need for each type
of agricultural product included in the feed for one dairy cow with a milk yield of
3600 kg and one dairy cow with a milk yield of 4500 kg. We will also determine the
annual need for each type of agricultural product for feed for one bull and a heifer

of the first and second type of breed for meat (see Table 8).
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Table 8.Annual feed requirement per animal, depending from breed and

productivity
Feed requirement per dairy cow Feed requirement per cow for meat
The name of the | 1 type of breed | 2 type breed | 1 breed with a live | 2 species of live
fodder with 3600 kg | with 4500 kg | weight of 300 kg weight breed 450
milk yield milk yield kg
1.wheat 289,5 362,5 272,5 365,0
2.barley 907,5 1090,0 4525 730,0
3. perennial grass
3.1.Medick (dry | 720,0 1800,0 540,0 1825,0
fodder)
3.2. haylage 1080,0 1440,0 1080,0 1800,0
3.3. Green feed 7200,0 9000,0 5400,0 5400,0
4. Corn
4.1.silage 1800,0 2160,0 900,0 1800,0
4.2.seed 219,0 182,5 182,5 365,0

We formulate a numerical model of the problem.

Find a maximum

L(x,y,z,v) =257 +1407% — (2279.0X11+1096.0X1,+2618.0X13+5071.0X14+9225.0X;5+
+13574.0X16+2000.0X,7;+1000.0X2,+2000.0X53+ 5000.0X54+9000.0X 5+
+13000.0x,6+50040.0 y; +55080.0 y; +18030.0 y; +25020.0 y? )-

- 2000v; -1500 v, (12)
under conditions
27:x1j§280+v1, ix2j£86 +V,, (13)
= =t
2070,0%11+1500,0x,,=289,5 y: +362,5 y: +272,5 y2 +365,0 y2,
1962,0X,,+0x%2,,=907,5y;+1090,0 y; +452,5y/ +730,0 y;
2380,0x13+1700,0x,3=720,0 y; +1800,0 y; +540,0 y; +1825,0 y; ,
6281,0x14+0x,,=1080,0 y; +1440,0 y; +1080,0 y; +1800,0 y?,
5730,0x15+0x,5=7200,0 y; +9000,0 y; +5400,0 y> +5400,0 y ,
12340,0x16+0x,6=1800,0 y; +2160,0 y; +900,0 y; +1800,0 y?, (14)
3600 y:+4500 y. >7, 300 y2 +450 y2>7?, (15)
2000 v; +1500 v, < 1000000, (16)
v <300, Vv, <150, (18)
x>0, k=12, j=12,..7, (19)
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2">0, heH,

vi>0, keK,

y' >0, heH, lel -isinteger,

(20)
(21)

(22)

We write the numerical model of problem (12) - (22) in the form of a table 9.

Table 9. Presentation of the conditions of problem (12) - (22) in the form of a table

Z; Z, X11 X12 X13 X14 X15 X16 Xo1 X22 X23
1 1 1 1 1 1
1 1 1
2070.0 1500.0
1962.0 0
2380.0 1700.0
6281.0
5730.0
12340.0
-1
-1
25,0 | 1400 | - - - - - - - - -2000.0
2279.0 | 1096.0 | 2618.0 | 5071.0 | 9225.0 | 13574.0 | 2000.0 | 1000.0
Continuation of table 9.
X24 X25 X26 yi Y, A y2 Vi V2
-1 < 280
1 1 1 -1 < 86
-289,5 |-362,5 |-272,5 |-365,0 = 0
-907,5 |-1090,0 | -452,5 |-730,0 = 0
-720,0 |-1800,0 | -540,0 |-1825,0 = 0
0 -1080,0 | -1440,0 | -1080,0 | -1800,0 = 0
0 -7200,0 | -9000,0 | -5400,0 | -5400,0 = 0
0 -1800,0 | -2160,0 | -900,0 | -1800,0 = 0
3600,0 | 4500,0 = 0
300,0 450,0 = 0
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1 < 300
1 < 100
2000 | 1500 | < 10000
00
— max
5000.0 | 9000,0 | 13000 | 50040,0 | 55080,0 | 18030,0 | 25020,0 | 2000 | 1500
0

Let's solve the problem (12)-(22) using the method used in [10].

We will get the optimal plan for the distribution of sown areas for fodder crops
X={ X11=32.77; X1,=120.13; X13= 0; X14=49.57; X15=339.65; X,16=37.85; X,;=7.03,
X22=0, X23=228.97, X»4=0, X,5=0, X26=0},
the composition of the kept breeds of cattle in the farm of dairy and meat direction

y={y;=0; y;=216; y/=0; y2=1}, the volume of products sold by the farm

z={ z, =972.0 tons}, and volumes of leased acreage v={v,=300, v,=150}, as

well as the amount of net income of the farm  L(x,y,z,z) =7015069.36 soms.

The work was carried out within the framework of the project of the Institute of Mathematics of

the National Academy of Sciences of the Kyrgyz Republic.
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AN ECONOMETRIC MODEL FOR ASSESSING STRUCTURAL
SHIFTS

Choroev K.

Institute of Mathematics of National Academy of Sciences of the Kyrgyz Republic

This article is devoted to the actual problem of developing models of structural
imbalances formed in the national economy of the Kyrgyz Republic. In the article, structural
imbalances are considered from the standpoint of one of the fundamental and urgent problems of
sustainable growth of the national economy. At the same time, in accordance with the formulated
goal, the following task is solved: to reveal the specifics of structural imbalances in the national
economy of the country as the main factor of sustainable economic growth.

Keywords: Structural imbalances, sustainable economic growth, econometric model,
production function.

byn crares Keipreiz PecrnyOnuKachblHBIH YIYTTYK SKOHOMHKCBIHIArBl TY3YJIYLITYK
AUCTIPONIOPHHAHBIH Haﬁz{a 6OJIYH_IYHYH Ce6eHTepI/IH U3WJIA66re apHajlran MOACJIACpAN HUIITCII
YpITYy aKTyalayy npoOiemacelHa apHanrad. CraThsga Ty3YJAYIITYK JUCHPONOPLUSHBI
u3nineenie (QyHIaMEHTAIAYy aHa akTyalJayy OOJIroH yIAyTTYK SKOHOMHMKAHBIH TYPYKTYY
OHYI'YLIYY IMO3ULMUSACBIHAH OOIOHYA XYypry3yiareH. Koroiaran makcarka »apaiia eJKeHYH I
‘lap6aCBIHI[aI‘LI TY3YJIYLITYK AJUCHPONOPLUSA SKOHOMHUKAJIBIK O©CYIITYH 3H HCTU3I'U (1)aKTOpy
KaTaphbl KapaJiraH MaceJi€ YCUHJICT.

Ypyumyy ce300p:Ty3yaylITYyK JUCIPONOPIHS, TYPYKTYy OSKOHOMHKAIBIK ©CYII,
HKOHOMETPHUKAJIBIK MOJIENb, OHAYPYLI (PYHKIIMSCHI.

JlanHasi cTaThsl MOCBAILEHA aKTyalbHON MpobiieMe pa3paboTKU Mojeieil CTPYKTYpHBIX
JUCTIPOTIOPIUi, (pOpMHUPYIOMIHUXCS B HAIlMOHATBHOW 3KOHOMUKE KbIpreickoit PecmyOnuku. B
CTAaTbC CTPYKTYPHBIC TUCTTPOIIOPIHUN PACCMAaTPUBAIOTCA C HOSI/II_II/Iﬁ OILHOI71 u3 (I)yH,I[aMCHTaJ'IBHBIX
U aKTyaJbHBIX MpPOOJIEM YCTOWYMBOTO poCTa HAIMOHAJIbHOW »HKOHOMUKH. [Ipu sTOM B
COOTBETCTBUU C COHOPMYIHPOBAHHOW IIEJBI0 pEIIaeTCs CIeAyromias 3agada: BBISIBUTH
CHCI_II/I(I)I/IKy CTPYKTYPHBIX ,Z[PICHpOHOpI_II/Iﬁ B HapoaIHOM XO35IICTBE CTpaHbl KaK OCHOBHOI'O
(akTopa yCcTOMUYMBOr0 SKOHOMHUUECKOTO POCTA.

Kniouesvie cnosa: CTpyKTypHBIE IUCHPONOPLUHH, YCTOWYMUBBI SKOHOMHYECKHH POCT,

SKOHOMETpHYECKasi MOJIEIb, IPOU3BOACTBEHHAS (DYHKIIHUS.
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1. Introduction

At the present stage, one of the most difficult problems of economic reforms
in the CIS countries, including in Kyrgyzstan, is that they face the task of
overcoming severe structural imbalances in the economy, inherited from the
administrative-command system of the past.

Modeling macroeconomic imbalances is not easy. By their very nature,
imbalances and their possible drivers are likely to be identified simultaneously,
leading to problems of endogeneity in empirical analysis. Under the conditions of
international economic integration (EAEU), the existing structural disproportions
in the economy not only hinder the realization of economic potential, but also
increase the vulnerability of the economy to external influences, and also reduce
the standard of living of the country's population. Identification and elimination of
structural disproportions is an objective need of the national economy, necessary
for entering the trajectory of sustainable, stable development of the economy.

2. Research methods

The economy of the Kyrgyz Republic as a macroeconomic system is
dynamic and complex. This is due to the fact that, for sustainable growth, it is
necessary to provide a balanced supply of labor, material and financial resources.
Therefore, solving the problem of sustainable economic development requires the
use of econometric tools and methods of econometric modeling.

We have developed and applied a three-sector model based on CES - the
production function (CES - Constant Elasticity of Substitution) developed by K.
Arrow, G. Chineri, B. Michnas and R. Solow in 1961 [2].

Indicators of population growth rates, rates of technical progress, rates of
depreciation of capital or savings rates will be considered constant. In the process,
we can accurately assess the dynamics of the model so that we can determine what
will happen if these parameters change.

The three-sector model divides the economic sectors into three sectors of
activity: extraction of raw materials (primary), processing (secondary) and services

(tertiary). According to the model, the main focus of the economy is shifting from
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the primary to the secondary and, finally, to the tertiary sector.

Widely used linear models to describe complex phenomena may, in some
cases, give only rough first approximations. When applying more complex models,
for example, non-linear regression equations, there are two cases: a) non-linear
regression equations are "intrinsically linear", i.e. they can be converted to a linear
form using a change of variables and using a logarithm; b) the regression equations
are "intrinsically non-linear", i.e. they can be converted to a linear form with
respect to unknown parameters. The CES production function is of the second
type, i.e. is non-linear with respect to its parameters, which makes their calculation
difficult, not allowing, in particular, to apply the usual least squares method and
causes great difficulties when working with it.

Among the production functions (PF) used in modeling, the most popular in
economic research and are interconnected: a function with constant elasticity of
substitution or CES - function, Cobb-Douglas, linear and Leontief functions.

The CES production function is a special form of the neoclassical production
function and in this approach the production technology uses a constant percentage

change in the proportions of factors (capital and labor), and has the form:

_ —p\-9/ o
Y =f(K,L) =AMbK™+ (1—-b)LP) P,A>0,p=T,O<0<1,O<b<1.

where ¢ — the elasticity of the replacement of the labor factor by the capital
cost factor: o-const; ¢ — the index of homogeneity of the production function; A,b —
constants, the values of which are determined by the method of least squares on the
basis of retrospective macroeconomic data of the economic system.

A special case of the CES - function at =1 and /=1 is the production
function of Cobb - Douglas:

Y=Ff(KL)=AK*LF,A>0,a+8=1  a>0,8>0.

Let us assume that each sector has fixed production assets on its balance
sheet. Investments and labor resources can move freely between sectors. Then the
following conditions can be accepted:

- The technological structure is considered constant and is set using linearly
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homogeneous neoclassical production functions
Yi = F(KLLl),l = 0,1,2.
- The total number of employed L (in the manufacturing sector) changes

with a constant growth rate v. Then v in discrete time has the form (¢ is the number

of the year).
_L(t+1)—L(0)
L(t)
the form of the differential equation in the transition to continuous time takes
dL

— =L, L(0) = L° its solution is L = L%e"t.

- There is no investment lag.

- Depreciation coefficients of fixed production assets and direct material
costs sectors are constant.

- Foreign trade is not considered, thus the economy is closed.

- Time changes continuously.

From assumptions (3, 4) it follows that the change over the year of the BPF
consists of two parts: depreciation (-K) and growth due to gross capital investments
(D, that is

Ki(t+1) —K;(t) = —wK; + I,(t), i=0,12.
or in continuous form:

K;(t + At) — K;(t) = [—u; K; (t) + I;(t)]At at At—0.

Thus, we have a differential equation for the OPF of sectors:

dK; .
pra wiK; +I;(t), K(0)=K".

Three-sector model of the economy:
I = LOevt.
L =Ly + L, + L, —distribution of employed by sectors.

dK;
dt

X; = F(K;L;),i = 0,1,2 — output by sectors.

= u;K; + I;(t), K(0) = K°— dynamics of funds by sectors.

Y; = I, + I, + I, — distribution of production of the fund-creating sector.

Y, = apXy + a1 X; + a, X, — distribution of production of the material
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sector.

It is argued that, at the macro level, the economic system also strives to
include as much functioning capital in production and to employ as much labor
force in order to provide a maximumof Y =Y, + Y, + Y,.

To study structural disproportions, we have developed a three-sector model
of the economy. The three-sector model divides economic sectors into three sectors
of activity: extraction of raw materials (primary), manufacturing (secondary) and
services (tertiary). According to the idea of the three-sector model, the main focus
of the economy is shifting from the primary to the secondary and, finally, to the
tertiary sector. It is assumed that each sector has fixed production assets on its
balance sheet, investments and labor resources can move freely between sectors.
Then the following conditions can be accepted:

—The technological structure is considered constant and is set using linearly
homogeneous (by parameters) neoclassical production functions

X, =F(K;, L) i =123.

— The total number of employed L (in the manufacturing sector) changes
with a constant growth rate.

Received the following PF sectors

To find the parameters of a three-sector model, general minimization
algorithms can be used to minimize functions of many variables of a general type.
The specific form of the functions of this model makes it possible to construct
simpler minimization algorithms. There are various methods for minimizing CES -
functions. To find the parameters, we used the Marquardat method.

The Marquardat method is a compromise between the Gauss-Newton
method and the gradient method. This method actually performs an optimal
interpolation between the linearization method and the gradient method.

When using iterative methods, special attention should be paid to the choice
of the initial approximation. To select the initial approximations, a method is
usually used that allows, having a priori fixed the values of some function

parameters, to obtain estimates of the remaining parameters. This method was used
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by us to obtain preliminary estimates of the parameters of the production CES -
function, followed by its evaluation by the iterative method of Marquardt.

We carried out several variants of calculations for sectors of the economy.
The resulting parameter estimates and alignment characteristics are shown in Table
1. When estimating the parameters, we used the results of preliminary analyzes of
the initial information and excluded from the series the points containing the most
obvious observational errors. From several variants of calculations carried out for

all sectors, production functions with the best leveling characteristics were

selected.
0.2 RZ F-
w statistic
1 10
GDP total 170
968 |,397 |,168 |,31 ,05 A7 | ,145 | 924 | 6,3
Primary 173

(mining of raw |,904 |,234 |,72 721 | 112 |,07 |,224 | 916 |44
materials)

Secondary 148,
(processing) ,052 | 733 |,754 |,961 | ,07 ,38 |,838 |,961 |8

Tertiary 464,
(services) 644 |,184 | 115 | ,428 |,09 05 |,032 |,99 64

Table 1. Characteristics of CES - production function.

The national economy as a whole, the resulting production function has the

1,22

following form: Y = 0,832(0,332K " 112% + 0,678L1124) 1124

The alignment characteristics show that the obtained parameters are
significant. The standard deviation of the level is minimal: y? = 0,05; squared
variation v = 2,32% insignificant. Estimates of the coefficient of determination
are quite high R? = 0,903. F is equal to 1801.6.

Compared with other sectors, at the level of the national economy as a
whole, the leveling performance is much better. The values of the coefficients of
variation allow us to state that the influence of factors on output is relatively stable.

Elasticity coefficient 6(x) = 0,132; indicates that the economy as a whole
IS characterized by a labor-saving trend of technological change, i.e. a decrease in
elasticity for fixed production assets and an increase in elasticity for the cost of

living labor. From the point of view of CES - the production function, the decrease
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in the growth rate of funds and the decrease in the return on assets Y/ K can be

explained by the decrease in the growth rate of living labor with an insufficiently
high level of elasticity (0,365).
3. Conclusions

The principle of sustainable economic growth should offer an absolutely
clear strategy for the implementation of structural reforms, in order to increase
productivity and in the framework of managing imbalances.

The government should not ignore the existence of macroeconomic
territorial and sectoral imbalances, and in the future it is necessary to agree at the
state level and implement a number of reforms in the field of managing economic
imbalances through investment policy.

The government needs to consider this issue together with key bodies in the
state structure and revise its strategy at the government level in order to attract
investment, improve technical support in the first place in those sectors where there

is a clear disproportion, and to improve the business climate in the whole country.
The work was carried out within the framework of the project of the Institute of Mathematics of

the National Academy of Sciences of the Kyrgyz Republic.
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MODELING OF THE MAIN PARAMETERS OF URBAN

PASSENGER TRANSPORT

Kydyrmaeva S.S.
KNU named after J. Balasagyn

The article analyzes the main factors influencing the organization of the effective
functioning of the work of urban passenger transport. The analysis shows that the type of
vehicles, the configuration of the route network greatly affects the overall costs of transport
systems and the costs of passengers. In this regard, an optimization mathematical model for
choosing vehicles of the required capacity is considered in order to ensure the most complete
satisfaction of the needs of passengers in transportation at the lowest cost. The model assumes
that the transport network has a limited capacity.

Key words: mathematical model, rolling stock, route, urban passenger transport system.

Crarbsaga 1maapablK MacCaXUPIUK TPAHCIOPTTYH 3(PGEKTUBTYY HINTEIIMH YIOIITYypyyra
Taacup Oepyydy Herusru (akTopiaop aHaIU3JeHET. AHalIW3 KOepre3reHJel, Kbl
TPAaHCHOPTTYK 4YbIramiara >kaHa O KYPTYHYYJIOPAYH YBIIIAaChIHA TPaHCHOPTTYH TYpIIopy,
MapUIpyTTyK TYWUYHIAYH KOHQHUIypacusickl OJXyTTy Taacup Oeper. OLIOHIYKTaH CTaTbsia
KYPTYHUYJOpAYH TalaOblH TONYK KaHaTaHIABIPYY YUYYH, KEpEKTYY KeJleMaery TpaHCHOPTTYH
TYPJIOPYH TaHAOO YYYH ONTHUMAJJALITBIPYydy MaTEeMaTUKAIBIK MOZEIM KapaiaradH. Mogaemnne
TPAHCHOPTTYK TYHNYH YEKTEJINe€H OTKOPYY MYMKYHUYJIYTYHO 33 JIeNl CYHYIITAJIAT.

Ypynmmyy cezdep: mMaremMaTHKaNbIK MOJENb, KbIHMBUILYY COCTaB, MapHIPyT, LIAapIbIK
JKYPryHUYYIOpAY Tallyy4dy TPaHCIIOPT CUCTEMACHL.

B cratbe AHAJIIU3UPYCTCA OCHOBHBIC (I)aKTOpBI, BJIMAIOIHUEC HA OpraHU3alUuI0 B(I)(I)GKTI/IBHOTO
(GYHKIIMOHUPOBAHUSI pabOThl TOPOACKOTO MACCAKUPCKOTO TpaHCHOpPTa. AHAIU3 IOKa3bIBaeT,
YTO, BUJ TPAHCIOPTHBIX CPENCTB, KOHPUTYpallUsd MapIIPyTHOM CETH CHJIBHO BIMSET Ha 00Iue
3aTpPaTbl TPAHCIIOPTHBIX CHUCTEM U HaA 3aTPaThl IMMACCAKUPOB. B cBsa3u 9THUM, PAaCCMOTPCHLL
ONTUMMU3AIIMOHHAA MaTeMaTu4deCKass MOACIIb BBI60pa TPAHCIIOPTHBIX CPCIACTB HCO6XOIII/IMOI7I
BMECTHUMOCTH, C IIelbI0 oOOecredeHus: Haubosee IMOJHOTO YIOBIETBOPEHHS MOTPEOHOCTH
MnacCaxxupoB B IICPEBO3KaxX € HAWMCHBIIMMHU 3aTpaTaMu. B MOACIN Mmpeanojaracrcsa, 4rto,
TPAHCIIOPTHASI CETh UMEET OIPAHMYCHHYIO MTPOMYCKHYIO CTIOCOOHOCTb.

Knrouesvie crosa: Mmaremarnyeckas MOACIb, HOI[BH)KHOﬁ COCTaB, MapumpyT, ropoackas

MnacCcaxxupcCKas TpaHCIIopTHasA CUCTCMaA.
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Currently, Bishkek is subject to a large number of traffic congestion, traffic
accidents, as well as air pollution from exhaust gases. The traffic management
system was introduced during the Soviet Union and is still functioning, but its
effectiveness is very low due to outdated equipment and heavy traffic. Public urban
transport in Bishkek consists of trolleybuses, buses and minibuses. Trolleybuses
and buses are operated by public agencies, while minibuses are operated by private
bus companies.

The main problems of the public urban transport sector are — reconsideration
of the role of trolleybuses, buses and minibuses and proper distribution of modes
of transport, provided that the indicator of road load by the corresponding types of
vehicles is improved; — optimization of the number of buses by introducing large
buses (instead of minibuses) and increasing the profitability of each bus and
coordinating the routes and intervals of urban trolleybuses and buses.

The operation of urban passenger transport depends on many different factors,
such as the structure of the road network, the distance between stops, pricing
policies, fares, intervals and type of rolling stock.

For our study, we developed models with respect to two variables — the
interval of movement and the type of rolling stock. Assume that the other factors
are difficult to quantify because they already exist and relatively meet the demand
criteria. Therefore, their influences will be considered fixed.

Consider a two-level optimization mathematical model for choosing the
optimal size of the rolling stock. At the top level, the function represents the costs
of the population and the costs of the managing company. At the lower level, it
includes a model for the distribution of passenger flows.

Variables are the intervals of movement of each route, where n is the number
of routes in the transport network. The value n = 1 if the k — bus type is used on
route 1, and n = 0 otherwise.

The costs used in this model consist of passenger costs (ZP) and operating
costs (ZE). Passenger costs are obtained by simulation and depend on variables and

are calculated using the following formula:
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ZP = a,BP + a,BO + a3BD + a,BPE.
(1)

where

BP — the total time of approach to the stopping point;

BO - the total waiting time;

BD — the total time of movement;

BPE — total time spent on the transfer;

a, — the value of the time of approach to the stopping point;

a, —waiting time value;

a; — the value of the movement time;

a, — the value of the time spent on the transfer.

The total cost is (kilometers):

CK = Xi Xk LifiCKy Oy, (2)

where

L; — length of route I;

f; — traffic interval on route I;

CK,, — the unit cost of a kilometer of travel on a bus of type k;

0x; — the variable is assigned the value "1" if the type of bus is assigned to the
route, and the value "0" in other cases.

The cost of waiting for the rolling stock at the stopping point:

CR = TGy X Xk CRi 6k, Y 3)

where

TG, — the average time of boarding and disembarking passengers, for a bus of
type k;

CR;, — costs per passenger per hour while waiting for rolling stock, on a
certain type of bus;

Y; — the demand for a trip (obtained using transport network modeling).

TGy = By + max;{BsNS; + BzNpB;} (4)

where
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NS;(Np;) — the number of incoming/outgoing passengers who used door j at
the stop;

Bo, Bs, Bg — are parameters.

If the stopping point is overloaded, then the movement of urban passenger
transport becomes disorganized and the time increases (S,), and the time limit
before the arrival of the next rolling stock () may increase. Similarly, the time
limit to get off the bus (B8g) increases if the bus is full and it takes longer for
passengers to move through the cabin. Staff costs are taken as:

CP=C, Sif: (5)
where

C, — the cost of transporting passengers per hour.

Fixed costs for buses are calculated using the following formula:

CF = X Xk [iCFy 6k - (6)

Based on the above cost structure, the optimization problem for the top level
is as follows:

minZ = a;BP + a,B0 + a3zBD + a,BPE + Y Y., LifiCKy 6y ; +
+top ik CReOy, Y + Cp X fi + Cp Xifi + 2i Xk fiCFi by (7)
Sk € (0,1);
ik O = 1 Vi,

2ifi =2iXk %-

The first constraint is determined with respect to the characteristics of binary
variables &y ;. The second limitation is that only one type of bus can be assigned to
each route. The third constraint is the satisfaction of demand depending on the
capacity of various types of buses, where K, is the capacity of bus type k, and 0y, is
the bus load factor, which varies depending on the filling and takes a value from 0
to 1.
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Destination Model

The lower level is optimized by applying the public transport destination
model. The equilibrium conditions established for the problem under consideration
can be formulated using the variational inequality of the following form:

cv)x(—-v)<0,VV e (8)
where

c is the cost vector on the route sections;

V is any admissible vector for flows on route segments;

{V.} and V* represent an equilibrium solution with respect to flows on route
sections.

The method is often used to find a solution in cases where the diagonalization
algorithm is applied, where the cost function can be found at each iteration.
Alternatively, the method can be used in the direct solution of the equilibrium
assignment problem.

Therefore, to solve an equilibrium model in a public transport network, it is
required to represent a complex network in the form of a graph ¢ = (N, S), where
S is the sum of arcs in the network that form route sections. A route section is a
section of a route between two consecutive nodes connected by a route group. The
optimization problem is equivalent to the variational inequality c(v*) * (v* —v) <
0 and will have the following form:

S = Yses fovx cs(x)dx — min;

)
( Zhr=TWVW€W,
TERy,
) Z%hr Vs € S;
TERy
*
vf=fl S,VlEBS;VSES;
\ fs
h, > 0,Vr € R.

where
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W are the starting and ending points in the matrix;

w — elements of the group W, in which w=(i,j), and i — number of routes and j
— number of stops;

T,, — the total number of passenger trips in the matrix;

L —a sign for designating a public transport route;

R is a group of routes available for public transport passengers;

R —a sign for designating a public transport route;

R, is a group of public transport routes;

h,. — passenger traffic on route r;

s — section of the transport route, indicating the starting point;

S is a group of hauls on routes accessible to public transport passengers;

c, — the fare for public transport passengers;

&5 — the matrix takes the value "1" if the bus passes the stop, and "0" in other
cases;

V. — passenger flow on route s;

v} — passenger traffic on a certain leg of route ;

f; — movement interval on route I;

fs — movement interval on route s;

B —a group of common routes.

B, — rpytima o0mux MapupyToB.

c, =t + (fi) +B (”Ki)n (10)

where

t, — the travel time in the vehicle;

fs —interval on a certain leg of route s;

a,n and S are calibration parameters;

K, — carrying capacity on a certain stage of the route;

V. — the total number of routes on leg s;

I, — passenger traffic on competing routes.
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The model assumes that passengers choose from all possible routes
connecting any two nodes in the public transport network. The chosen path is
reduced to minimizing the total travel time (cost). The total travel time consists of:
transportation costs, travel time, waiting time, time to reach the stopping point.

It is assumed that the system has a limited capacity and, therefore, the travel
time increases in proportion to the number of passengers. In addition, it is assumed
that there is congestion at the stops at the moment when the waiting time of the
rolling stock increases, which depends on the number of passengers wishing to use
these routes for their trips at the same time.

Once a passenger has entered the vehicle, the travel time depends on the
actual level of network congestion (public transport flow of individual vehicles).

The model assumes that between each pair of nodes in the public transport
network there is a group of “common routes” that are equally attractive to
passengers. Thus, at each stop, passengers consider a group of common routes for
their trip and preference is given to the first vehicle that belongs to this group and

has free space.
The work was carried out within the framework of the project of the Institute of Mathematics of

the National Academy of Sciences of the Kyrgyz Republic.
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IN MEMORY OF PROFESSOR ASYLBEK CHEKEEV
Pankov P.S.
Institute of Mathematics of NAS of KR

A.Chekeev’s method on splitting a topological space into infinite number of everywhere
dense sets by means of continued fractions is set forth.

Keywords: topological space, everywhere dense set, continued fraction.

A.AYekeeB CyHyIl KbUITAH, Y3TYJITYKCY3 OOMUOKTOpIYyH JKaplaMbl MEHEH
TOIIOJIOTHUAJIBIK MeﬁKI/IH,I[I/IKTI/I YCKCHU3 cCaHOa 6apI[LIK JKCPAC TBII'bI3 KOIITYKTOPIo 69J’IYYHYH
ycyiy OasiHaanar.

Ypyummyy co30ep: TONONOTUSIBIK MEHKUHIWK, OapAblK JKEpJAe THITbI3 KOITYK,
Y3TYATYKCY3 OOIT9eK.

Mznoxen METO/ A.A YexkeeBa PaCICIICHUA TOIIOJIOTMYCCKOro IIpOCTPaHCTBA Ha
0ECKOHEUHOE KOJIUYECTBO BCIOAY INIOTHBIX MHOKECTB € ITIOMOILIBIO HETIHBIX z[po6el71.

Knroueswvie cnosa: TOMOIOTHYECKOE IMPOCTPAHCTBO, BCIOAY INIOTHOC MHOXKCCTBO, LCITHAA
JIpO0Bb.

Asylbek Asakeevich Chekeev (1962-2022), doctor of physical-mathematical
sciences, professor, Corresponding member of National Academy of Sciences of
Kyrgyz Republic.

We collaborated. To investigate the task to state recognizability of marked
topological spaces put by Academician A.Borubaev, | needed a splitting a
topological space into infinite number of everywhere dense sets. A.Chekeev
proposed the following construction. Consider all infinite continuous fractions in
the segment [0; 1]. Let C(n) be the set of all continuous fractions such that all
partial quotients since any place are equal to the natural number n.

Obviously, if n=m then C(n)=C(m) and C(n) is everywhere dense in [0; 1].

We did not have time to publish this result and its consequences during his
lifetime.

His memory will always live in our hearts.
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