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Differential Equations, Dynamical Systems and Optimal Control
MSC 53C1

BOUNDARY VALUE PROBLEMS FOR A MIXED FOURTH-ORDER
PARABOLIC-HYPERBOLIC EQUATION WITH DISCONTINUOUS

GLUING CONDITIONS

Sopuev A.}, Zheenbaev N. A2
120sh State University

The theorem of existence and uniqueness of the solution of the boundary value problem
for a mixed parabolic-hyperbolic equation of the 4™ order with discontinuous gluing conditions
has been proved. By the method of integral equations of the Riemann and Green functions, the
solvability of the boundary value problem is reduced to solving the Fredholm integral equation
of the second kind obtained on the line of type change. Green's functions used in solving the
problem have been visually constructed.

Key words: boundary value problem, boundary conditions, integral equations, uniqueness
and existence of the solution, Riemann and Green functions, Fredholm integral equation of the
second kind.

Y3rynTtykTyy oKaObIUTHIpYy IapTrapbl Oap apanam  4-tapTunrterd mnapabosa-
T Hnep60nanbn< TCHACMC YUYH YCK apaJIbIK MACCJIICHUH YCYNMUWHHWH JKalllalllbl ’KaHa KaJIr'bI3IbIT'bI

TeOpEeMAChl  JAJIIHUIIACHICH. I/IHTeraJ'II[BIK TCHACMCIJICP  bIKMACBIH, Puman xana rpI/IH

(QyHKUMANAPBIH KONJOHYy MeHeH, 4ek apaiblk Macenenun dweunmumu Y =0 esrepyy

CBI3BITBIHJA AJBIHTAH JSKUHYM Typaery PpenrosbMayH MHTErPAIIABIK TEHJIEMECHH YbIrapyyra
bl KeNMWHeT. MaceneHn veuyyae KoOJJoHynraH ['puHIMH (yHKUMATIAphl alKblH TYPAO
KypyJIraH.

Ypynmmyy ces0ep: 4ek apanblk Macese, 4eK apaliblK MapTTap, HHTErpajblK TEHIEMeENep,
YEUHM/IMH JKalllalllbl jKaHa >KaNrbI3JbIrel, Puman >xana ['pun ¢yHkuusuiapsl, ®@penroasMayH
OKMHYHU TYPAOT'Y HHTErPAIIBIK TEHAEMECH.

JlokazaHa Teopema CyLIECTBOBAHUSA M €JUHCTBEHHOCTU PELICHUS KPaeBOM 3alaud Ul
CMEIIaHHOTO MapaboI0-TUNepOOTUIECKOr0 YpaBHEHUS 4-T0 MOPSJIKA C Pa3pbIBHBIMU YCIIOBUSMU
CKJIeMBaHUS. MeTo0oM HMHTEerpaibHbIX ypaBHeHMH, pyHkunn Pumana u ['puna, paspemmmoctsb
KpaeBOM 3a/la4dl CBOJIUTCS K PEIICHUIO MHTErPalbHOrO ypaBHeHus Ppenroipma BTOPOro pona,

nonydeHHoi Ha muHumM u3menenus Tuma Y =0. Harmagmo mocrpoensr ¢ynkimu 'puna,

HCIIOJIB3YCMBIC ITPU PCIHICHUHA 3a1a4U.
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Kniwouesvle cnoea: xpaeBas 3amada, KpaeBble YCIOBHS, HWHTEIPAJIbHBIE YpaBHEHUS,
€IMHCTBEHHOCTh M CYIIECTBOBaHWE pemeHus, (yHkiuu Pumana m ['puHa, uHTErpanbHOe

ypaBHeHue PpenrosibMa BTOPOro poja.

Problem statement. In the domain of D={(x,y):0<x</,—h,<y<h} we

will consider the equation

0={uxxxx+uy,(x,y)e D,,

U, +CU,(X,y)eD,, 1)
where D, =Dn(y>0),D,=Dn(y<0),c=const, h;,h,,7>0.
Equation (1) in the domain of D, coincides with the equation
Uy U, =0 (2)
But in the domain of D, — with the equation
u, +cu=0. 3

XXXY
According to the classification of the research paper [1], equation (2)

belongs to the parabolic type, since the line y =0 is a four-fold real characteristic,
and equation (3) belongs to the hyperbolic type, since it has two different real
characteristics: a straight line y =0 is three-fold, straight x =0 is a simple valid
characteristic. This implies that the type of equation (1) changes when passing
through the lines of y=0. Therefore, equation (1) is an equation of mixed

parabolic-hyperbolic type.

Problem 1. To find the function of u( x,y), from the class

ueC(D, )nCYD,),u,, C(D,), u, eC(D,), satisfying equation (1) in the

XXXY

domain of D\(y=0), boundary conditions:

u(0,y)=e.(y), u(ly)=¢,(y).0<y<h, (4)
u (0,y)=0,(y), ul(ly)=¢(y)0<y<h, (5)
u(0,y)=x(y). u(ly)=x,(y) —h,<y<0, (6)
u,(0,y)=x,(y), —h,<y<0, (7)

and pairing conditions
4 I Herald of Institute of Mathematics of NAS of KR, 2023, No. 1



u(x,+0)=u(x,—0),0<x< 7, (8)
uy(x,+0):a(x)uy(x,—0)+_X[,B(g)uy(g,—O)dg, 0<x</, 9)

where ¢,(y)(i=14), 7,(y)(i=13),a(x) - given functions, and

a(x),B(x)eC'[0,/],Vxe[0,/]:a(x)=0,
o.(y)eC'[0,n]1(i=14), ,(y)eC'[-h,0](i=13), (10)
?(0)=2,(0),0,(0)= ,(0),0,(0) = 15(0),(0)=a(0) x1(0).

We will note that the gluing conditions of the form (9) are used by Ya. S.
Uflyand [2] when solving the problem of propagation of electrical oscillations in
composite lines, when losses are neglected in a limited section of a semi-infinite
line, and the rest of the line is considered as a cable without leakage.

Various boundary value problems for equations of mixed and mixed-
compound types of the second, third and fourth order have been considered in [3-
16].

We will introduce the following notation:

u(x,0)=17(x),0<x<7, (11)
u,(X,+0)=v,(x),u,(X,-0)=v,(x), 0<x</. (12)

Then from (8) and (9) we have
() =@, () + [ A(EW(EXIE, 0<x< 2. (13

Reducing the problem to an integral equation. Passing to the limitat y — +0
from equation (2) we obtain the relation obtained from the domain of D;:
f(x)=—v(x), 0<x< /. (14)

From the boundary conditions (4)-(5) we obtain the following boundary

conditions:

7(0) = ¢,(0), 7(£) = 9,(0), 7'(0) = 5(0), 7'(£) = ,(0) (15)
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First, we find the representation of the solution of the problem (14), (15). To

do this, we introduce a new unknown function of T(x):
7(x)=T(X)+D,(X), (16)

where

Then the problem (14), (15) reduces to the following problem

{T @(x) = -v,(x), 0<x<{, | (17)
T(0)=0, T(£)=0, T'(0)=0, T'(¢)=0.
the solution of which is represented as
T(x) =[G, (x.&n(&)d¢, (18)
where
%(3@5—&—2@), 0<x<E,
Gl( X,f ) =

%(w—zg—m), E<x<,

— Green’s function of the task (17).
Then from (16) and (18) we will have the relation obtained from the domain
of D;:

7(%) = D,(X) = [ G,(x, &), (£)dE. (19)

On the other hand, from equation (3) at y —>—-0 we have the relation
obtained from the domain of D, :

vy(X)=—Cz(Xx), 0<x< 7. (20)

To equation (20) we attach the boundary conditions that follow directly from

the formulation of problem 1:
v,(0)=21(0), v,(/)=12:(0),v3(0) = 3(0). (21)

6 I Herald of Institute of Mathematics of NAS of KR, 2023, No. 1



Assuming that the right side of equation (20) is known, the solution of

problem (20), (21) is represented as:

v,(X) = 2(x)—c[G,(x,&)r(£)d¢E, (22)
where
2—;2[x2(§—/)2 —(x-£Y],0<£<x,
G,(x,&)= — Green’s function,

1 2 2
—X(L - XS ELY,
XY x<g

2

2(x)= 70+ 250+ 25 2(0) = (0) = 74(0) 7]

Substituting the value v,(x) from (22) in (13), we have

(X)=0,(X)+ [K(x,E)r( )€, 0<x </, (23)

where K, (x,&) = —ca(x)G,(x.£) ~¢[ AG,(t, O)dt, 8,(0) = a(x)2(x) + [ A(E) 1()dé,

Excluding v,(x) from (19) and (23), we come to the Fredholm integral

equation of the 2™ kind:
() = () + [ K, (x, )r(£)d¢, (24)

where

5 7
Ky(x,£) =[G (XK, (1.8)dt, D(x)=d,(x)~[Gy(x.£)g,(£)dé.

Let Q={(x,£):0<x</,0<E</}, N :gr<1a>§|K2(x,§)|.
oégi//

If the condition is met
N/ <1, (25)

then equation (24) has a unique solution.
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By defining from (24) z(x):
7(%) = D(x) + [ R(x, O)P(£)d¢

where R(x,&) — core resolvent K,(x,&). After the definition z(x) the solution of
Problem 1 is reduced to solving the following tasks.

Problem 2. To find in the domain of D, the function of
u(x,y)eC(D,)nC*(D,), u
(5) and (11).

Problem 3. To find in the domain of D, the function of

e C(D,), satisfying equation (2), conditions (4),

XXXX

u(x,y)eC(D: )NCY(D,), U, €C(D,) satisfying equation (3), conditions (6),
(7) and (11).

The solution of problem 2 in the domain of D, can be represented through

Green’s functions

U(x,y) == [B(xy: ¢ 0)( )4 += [[G(xy:0m)(n)-

(26)
—Gggg(x1y;/,77)§0z(77)+egg(X,y;0,77)€03(77)—G§;(X,y;/,ﬂ)%(’?ﬂd77,
where G(x,y;&,n7)=U(Xx,y;&,n)-W(X,y;&,n) — Green’s function,
(y=nY t(), y>n =5 |
U(x,y;En)= (y—-n)* — the fundamental solution of

the equation (2), but f(t)=je‘”‘ cosAtdA is the solution of the equation
0

f"t) -% f(t)=0,aW(X,y;&,n) — the regular part of Green’s function.

To solve problem 3, we will first consider the following boundary condition:
Uxx(o’y):ZA,(Y),—thySO, (27)
where y,(y) — unknown function to be further defined. We will consider the

following auxiliary task.
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Problem 4. To find in the domain of D, the function of
u(x,y)eC(Bz)mcl(D2 ) Uy €C(D,), satisfying equation (3), the first
condition (6), conditions (7), (11) and (27).

By the method of the Riemann function, the solution of problem 4 can be

represented as:

u(x,y)=7(x)+ [[006Y:0.7)74(m) — 0% Y:0.7) x3(1) +
: (28)

X

+0 (Y30 21(n) dn = [U (X, y:€)r(€)dE,

0

where o(X,y;&,n) is the Riemann function, defined as the solution of the

conjugate problem:

U§§§U+CU=O,
o(X,Y;6:)| =0, vAXYy;&m)] =0,
0 (XY Em) =1, (XY Em)| = DX, Y3 E),
and w(x, y;&) is solving the Cauchy problem
@, (X,y;$)=0,
(XY ) =0, 0,(X,Y;6) =0, 0. (XY;6) =1,

Assuming x =/ in (28), we have
y
Jo(2,y:0m)2i(n)dn=g,(y), (29)
0
where

0,(¥) = 1,(y) = 7(y)+ [[0.(£.y:0m) 25(m) +

+0,(£,Y:07)74(n) Jdn + [0, (£,y;£.0)r(E)dE.
By integrating in parts, in (29) we obtain
2:(Y) = [Ke(ym)aa(m)dn +g3(y), (30)
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2 2 ”n
where Ky(yn)=—50,(£,y:01). 5(¥) == 8:(y)+'(0).

Due to the properties of the Riemann function of o(x,y,&,n7) equation (30)
is a Volterra integral equation of the second kind, admitting a unique solution in
the class of C'[-h, 0] .

By defining from (30) the function of x,(y) and substituting it in (28), we

get the solution of Problem 3.

Thus, it is proved
Theorem 1. If conditions (10) and (25) are satisfied, then the solution of

Problem 1 exists, unique and representable in D, in the form of (26), and in D, the

form of (28).
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Differential Equations, Dynamical Systems and Optimal Control
MSC 34K?20, 45J05

ON THE STRUCTURE OF SOLUTIONS OF THE CAUCHY PROBLEM

OF PARTIAL DIFFERENTIAL EQUATIONS OF THE FOURTH ORDER
Baizakov A.B.?, Jeenbaeva G.A.? Bekturova A.T.? Asankulova A.C.*
L2|nstitute of Mathematics of the National Academy of Sciences of the Kyrgyz Republic
®Institute of Modern Information Technologies in Education, Bishkek c.

*Kyrgyz National University named after Zh. Balasagyn

The solvability of the initial problem and the structure of solutions for nonlinear partial
differential equations are studied.

Keywords: solution transformation method, nonlinear partial differential differential
equations, Cauchy problem, contraction mapping principle, Lipschitz conditions.

ChI3BIKTYY SMecC Kekeue TYyHaynyy auddepeHunanabk TeHaemenepre kownran Komm
MaceJICCHHMH YbITapbIMIYYyIyTy JKaHa YbITapbUIGIIITAPBIHBIH TY3YJIYITY U3UIIICHIH.

Ypynmmyy ce3z0ep: UbITapbUIBIITBHL ©3TOPTYIl TY3YY YCYIY, CBI3BIKTYY 3MEC XKeKede
TyyHAynyy auddepeHuuanabik teHaemenep, Komm macenecu, KbICHIN YarbUITyy HTPUHINOH,
Jlummmn maprrapst.

HccnenoBanbpl  pa3spelIMMOCTh  HAYaJIbHOM 3aJadyd M CTPYKTypa pEHIeHUH Uit
HEJIMHEWHBIX AUPPepeHnaTbHbIX YPAaBHEHUN B YACTHBIX TPOU3BOIHBIX.

Kniouesvie cnosa: metos npeoOpa3oBaHus pelleHui, HeluHelHble TuddepeHraibHbe
YpaBHCHUA B YaCTHBIX IMPOU3BOJAHBIX, 3aa4a KOI_HI/I, IMPUHIHUIT CIKATBIX OTO6pa)KeHI/II>'I, ycioBus
JInmmma.

1. Introduction

Differential equations in partial derivatives, which allow mathematical
representation of processes, play an important role in mathematics and its
applications. Until now, the problem of finding out the solvability of the Cauchy
problem for differential equations in partial derivatives remains a little-studied
area. The main fundamental results were obtained in [1-3].

In [4-7], the solvability and structure of solutions of the Cauchy problem
for partial integro-differential equations were found, where an analytical method
for constructing solutions of the classical Cauchy problem was proposed for

13 I Herald of Institute of Mathematics of NAS of KR, 2023, No. 1



them. The essence of the proposed method is to transform the solutions of the
original Cauchy problem into an equivalent Volterra integral equation, to which
the principle of contracted mappings is applicable.

In [8] researches to problems of existence and uniqueness of solutions to
initial problems for linear Volterra integro-differential equations of convolution
type in Banach spaces.

In works [9-12], various questions of the solvability of the Cauchy problem
for integro-differential, partial differential equations, and systems of equations
were studied using the method of transforming solutions. The essence of this
approach is to transform the original Cauchy problem into an integral equation
equivalent to it, to which one can apply the topological method - the principle of
compressed mappings.

In this section, we study the solvability of the Cauchy problem and the

structure of solutions for non-linear partial differential equations

Uyt + U + 3Bl + U + 83U, +(38° + 20 +1)u, + B(B” +2u, +| (38° + ) +

+Ha? +1)]ux + B (B +a+1)+1u=f(t,xu(tx), @
with initial condition
u(0, x) = p(x), (2)
u, (0, X) =y (x), 3)

wherea, R, a, p, f(t,xu(t,x)) are known continuous functions; ¢(x),(x) is
a known continuous function uniformly bounded together with its derivatives
included in (1).
The solution of the Cauchy problem (1)-(3) will be sought in the form
t X
u(t,x):c(t,x)+JIe ~elt=s A0t — ) —cos(x—v )|Q(v, s)d vds (4)
0

—00

where c(t,x) e C#¥([0,T]xR) is a known continuous function, while
c(0,x) = ¢(x), ¢, (0,x) =w(x),Q(t,x) is a new unknown function that needs to be

determined [4, 5].
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Let
H (t,C(t, X)) = Cpo (£, X) +Cpe (£, X) +Cppp +38C,, (1, X) + B(B% +2)c, (1, X) +
+(3B8° +2a +1)c, (t,x)+3p¢, (t,x)+[(3ﬂ2 +a)+a’ +1]c, (t,X)+[B(B° +a+1)+1]c(t,X).
Assumption (A). Let

f(t,x,u)eC([0,T]xRxR)Lip(L],)

H (t,x) e C?¥([0, T]xR),

2L a—_l(l—e“T°)+ 3 1

—+ —<=,
aff « 2

To determine the function Q(t,x), it is necessary to substitute (4) into (1).
For this purpose, taking into account (4), we successively calculate the following

relations.
We get

u, (t,x) =c,(t, x) —,Bj _X[ e I (1 —5)—cos(x—v) | Q(v, s)dvds +

t x
+ j j e 0 sin (x—v)Q(v, s)dvds

0 —o
'

hence, taking into account (4), we have

t x
u =c,(t,x)—Blu-c) +I I g ()i (x=v)Q(v,s)dvds

0 —0 . (5)
Next, we have

u, (t, x) = ¢, (t, X) —aj. I' g P (1 — ) —cos(x—v) |Q(v, s)dvds +

0

+Jt‘ _X[ e I Q (v, s)dvds + JX‘ e " [—cos(x-v)]Q(,t)dv.
27 %
Or
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u (t,x) =c,(t,x)—a(u—-c)+
+j X e 0 (v, s)dvds + f e " —cos(x-v) Qv t)dv,

0 —

u, +au, =c, +ac, + I e Qv t)dv,

—0

Uy + Uy, = Cy, + QC, X —,BJ e " Q(v, t)dv +Q(x,t).

(6)
Differentiating both parts of relation (5) with respect to t, we obtain
u, =c, — AU, —c)+ j e sin(x—v)Q(v,t)dv -
—a.t[ JX' e “ U gin (x—v)Q(v, s)dvds.
0
Hence, taking into account (5), we have
Uy =Cy — AU, —C)—a[u, —C, + Bu—c)]+ I e 7 sin(x—v)Q(v,t)dv -

It is known that there is always u, =uU, . Differentiating both parts of

relation (6) with respect to x, we obtain

t X
Uy =Gy = B(U, —C) = B [ € sin(x-v)Q(v,s)dvds +
0 —o0

t X
+[ [ e cos (x—v) Q(v, s)dvds.

0 —0

Or, taking into account (5), we have

Uy :Cxx_ﬁ(ux_Cx)_ﬁ[ux_cx+ﬂ(u_c)]+

+f [ €6 cos(x—v) Qv s)dvs.
®)

Further, differentiating (8) with respect to x, we obtain

uxxx = Cxxx _ﬁ(uxx _Cxx) _ﬁ[uxx _Cxx +ﬂ(ux _Cx)]+
t t X

+_[ e “9Q(s, x)ds — B _[ _[ e () cos(x—v)Q(v, s)dvds
0 0 -

t x

—[ [ e sin(x—v)Q(v, s)dvds.
©)
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Taking into account (5), (8) from (9) we have

= Coux _ﬂ(uxx _Cxx) _ﬂ[uxx —C +ﬂ(ux _Cx)]+ je_a(t_S)Q(s’ X)dS -
_ﬂ{uxx _Cxx +ﬂ(ux _Cx)+ﬂ[ux _Cx +ﬁ(u _C)]}_[ux _Cx +ﬂ(u _C)]' (10)

Differentiating both parts of (10) with respect to t, we obtain
uxxxt = xxxt ﬂ(uxxt xxt) _ﬂ[uxxt _Cxxt + ﬁ(uxt _Cxt)] +

+Q(t,x)— aje’“("s)Q(s, x)ds —
_'B{ux’“ ~Cat +ﬂ(u><t _CXt)+'8[uxt —Cy +ﬂ(ut _Ct)]} _[uxt —Cy +IB(ut _Ct)]' (11)

From (11), grouping identical terms, we have

uXXXt +3ﬂuXXI +3ﬂ2uxt +ﬂ(ﬂ2 +l)ut = CXXXt +3ﬂCXXt +3ﬁ2CXt +ﬂ(ﬁ2 +1)CI +

+Q(t,X)—« _[ e “)Q(s, x)ds. (12)
0
Adding term by term (6), (7), (10), (12), we obtain
Uy + Upgy + 3Bl + Uy, +3BU,, +(38° +1)u, + B(B° +2u, +[3( S + )+ (a® +Du, +
(13)

+B[ (B +a+1)+1u=H (t.c(t, x))+2Q(t,x)—ﬂj e "0MQ(v, t)dv —
—(a —1)je'“("S)Q(s, x)ds + JX. e " sin(x-v)Q(v,t)dv.

Then from (1), taking into account (4), (13), we have the nonlinear Volterra

integral equation

Q(t, x) = {txctx “ A (1 - 5) - cos (x— v]Q(vs)dvds}_

—H(t,c(t,x)) +(a-1)

O —

e (=)Q(s, X)ds — 2 j e " sin(x—v)Q(v,t)dv +

+j j e “Q(v, s)dvds + JX. e " [—cos(x-v)]Q(v,t)dv }=P[Q].

(14) R

We will apply the contraction mapping principle [3] to the nonlinear
equation (14). Let us consider the right side of (14) as an operator PQ acting on
Q(t,x) .

Consider the set of continuous functions
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Q(t.x)={Q(t,x): Q(t,x) eC([0,T,]xR) | Q(t,x)| <h}

where T, and h will be defined below.

Then from (14) we have

1 t X
"PQ"SE [t X,c(t, x) +Uwe s)—cos(x- v)}Q(v,s)dvds] +
+= ||H (t,x ||+0[—1 Je “<)Q(s, x)ds +% Zje’ﬁ(”)sin(x—v)Q(v,t)dv+Ie’ﬁ(”) cos(x—v) Qv t)dv +{ <
0 —0 -0

;{ M+ N+[ 1(1 e+ Z]h 2

where M :mngf (txu)], N =m§1xHH (t.x))-

a

Using assumption (A), we choosea, 5,T,,h so that
|v|+NJ{ 1(1 &)+ i}thh.
a B

Then the operator PQ: Q »Q .
Let us now show that the operator PQ is a contraction operator. From (14),

using assumption (A), we have

t x

1 xv 1 -aTy
||pQ1_PQ2||s§{2L“oe i-5)- A ds+[ —(1-e )7}}”% Q< 5
112L a-1; 1y, 3

SE[E+7(l_e )7}”621_(22”'

By virtue of assumption (A), it follows from (15) that the operator PQ is a
contraction operator on the set Q . By the principle of compressed mappings, it
follows that the nonlinear integral equation (14) has a unique continuous solution
Q(t,x)eQ . Substituting the found function in (4) we obtain the solution of the
original Cauchy problem (1)-(3). Obviously, condition (2)-(3) is satisfied due to

the selection of the functionc(t, x) .

Thus, fair
Theorem. Let assumption (A) hold.
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Then the Cauchy problem (1)-(3) has a solutionYX) € CEIOTI4R) \which can

be represented in the form (4).
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Differential Equations, Dynamical Systems and Optimal Control
MSC 34A20, 45J05

ON THE ASYMPTOTIC SMALLESS OF SOLUTION COMPONENTS OF
A SYSTEM OF LINEAR IMPLICIT VOLTERRA-TYPE INTEGRO-
DIFFERENTIAL EQUATIONS ON THE HALF-AXIS

Iskandarov S.

Institute of Mathematics of the National Academy of Sciences of the Kyrgyz Republic

Sufficient conditions are established for the corresponding components of all solutions to
tend to zero as the argument grows unbounded, i.e., asymptotic smallness of the corresponding
components of all solutions of the system of linear implicit integro-differential equations of the
first order of the Volterra type. For this, a non-standard method of reducing to a system, the
method of transforming the equations of V. Volterra, the method of V.R. Vinokurov to connect the
kernel and the free term, the Cauchy formula and the L'Hopital rule in the form of Stolz are used.

Keywords: first-order integro-differential equation, implicit Volterra-type system, tend
convergence of corresponding components to zero, asymptotic smallness, non-standard reduction
to a system.

ChbI3bIKTYy aWKblH »MeC OWpUHYM TapTUnteru Boabreppa THOMHIErM MHTErpo-
miGQepeHIanAbIK  TEHJIEMeNep  CHCTEeMAaChlHBIH  OapIblK  YBIrapbUIBIIITAPBIHBIHBIH
KOMIIOHEHTTEPUHUH apTyMEHT YEeKCH3 OCKOHJI® HOIre yMTYIYYCYHYH, 0.a. aCUMITOTHKAJbIK
KWYMHEKEHMINTMHUAH JKEeTUINTYY INapTTapbl Ta0buiaT. Bynm ydyH TeHaeMmernepaud cucTeMara
CTaHJAPTTHIK SMEC KEeATHPYY MeTony, B.BonbreppanbH TeHIeMenepan o3ropTyIl Ty3Yy METONY,
B.P. BunOkypoBayH SAp0o MEHEH Ooml MYyueHY OalIaHBIITBIPYY METOAY OHYKTYpYJIeT,
Kommnun ¢opmynace! xxana Ll tonsi popmaceiaars! JlonuTans spexecu KOJIIOHYIAT.

Vpynmyy ce30ep: OUpHWHYM TapTUOTETH HMHTErpo-Au(QepeHInaIiblK TeHIeMe,
Bonmereppa THOWHIETHM alKbIH HMEC CHCTEMa, THEIIeNYY KOMIIOHEHTTEPJHH HOJro
YMTYJITaH IBIThI, aCHMITOTHKAJIBIK KHIUHEKEUIINK, CHCTEMara CTaHJapTThIK IMeC KeNTUPYY.

VYcTaHaBIMBAIOTCS JAOCTaTOYHBIE YCIOBUS CTPEMJICHHS K HYJII COOTBETCTBYIOLIMX
KOMIIOHEHT BCEX pELICHHH NpH HEOrPaHMYEHHOM pPOCTEe apryMeHTa, T.€. aCHUMITOTHYECKOH
MaJIOCTH COOTBETCTBYIOIIMX KOMITOHEHT BCEX PEIICHUI CHCTEMbI JIMHEHHBIX HESIBHBIX HHTETPO-
muddepeHIMaNbHBIX YpaBHEHHM mepBoro mnopsiaka tuna Bomsreppa. [nst sToro pasuBaroTcs
HECTaHJApTHBI METOJ] CBEACHUS K CUCTEME, METOA Mpeobpa3oBaHusi ypaBHeHuil B.Bonbreppa,
meton B.P. BunokypoBa [uist CBsi3u spa U CBOOOAHOTO 4jieHa, mpuMeHstoTcs hopmyna Komu u

npasuio Jlomurans B popme L Tomnbiia.
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Knrouesvie cnosa: mnterpo-nuddepeHinmaibHoe ypaBHEHHUE MEPBOro MOpsSAKa, HESBHS
cucreMa THna BonbTeppa, cTpemiieHHE  COOTBETCTBYIOLIMX  KOMIOHEHT K  HYIIIO,

ACUMIITOTUYCCKAA MaJIOCTh, HCCTAHAAPTHOC CBCACHUC K CUCTCMC.

All functions appearing are continuous and the relations hold for t > t,,
t =1 = ty; I=[t),»); norms ||x|| and ||A|| for nx1 vector x = {x;} and nxn matrix
A = (a;;) mean (see, for example, [1, ¢.142; 2, ¢.10]): [|Ix]|> = xZ + -+ x7 and
|A]|? = y, where ¥ is the largest eigenvalue of the symmetric matrix ATA; AT is
the transposed for A = (ai j), ie AT = (aji) ; relations for matrices are understood

as relations for their quadratic forms with any non-zero vector; < x,y > is the
scalar product of the vectors x = {x; },y = {y;}, ie. <x,y >=x,9; + x,7, +
-+ x,V; IDE is integro-difterential equation.

Definition. The component x;(t) (1 <i <n) nx1 of the vector x(t) =
{x;(t)} is called asymptotically small if the following relation holds:
lim;L,x;(t) =0 (1 <i<n).

The problem. Establish sufficient conditions for the asymptotic smallness of

the components x;(t) (1 < i < n) of all solutions of the n-dimensional system of
linear implicit Volterra-type IDEs of the form:
x'(t) + A©)x(t) + ftto[Qo(t. T)x(7) + 0, (¢, D)x"(D)]dT = f (D), t = ¢o. (1)
The solution x(t) of the IDE system (1) is understood as x(t)eC*(I, R™) with any
initial Cauchy vectors x(ty). As is known, each such solution of the IDE system
(1) exists and is unique.

Note that such a problem appears in the mathematical modeling of some
processes, for example, from cosmodynamics [3, p. 274-275] for dynamic
stabilization of the plasma column, from aeroautoelasticity [4] for flight control of
aircraft at high speeds. In the article [5], a similar problem was solved for another
class of a system of the form (1) by developing a modified method of weight and
cut functions [6, p. 28-29;7] and applying the lemma [5].

In this paper, to solve the formulated problem, we develop a non-standard

method of reduction to a system [8,9], a method for transforming the equations of

V. Volterra [10, p.194-217], method of V.R. Vinokurov for connection of the kernel
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and the free member [11], apply the Cauchy formula [12, ¢.393-394] and the
L'Hopital rule in the form of Stolz [13, p.115; 14].

Let us proceed to obtain the main result.
In the IDE system (1), we make the following nonstandard substitution
x'(t) + Ax(t) = W()y(0), 2
where A = (4;) is some nxn diagonal constant matrix with auxiliary matrices A;
(i = 1..n),W(t) is some nxn nondegenerate matrix weight function, y(t) is a

new unknown nx1 vector function. Taking into account (2), from the IDE system

(1) we have
[AD) =~ A1x(®) + W©(©) + [; {[Qo (6, D) — Q1 (&, DAJx(x) +
+0: (6 DW@y(@}dT = f(8), ¢ 2 &, 3)

Multiplying (3) from the left by the matrix W ~1(t), we obtain
t
y©+ [ WO QoW @y@dr
to

=W Of () - W O[A@) — Alx() -

— [E WD [Qo(t,T) — Qi (6, DAIx()dr. @)
Let us introduce the notation:

K(t,7) =W (). (t, DW (2), F(t) = W) f (1),

B(t) = W™ (O[A®) — 4], P(t,7) = WH(D)[Qo (¢, 7) — Q1(t, D)A].

Then from (4) we have

y(®) + [ K(t,D)y(@dr = F(£) = B()x(®) - [, P(t,D)x(z)dr. (5)
Further, combining (2), (5), we obtain the following system, which is

equivalent to the given implicit first-order IDE system (1)

x'(t) + Ax(t) = W(t)y(t),
{y(t) +JL Kt Dy@dr = F() - B(Ox() - [ P(t,Dx(Ddr, ©)

For any solution (x(t),y(t)) of the IDE system (6), similarly to [10, c.194-
217], its first equation is a system of differential equations of the first order

multiplied scalarly by x(t), the second - a system of integral equations - on y(t),
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add the obtained relations, then integrate within the limits of ¢, to ¢t and we will

have the following identity

lx(®)||? + 2 j < Ax(s),x(s) >ds + 2 [ ||[y(s)||*ds +

to tO
t

+2 j j < K(s,1)y(1),y(s) > ds =||x(O)||* + 2 J <W(s)y(s),x(s) >ds +

+2 f:o < F(s),y(s) >ds—2 ftt, < B(s)x(s) + f:OP(s, )x(t)dt,y(s) > ds. (7)

With the introduction of some scalar function c(t) and using transformations from
[11,15], we obtain the following relationship between the double integral with

K (t, ) and the integral with F(t) in the form

t s
2 j < jK(s, T)y(t)dt — F(s),y(s) >ds =< K(t,ty)Y(¢t, ty),Y(t, ty) > —
to  to
t

—2 < F(t),Y(t ty) > +c(t) — f < Ki(s,t))Y(s,ty)Y (s, ty) > —

—2 < F'(5),Y(s,ty) > +c'(s)]ds + J < K/(t,T)Y(t,T)Y(t,T) > dt —

to
_ftt) f:o < K!'(s,7)Y(s,7),Y(s,7) > drds — c(ty), (8)

where
t

Y(t,1) = f y(n)dn.

T
The following inequalities also hold

t

2 f <W(s)y(s),x(s) >ds < 2 fIIW(s)y(s),x(s)llds <

to to

< [ W)l I2ds + [, Iy () I2ds, )

3 is a number € € (0,1) such that
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t S

-2 j < B(s)x(s) + fP(s, T)x(1),y(s) > ds <

t s
< 2f B(s)x(s) + fP(S,T)x(T)dT ly(s)|lds <
<e? ftto ”B(s)x(s) + f;P(s, T)x(T)dT”2 +£fti)||y(s)||2ds. (10)

Based on identity (7), taking into account relations (8)-(10), similarly to
[16], we prove

Theorem 1. Let 1) A > 0; 2) K(t,t,) =0, K/(t, t,) <, there is a scalar
function c(t) such that for anynx1 vector u the following relations hold:
< K(t touu>—-2<F(t),u>+c(t) =20, < K{(t, top)u,u) > -2 < F'(t),u >
+c'(t) < 0; 3) Ki(t,7) 2 0, K7 (t,7) < 0;4) [IW(EDI? + [IBOI +
+ fjo [|P(t,7)||dt]? € L*(I,R,\ {0}). Then for any solution (x(t), y(t)) of the
IDE system (6) the following properties are true:

Ix@®ll = 0, f;, y(m)dn = 0(D). (1n)
Next, for any x(t,), based on a non-standard replacement, we write the Cauchy
formula for the components x;(t) of the solutions x(t) = {x;(t)}:

6 (1) = e MOy (t) + [ e MO0 T Wi (s)y;(s)ds] (i =1..m), (12)
where W (t) = (W;;(1)).
Taking into account the relation y;(s)ds = (J, tso yi(mdn)'ds (j =1..n)

and integration by parts from (12) we get:
n t
7(0) = e MO () + ) Wy (@) ([ ) -
j=1 to

— [ M T W) + W (D1, ydmyds} (= 1.m).  (13)
Theorem 2. Let 1) all conditions of the theorem 1 be satisfied; 2) A4; > 0,
Wii(t) =01), AW;@®)+W;(t)-0 ((1<i<nj=1.n). Then the
component x; (i < i < n) of any solution x(t) = {x;(t)} tends to zero at t = oo,
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To prove Theorem 2, the L'Hopital rule in the form of Stolz is applied to formula
(13) [13, p.115; 14].
Note that the idea of replacement (2) is taken from [17].
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In this article, regularizations and stability of solutions of Fredholm linear integral
equations of the first kind are obtained by the methods of functional analysis.

Key words: linear, inteqral equations, first kind, regularization.

byn wmakanaga (QyHKUMOHANABIK  AHAJIM3AUH  YCYJJAapblHBIH  KapJaMbl MEHEH
CDpeL[r OJIbMAYH 6I/IpI/IH‘lI/I TYPAOTY CBI3BIKTYY HWHTETPAJIAbIK TCHACMCIICPpAUH YCHUMICPUHUH
pPeryjapu3anuscCol )KaHa TYPYKTTYYJIIYK 6aanapLI AJIBIHBI.

Ypyummyy  ce3z0ep. CBI3BIKTYY, HHTETPajbIK TEHAEMeNep, OWpUHYU TYpIery,
perynspusanus.

B ,I[aHHofI pa60Te, C MHODOMOIIIbKO METOOAAM (bYHKI_II/IOHaJ'IBHOFO aHaJIn3a TIIO0JIy4YCHBI
peryiaspu3alid U OLEHKM YCTOMYMBOCTH DPECIUICHHUM JIMHEWHBIX WHTETPAJIbHBIX YpPaBHEHUM
®pearosabpma NeEPBOro poja.

Kniouesvie cnosa: nuHeliHble, HHTETPAJIbHbIE YPAaBHEHUS, IIEPBOTO POAA, PETYIISpU3aLUsL.

1. Introduction

Inverse and ill-posed problems are currently attracting great interest. The
theory and numerical methods for solving inverse and ill-posed problems were
studied in [1-18].The notion of correctness in the works of A.N. Tikhonov [1],
M.M. Lavrent’ev [2] and V.K. lvanov [3], different from the classical one,
provided a means for studying ill-posed problems and stimulated interest in
integral equations with large applied value.

The fundamental results for Fredholm integral equations of the first kind
were obtained by M.M. Lavrentiev in [4], [5], where the regularizing operators in

the sense of M.M. Lavrentiev.
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In [10]-[12], uniqueness theorems were proved and regularization
operators in the sense of Lavrent’ev were constructed for systems of linear
Volterra and Fredholm integral equations of the third kind.

In [14]-[16] problems of uniqueness and stability of solutions for linear
Fredholm integral equations of the first kind were investigated.

In this work, we apply the method of integral transformation to prove
regularizations and stability of solutions of Fredholm linear integral equations of
the first kind in the semi-axis.

Consider of the Fredholm linear integral equations

Ku= [ K(ts)u(s)ds= f (t), te(-s,a] )
where
j‘ T|K(t,s)|2dsdt < o0,

A(t,s), —wo<s<t<a,
B(t,s), —o<t<s<a (2)

K(t,s)z{

B(t,s) and A(t,s) are the known functions, respectively on the domains
{(t,s):—o<s<t<al}, {(t,s):—o<t<s<aj.

u(t)el,(—ooa], where L,(-x,a]- the space of square-summable functions in

(—,a].

Equation (1) by virtue of relation (2) can be expressed as

t

jA(t,s)u(s)ds+jB(t,S)u(S)dS= f(t). (3)

—0

Taking the multiplication of both sides of the equation (1) with u(t), integrating

the results on—o <t <a , we obtain
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T jA(t s)u( det+ﬁB (t)dsdt = [ f(t)u(t)dt,

] j'A(t,s)u(s)u (t)dsdt+jjB(s,t)u(t)u (s)dtds = [ £ (t)u (t)ct. 4

—00 —0

Integrating by parts and using the Dirichlet formula we have

”B (s,t)u s)dtds = j“ B(s,t)u(s)dt}u(t)dt.

—©'S —oo |_—oo

Then from (4) we obtain

2 [ H(ts)u(s)dsu (t)at =Tw f (t)u(t)dt -

—00 —00

where
H(ts)= %[A(t,S)-i- B(s.t)],(t,s) e {(t,5):—o<s<t<a} (6)

_T .t[ H?(t,s)dsdt < +o.

—00 —00

We introduce a new function M (z,s) as follows

M (t,5) H(t,s), —o<s<t<a,
S) =
H(st), —o<t<s<a. (7)
Its clear that ~ M(t,s)=M(s,t), (t,5) e(—o0,a]x(—0,a].
It is easy to verify the validity of the equality
I HM (t,s)|2dsdt < +oo,
Then, it is known that
e Ao
M(t,S): Zwl( )¢l (S) ’ (8)

A

i=1 i
where, 4 - the characteristic numbers of the matrix kernel M (t,s), which are

arranged in ascending order of their modules, |4|<|4|<...and @, (t), @, (1)...

the corresponding orthonormal eigen functions.
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It is assumed that M (t,s)is a complete kernel and 0< A <2, <..... In this case,

the solution of equation (1) will be unique in L, (—o,a]

In what follows, we will assume that all characteristic numbers of the matrix

kernel are positive.
We distinguish the family of correctness sets depending on the parameter as

follows
M :{u(t) e L,(—»,a]: Zﬂv"“u(v) i sc},
v=1
9)
where ¢>0, O<a<om,
U= [u(®e, (t)dt, (10)

—00

It is clear that if u(z)e M, | then

||u(t)||2 < cA %, where

1

Ju(t)|= Uw|u(t)|2 dtjg _ [2 o zjz

V=

We will assume that f(t)eK(Ma). Then equation (1) has a solution

u(t) e M, and is valid

2

z% :j £ (t)u(t)dt.

ju(t)gq (t)dt

Hence, using Holder's inequalities, we have

[e¢]

DA

v=1

u™

C<[ () Juce)]. (1)

On the other side
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2a @
=, U, lta u. lta
-3 o <[ 54 (S )

i=1 /1

(1+ a)

Here we have applied Holder's inequality for p=1+a,q= - Taking into

account u(t) e M _and (11), from the last inequality we have

* =
Ju(t)” < e« )

Hence we obtain the following stability estimate

o

1
Ju(t)] < | 0<a <o (12)

Thus, the following theorem has been proved.

Theorem 1. Let the operator M generated by the matrix kernel M(t,s) be
positive, where it is defined M (t,s) by formula (7). Then on the set K(M, )the

operator K ™, the inverse of K , is uniformly continuous with the Holder exponent

—% | i.e. estimate (12) is valid.
+a

Let us show that the solution of the system of equations

su(te)+ [K(tsu(s.e)ds=F(1), te(oal,e>0 13)

will be regularizing for equation (1) on the set M ,
Indeed, by making the following substitution into the equation (13)
wlt,e)=ult)+ £t e),

where u(t)e M , - solution of equation (1), we obtain
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sE(te)+ [ K(13)E(s.6)ds =—auft),

—o0

Multiplying the last equation by &(z,&) and integrating, from —o to @ |

taking into account (2) and (8), we have:

u™

eléte ) +Zﬂl\§ (o) <8Z

£, (), (14)

where & (&)-are the Fourier coefficients for the function &(t,e) , according to the

a
orthonormal system {g, (t)} r.e. &,(£) = If(t,€)¢v(t)dt.
: : : 1 :
Applying the Holder inequality for P =0 = 5 from (14) we obtain

&, &) < jue)), (15)

;ﬂ;l‘gv (8)‘2 < EHU(t)HZ < SCﬂ,l_a, g >0, (16)
on the other side

lt+a

[24
u(v) u(v) 1+a‘§ (t 8)‘ u(v) E

‘5 )( Z‘f (‘9)‘ 2(1+a)
ﬁi(ha)

Z

V=

Therefore, after applying the generalized Holder inequality to the right-hand
side for

2(1+ )

,q=2(l+a),m:2(1+a)’n: 2(1+a)

p= we have

1

2 \(1+a)2
"l et

a™ g™

o0
v=1

clor<(Slewor s (3
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1

£,() S@me)mljp{Z

v=1

u™ a™

o0
v=1

J et e lute)

Further in force

u(t)e M, (15) and (16) from the last inequality we have

ut™

£ (o) < ecr e lut)e's

0
v=l

p+q

£,(e) < (et )pc (ch”) P

uy™

[e.e]
v=l

Hence, substituting p = 2(1; a), g=2(1+a), we get
0 1 1 o
Z u(v) ‘5\/ (81 < C2(1+a) (Cﬂ;a)z (&ﬂ{a)z(bﬂ). (17)
v=1

1 1 a? a

‘g( X 1+a)C C 1046—05 /11_20(/112(14_0!)82(1_‘_0[)

Z u™

V=

—a(2a+1) a

‘5 g)( < CX1 2(1+a) 82(1+a). (18)

z u

v=l

Taking into account (18), from (14) we have

1 —aRa+l) o

Jult, &)-u(t), <c?A**? &), 0<a<w, (19)

Thus proven.

Theorem 2. Let the operator M generated by the matrix kernel M (t,S) be

positive and f(t)eK(Ma). Then estimate (19) is valid, where u(t,¢)- is a
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solution to equation (13) u(t) is a solution to equation (1) M(t,S) and is

determined by formula (8).
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SQUARE INTEGRABLE SOLUTION TO THE LINEAR TWO-
DIMENSIONAL VOLTERRA-STIELTES EQUATION OF THE SECOND

KIND IN THE INFINITE DOMAIN

Abdukarimov A.M. !, Zhadilov B.M. ?
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2Kyrgyz National University im.J. Balasagyn

This article explores the question of the square integrability and uniqueness of solutions
of linear integral equations of the VVolterra-Stieltjes with two independent variables.

Keywords: integration by parts, the Dirichlet formula.

byn makamaga sku Ke3 KapaHIpIchl3 e3repmenyy Boinbreppa-Ctuenbrbec THOMHIETH
CBISBIKTYY HWHTCTpPAIAbIK TCHACMCIICPAU YbITAPYYHYH KBAAPATTBIK MHHTCIPAIAYYIYTY IKaHa
YHUKAJIAYYIYT'Y MacCeJICCH KapaJar.

Ypynmmyy co3oep:: 6enykrep O0oroHua MHTErpanus, Jupuxie popmynacel

B 1ol cratee paccMmarpuBaeTCs BOIPOC O KBAaAPATUYHOW MHTETPUPYEMOCTH U
CAWHCTBCHHOCTU PCUICHUA JIMHENHBIX HHTCIrpaJIbHBIX ypaBHeHI/Iﬁ TUIIa BOHBTeppa-CTI/IHTbeca C
ABYMS HC3aBUCHUMBIMHU IICPEMCHHBIMU.

Kniouesvie cnosa: uHTErpupoBaHue 1Mo 4acTsIM, popmysoit Jupuxie.

Introduction

The article [2] introduced the concepts of derivative and differential of a
function with respect to an increasing function ¢(x). Here, on the basis of this
concept, questions of quadratic integrability of solutions of the Volterra-Stieltjes
integral equations in an infinite domain are studied. Questions of boundedness of
quadratic integrability and stability of solutions of differential, integral, and
integro-differential equations have been studied in many works, for example, in
[1,3]. In [1-3] considered the question of limiting solutions for an infinite domain
of integral and integro-differential equations on the half. Questions of boundedness
of quadratic integrability and stability of solutions for differential, integral, and
integro-differential equations have been studied in many works, for example, in [4-
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6]. In this article, applying the method in [7], we prove a theorem of uniqueness
and boundedness of solutions of integro-differential equations in partial derivatives

of the second order in infinite domains.

In [2], the concept of partial derivatives of a function a(t,x,s) with respect

to an increasing function is defined as follows:

X,5)= i a(t+At, x,s)-alt, x,s)
w(t)(t ) L_)O (D(t+At)—¢(t) .

Finding the derivative of a function a(t,x,s)with ¢(t)respect to will be

called differentiation with¢(t) respect to this function. If a function a(t,x,s) at a
point(t,x,s) has a finite derivative with respect to¢(t), then the function a(t, x,s)
is said to be differentiable with respect to at that point@(t). A function al(t,x,s)
that is differentiable with respect to all points ¢(t) of the domainG, is called
differentiable with ¢(t) respectto G, ={(t,x,s)/0<s<t<o, 0<x<oo}.

Consider the equation:

u(t, %) + [ alt, x, s)u(s, x)de(s) + [blt, x, yu(t, y)dw (y) +

+_t|'_|x.c(t,x,s,y)u(s,y)dy/(y)d(p(s): f(t,x), (t.x)eG, 1)

where af(t,x,s), b(t, x, y), c(t,x,s, y), f(t,x) - known continuous functions, u(z,x) -
unknown function , o(t) 1 w(x) - increasing continuous functions in [0,), here all

integrals are understood according to Stieltjes.

Denote by C(G) -the space of all continuous functions on -
G={(t,x)/0<t<o, 0<x<oo}. Denote L’ (G) by the space of all functions u(t,x)

satisfying the condition,

O ey 8

]‘i|u (t,x) dep(t)dy (x) < o0

THEOREM. If the conditions are met: f(t,x)e LfW (G)NC(G),

a) functions a(t,x,s),a,,,(t.x,s),a., (t,x.s), t,x,5) € C(Gy),

w(t)w(S)(
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G, = {(t,x,s)/O <s<t<oo, 0<x< oo}, a(t,x,O)Z 0 and a;,(t)(t,X,O)SO at
(t,x)eG;

go(s)(t X, S)> O and a (t)¢(s)(t1xis)go at (t,X,S)EGl;

6) functions (r.x.y), b)e tX%,Y), By G X Y), B (LX) €C(Gy),

b P (w(y)
G, ={(t,x,y)/0<t <o, 0<y<x<oof b(t,x0)>0 and b} (t,x,y)<0 at

(t,x)e G,

by (t:x,¥)2 0 and 07 iy (6XY) <0 at (1,x,¥) € Gy

B) funCtlonS C(t,x,S,y) go(t) (t X, S, y) '/’(X) (t X,S, y) (t)l//(X) (t1 X!81 y)’

Coe (t,X,8,Y), C v/(y)(t X, S, y) Cotyp(y) (t XS, y) (o(t)(p(s)(t’x’s’y)’

m

Coein 1% Y), i (6X,8Y), Csppoaney) (EX:8Y),

\Y}
Cfo(t%go(s)w(x)w(y)(t’x’s'y) e C(Gs), Gy ={(t,x,5,y)/0<s<t<oo, 0<y<X<o0f

Cryy (6:X.0,Y)20 at (1,x,y) € G,, Clis) (1.%,5,0)20 at (t,x,5) € G,

c(t,%,0,0)> 0, €l (t.%0,0)<0 ¢, (t,x0,0)<0 ¢/, (t,%5,0)<0,

W)‘/’(X) (t X0 0) O’ Cco(t)w(y) (t,X,O, y)SO at (t x) €G C(:;(s)y/(x) (L Y1S’O)SO,

C(;(S)l//(y) (t’ X, 3, y) 2 y ‘;;(X)‘//(Y) (t X, 0 y) 0 Cm (t,X,S,O) 20 ,

1 Ho(t)e(s)y(x)

"

Coonpswy) (EX:8:Y) <0, Cooy iy (BX0,Y) 20, ¢, (Ex.5,y) <0,
c;'(vt§¢(s)w(x)w(y)(t,x,s,y)zo at(t,x,s,y) e Gj;
n) ¢*(t,x0,0)—aly [t X000, (tx0)<0at (,x)e G |,

¢(5)W(y)( Coswiy) (1X:S, y)) Aptyp0s) (1:X:5)By ) (1%, Y ) <O
at (l‘,x,S,y)E G4;

then equation (1) has a unique solution in wa (G)NC(G).
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PROOF. From the continuity of all known functions in (1) it follows that this

equation has a continuous solution u(t, x) .
We multiply both parts of identity (1) by u(z,x) and integrate ¢, fo<s<s0<y<x).
Then

O'—.:—f

[u(s.y) dw(y)d¢(5>+j

O'—.X

fa (s.y,z)u(z,y)u(s,y)de(z)dy(y)de(s)+

txy t XxXsy
+IHb 5,¥,2)u SY)dW(Z)dw(y)dqo(s)+fmc 5,Y,7,2)%

000 0000
xu(z,2)u(s,y)de(z)dy(z)dy(y)de(s)=[ [ f(s,y)u(s,y)dw(yXe(s). (2)

We transform each of the integrals of the left side of equation (2) according to the
integration by parts formula, the generalized Dirichlet formula and use the

foIIowing formula:

e we

KWW o(s) 2 o(s)

(KW )

ps)

[ a(s.y.ou(ey)u(s,y)de e )iu(y)dos) = | [a(s.y.q) e )[ju £y) dqo(?)J

S

xdp(7)u(s,y)dy(y)de(s)= [[a(s,y.0 [ju £,Y)d(£) u(s,y)dw(y)de(s)+

0

+M£a <r>(S’y’f)uu(f’y)df/’(f)}(S,y)dco(f)dw(y)d(p(S):E!a t,y,0)x
Uu(f,y)d(p(f)j dl//(y)—%.”a;(s)(S,y,O)Uu(f,y)dq)(f)j dy(y)de(s)+

+%££a;<r>(t’y’T)UU(f,y)d(ﬂ(f)J dy(y)do(z)-

|\>||—\

T

Hja:;(s)w(f)(s,y,r)(ju((s,y)dw(cf)J do(s)dp(y)de(z).
Applying the generalized Dirichlet formula, we have:

Ha(s,y,r)u(r,y)U(S,y)dw(r)dt//(y)d(p(S):%fa(t,y,O)(IU(é,y)d(p(?)] dy(y)-

O ey ~+
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I\JII—‘

ijaﬂs) (s.y.0 [ju £y d(p(s)} dy(y)dep(s)+= Haﬂ (ty.z (ju g, y)d(p(é)j

xdw(y)d(p(r)—%ma:;(sm,)(s,y,r)(ju(ay)dqo(f)j d(7)dy(y)de(s). 3

Similarly, we obtain for the second term:

I”b(s,y,z)u(s,z)u(s,y)dz//(z)dz//(y)dgo(s)=%jb(s,x,o)(ju(s,v)dw(v)j do(s) -

u(sv)dz//(v)J dy(y)de(s)+= ” iy (8:%,2 Uu sv)d://(v)] dy(z)x

bn;/’(y)u/(z) S Y,z (J.U S,V dl//(V)J dy(z)dw(y)de(s). (4)

To transform the third integral, we use the following formula:

' '
" "

n ’ ’
CViomin =(CV) o (2) (C( )V) (Z)_(Cw(z)‘/) q,(,ﬁc o w2V

at v(s,y,7.2) = [ [u(&V)dy (de(&).

Then, integrating by parts, we have:

_:[:[i_ly'c s, Y, 7, 2)u(z, 2)u(s, y)dw (2)dep(z)dw (y)de(s) ::jﬁjc(s,y,r,z)—@(p(riw(z)><
y t x| sy az
[ !u £V dt//(V)d(/)(é)Jdl//(Z)drp(f)U(S y)dy(y)de(s)= H[Hm

d
oy(z)

x[c(s,y.r,z) IU(é,V)dV/(V)d(p(i)de(Z)d(p(f) [] (c;m(s,y,r.z)ﬂu(é,v)x

xdy(V)de(2) dy(2)de(7) - Ha [ syrz)jju(cs,v)dw(v)dw(r)jx
xdy(2)d@(2)+ [ [0 (5.y,.2) | Ju(E) dw(V)dco(i)dw(Z)d(p(f)} (5,¥)dw(y)x

S

xdgo(s):jic(s,y,o,o)(ﬁu EV dl//(V)d(p(f)] (s,y)dw(y)de(s)+ jjj‘ Criry(8,Y,7,0)x

< fut

sy
cw(z) s,y,0, z ”u fv dz//(v)x
01z

o'-—.~<

u(&Vv)dy(v)de(Eu(s,y)de(z)dw(y)de(s)+ H

O e <
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<A E)u(5,Y) ()W) + [ [ [ [y (8.9.7,2) | [u(Ew)duvIdp(£)x
xu(s,y)dy(z)de(z)dw(y)de(s). (5)
Hence, using the formula

14 n
CvVoismy) = (CV ot ywiy) ~ (Cgo(s) hiy) (Cl//(y) )go(s)+2C(s)w(y>V —CVy)Vas)

and the generalized Dirichlet formula, we get:

HHc s,¥,7,2)u(z, 2)(s, y)dw(z)d(p(r)dw(y)drp(s)—— t xoo)mu £V dw(V)d(p(é)J

—% ] c;,(s)(s,x,o,o)[j Jule.v dV/(V)dw(é)J d(s)- 5 Icwm (t,y,0,0)x

2

x(”u ) dw(V)dw(ﬁ)] dy(y)+ 1 ”%W (s. y,0,0)(ﬁu (&) dw(v)dgo(gv)J

xdy(y)de(s)-[[c(s,y.00 (Ju £y dco(g)j(ju dw(V)]dw(y)d(p(S)Jr

+%jc;,(,)(t,x,r,o)(j']'u &V dq’(f)d‘//(V)J do(r) -5 ”Cfp(s)w(r) $,X,7,0)x

2

X

[Hu £ dt//(V)dco(é)] do(r)dos) - ch(,)w(y) t ymO)(Hu £ dt//(V)dco(é’)J

xdw(y)d¢(r)+%!Mc;:}sww (s.y,7.0) mu &V dt//(V)d(p(f)j do(z)dy(y)de(s)~

y

—IHc (s, ro)(j u(é,y dqo(é)j(f u(s,v dW(V)}d(/)(r)dw(y)d(/)(S)+ I Chzy (1.X,0,2)

i

xdg(s)— Hc.,(yw, ty,o,z)(jju £V dw(V)dco(f)] dy(z)dy(y)+

X

u(f,v)dw(v)dco(cf)] dw(z)—%ﬁc;;(sw(z)(s,x,o,z)UJu £ dw(v)dqo(f)j dy(2)x

z

N C— <

+%IJ:'ICZ(S)“’(”’”(Z) (s.y.0.2 @IU d‘/’(V)dﬁﬂ(f)] dy(z)dy(y)de(s)-
mqﬁ o (590 Z)U“ &y d(P(f)jUU s,V dw(V)JdV/(Z)d v (y)de(s) +
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4

i (LY T,2)x

+
N| -

tx t x 2 ltxy
bt X’T'Z)[”u SV dV/(V)d(ﬂ(f)J dv/(z)d(p(r)—EI”c
00 i 000

tx S
x| [[u(éw) dt//(V)dco(f)J dy(z)dy(y)de(z)- ZIH ooz ($:XTZ)x
Tz 000

S X 2 t xsy
x| [Ju(&.w) dw(v)dco(g)J d(p(r)dw(Z)d(p(SH%HHC ot wirwin (8:Y,7,2)%
Tz 0000

X

sy 2 tXsy
JJuew) dt//(V)d(p(é)J dy(2)dg(0)dy(y)de(s)= [ [[[Chiorin (5:Y:7.2)

x fu(5,y)dco(é)qu(S,V)dl//(V)]dw(Z)dco(r)dl//(y)dco(S)- (6)

Taking into account formulas (3), (4), (5), (6) and condition c), from (2) we have

Jx'uz (s, )y (y)de(s) + = ”l: As) (s, yo{ju &y d(p(f)j — 2¢(s,y,0,0)x

O ey —~+

x{ju (&.y) dqo(cf)j [J'u S,V dz//(v)] o (S, y,O)Uu(s,v)dyx(v)j }dz//(y)dgo(sh

w3l

{ Ziz);(;) ;({)) [J.U(f’}')d(ﬂ(é‘)} ~2C" o) s,y,r,z)(ju(g,y)dgo(g)jx

xﬁu(s,v)dw(v)j b'Z(‘py()Z‘)”((o(o) Uu (s.v) dw(V)j }dw(Z)Olco(f)d!//(y)dco(S)+

+§jj[ 2 (L. r)(j 8 Y)dco(é)J Ay )dp(e)+ [ b, (502 (ju X dt//(V)j dy(2)x
xd¢(s)+%ja(t,y,0)(ju(cf,y)d(p(é)] dy(y)+
%b[b(s,x,o)(gu(s,v)dy/(v)] do(s)+

c(t,x,0,0 U.X[u (v dt//(V)d(D(eg))
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lt S
—EIC;(S)(S,X,O,O) I

O T <

u(g.v dw(V)dco(f)j do(s) -

[ [u(£v) dw(V)dw(é)J dy(y)+= Hc(p(s),,,(y) (s,y,0,0)x

J i (tx2) {Hu £, v)dw(v)dqo(f)j dy(2)de(7)

T

[Tereme (ty.7.2 Uju (£,v) dw(V)d(p(f)J dy(z)dy(y)de(r)-

%ﬁicﬁswmmz) (s.:x.7.2) [HU £V) dl//(V)dco(é)j do(7)dy(z)de(s)+

[ aewrwi (3:,7,2) (HU(é,V)dW(V)dco(rf)J dy(2)de(z)dy(y)de(s) =

|

O e

=[] (5 yhu(s Yy (n)do(s) (7)

By virtue of conditions a), b), ¢) and d), from (7) we have

On the right side of inequality (8), applying the Cauchy-Bunyakovsky inequality,

u?(s, y)dy (y)de(s) < (8)

[ £ yu(s. vy (o).

O ) <

we obtain

1 1

[ fu2(s,y)aw (do(s) < (Hf sy dw(y)d(p(s)szuz sy dw(y)dqo(S)j

Hence it follows that

Uju 5 ydl//(y)dqo(S)] <(Hf 5 ydw(y)dqo(S)j at (cx)< G

From the last inequality, passing to the limit at z —o0 and x — « we get

48 I Herald of Institute of Mathematics of NAS of KR, 2023, No. 1



1

1 1
)z ) =U Ju(syX w(y)dqo(s)jz <[I [f2(s.y)d w(y)dqo(s)jz =
00

o 00

=[f (&) Lf/w/ G)" (9)

Thus, the theorem is proved.
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QUASI-LINEAR PARABOLIC EQUATION WITH A DISCONTINUQUS

INITIAL FUNCTION

Turkmanov J. K.}, Karynbaeva M. M.%, Agybaev A.S.2
! Institute of Mathematics NAS KR,

?Bishkek state university named after K.Karasaev,

3Kyrgyz State Technical University named after I.Razzakov

In this section we construct asymptotic representations for a solution of quasi-linear
parabolic equation, when the solution of the corresponding degenerate problem is a

discontinuous function.

Key words: quasilinear parabolic equation, excited problem, solution, multiple lines,

asymptotic expansion, function, discontinuous function.

byn wmakanaga THemienyy KO3TOJTOH MACEICHHH YE€YUMHU Y3TYITYKTYY QYHKIHS

0ONTOHA0, KBA3UCHI3BIKTYY Mapalonajblk TEHAEMEHU Ye4YYA©e ACUMIITOTHKAIBIK aKbIPOOIOp
Typry3ysnar.

Ypynmmyy ce30ep: kBa3u ChI3BIKTYY NapaloJiaiblK TEHAEME, KO3TOJITOH Macelie, YeUHM,

Oup Heue ChI3bIK, ACUMIITOTUKAIIBIK aXKbIPOO, QYHKLHUSA, Y3TYIATYKTYY QYHKIUS.

B nmanHOWl cTaThe CTPOATCA ACUMIITOTHYUCCKHUE TPCACTABICHUA JIsI PCHICHUS
KBa3UJIUHEWUHOIO Hapa60J'II/I‘leCKOFO YpaBHCHUA, Koraa peuieHuce COOTBCTCTBYIOH_Ieﬁ

BBIPOXKICHHOM 3a71a4M SIBJISIETCS pa3pbIBHON (DYHKITHEH.

Knrouesvie crnosa: kBazuinnHeHoe nmapaloyinyeckoe ypaBHEHHeE, BO30YXKIE€HHas 3ajauya,

pPCHICHUC, KPATHBIC IPAMBIC, ACUMIITOTUYCCKOC Pa3JIOKCHUC, (bYHKLII/IH, pa3pbIBHAA (byHKI_II/ISI.

1. Inthe strip I{(t,x)|0 <t < T, — oo < x < oo} let us consider the problem

L 0%u ou _ 0o 0 ) = "
W= S - T=0, w00 =) (1)

The function ¢ will be assumed to be infinitely differentiable, uniformly bounded
for bounded values of the argument, ¢(0) = ¢'(0) = 0, ¢"(0) =1, and ¢"(u) =

¢, > 0 for any u. Let the function f(x) be continuous and uniformly bounded for
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x # 0 and possess uniformly bounded derivatives of any order for x # 0, which
have finite limiting values as x — 0 and x — +0.

A long with Problems A., we consider in the strip 1 Problem A,

du Ju
Ay =5+ —=0,  w(0.x) = f(®) )

As is known, Problem A, may have no solution in the class of differentiable
functions even for an arbitrarily smooth initial function. In order for the problem
(2) to be solvable for a continuous or piecewise continuous initial function, it is
necessary to seek its solution in the class of discontinuous functions.
As it follows from O. A. Oleinik’'s work [1], for an arbitrary bounded measurable
initial function f(x) a solution of Problem A, is infinitely dif ferentiable for ¢t > 0.
At the same time, a solution of Problem A, may appear to be a discontinuous
function even for an infinitely smooth initial function, and for a discontinuous
initial function a solution of the problem may be continuous for t > 0. In
connection with these specific peculiarities, an asymptotic, as € — 0,
representation of a solution of Problem A, may or may not possess terms of
boundary layer character; moreover, boundary layer terms of expansion can
describe both the ordinary differential equations and equations of parabolic type.
Hence, the structure of an asymptotic, as 0, representation of a solution of Problem
A, depends essentially on the properties of the solution of Problem A,. It is not
difficult to prove the following

Theorem 1. If f(x) is a function, infinitely differentiable and bounded along
with its derivatives of any order, and a solution of Problem A, is infinitely
differentiable in the strip I1t, then for the solution of Problem A, we can construct

a uniform, asymptotic as e = 0 expansion of the type

[00]

U(t,x,€)~ z e2ku,, (t,%),

k=0

and for that expansion in the strip [Ty the estimate
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N

u(t,x) — z ek, (t,x)

k=0

< CEZN+2

c?
is valid.

Thus, the occurrence of terms of boundary layer character in an asymptotic
expansion of the solution of Problem A, is due to the occurrence of sin- gularities
in the solution of Problem A,. In the present section we describe an asymptotic
representation of the solution of Problem A., in the case, where a solution of
Problem 4,, is a discontinuous function for 0 < t < T.

Thus, let the initial function satisfy the above-formulated conditions, pro- vided
f(=0) > f(+0). Let the solution of the problem (3), (4) be an infinitely
differentiable function everywhere in IIp, except for an infinitely smooth line

x = x, (t), x,(0) = 0 at the points of which the solution of Problem A, and any
its derivatives have finite limiting values as x — x,(t) —0and x - x,(t) + 0. As

is known (see, e.g., [51]), on the line x = x,, (t) the relation

) (uo(t, x, (8) + 0)) — ¢ (uo(t, X, (8) — 0))
uo(t, 2, () + 0) — up(t, x,(t) — 0)
is fulfilled, where u,(t, x) is a solution of Problem A,,.

xp(t) = (3)

In what follows, for the sake of simplicity we will assume that the identity
x,(t) = 0 holds; the consideration of the general case somewhat complicates
technical details of the construction and is not a matter of principle.

2. An asymptotic expansion of the solution of Problem A, will be sought in the

form
Ut x, )~ z 25Uy (t,%) + z e2kuy (t,x/€2) @
k=0 k=0

The function u,(t,x) is assumed to be known, and the functions wu,; (t, x) for
k> 1, 9,(t &) are to be defined.
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The functions u,, (t,x) must ensure the closeness of the asymptotic ex- pansion
and the solution of Problem A, everywhere outside the neighbor- hood of the line
of discontinuity of the solution of Problem A4,.
The functions 9, (t, &) will be constructed under the assumption that they are of
boundary layer character of variation as |£| — o and guarantee along with their
derivatives of the first order the continuity of the asymptotic expansion (4).
A solution of Problem A, under the condition (3) is defined uniquely.
Characteristica of the equation (2) are straight lines intersecting on the line x = 0.
The function u,(t, x) is a solution of the functional equation
up = f(x—¢"(u)t), (5)
which shows that the derivative of the function u,(t,x), a) with respect to the
variable x for x # 0 can be found by the formula

fla—¢' ) f(x%)
T+t (up)f'(x —td'(wp)) 1+td"(F(x")f"(x%)

In particular, from the condition of solvability of the equation (5) it follows that in

Ugx(t,x) =

case, the initial function is smooth, the smoothness of the solution of Problem 4

cannot be violated for t € [0, T,), where

To= min [-¢"(f)f' ()]

—oco<x<0o

Using the standard techniques, we can see that the functions u,; (t,x) for k>1

are defined as solutions of the equations
2k

uy, 0 0%y, PG+ (yy)
Louzx = 6_125+ a[¢ (Uo)uzk] = #— ZTO
s=0
9 _
Ug, Ug, - Ug, Tx = Fyr (¢, x), (6)

|la|+B=2k
satisfying the zero-initial condition. Here, each of the indices £, a4, @5, ..., a; may
be any even integer from 0to 2k — 2. |a| = a; + a,+...+ a,. It can be easily
seen that solutions of the equations (6) are, generally speaking, discontinuous for

x = 0.

54 Herald of Institute of Mathematics of NAS of KR, 2023, No. 1



Let us now pass to the construction of the functions 9, (t, &) which are defined
separately for ¢ <0O0and & > 0. Using again the well-known proce- dure of
constructing the asymptotic expansions, we find that the functions 9, (t, &) are

obtained as solutions of the following differential equations:

029 209
6520 o ¢’(u§ '|'190)a_5;0 =0 (7)
029 0 09
Louyy, = ?ﬁk - %[‘Ib’(u%r + 190)'92k] = u;_rkﬁb”(uii + '90)6_;¢2k(t' $); (8)

here uz, = limy,_o Uz (t, %), Ul = limy_ o Uz (t,X), U3, = uyy, for & < 0,
u;—rk = u;, for & >0, and the function ¢, (t, §) is represented as a sum of a finite
number of summands, each containing as a multiplier at least one of the functions
U, (8, &) or 9", (¢, &) for i < k. The equations (7) and (8) are solved separately
for E<0and & > 0; for& = 0we impose the following conditions of
continuity of:
- the asymptotic expansion
Uzk (6, —0) + T (8, —0) = Uz (t, +0) + 94 (¢, +0); 9)
- the first derivatives of the asymptotic representations:
[90(t, —0)]; — [90(t, +0)]; =
[021(t, —0)]z — [9(t, +0)]¢ = [ug—2(t, +0)]% — [uzk—2(t, +0)]%, k = 1. (10)
Lemma 1. The equation (7) possesses a solution of boundary layer type, which
satisfies the conditions (9), (10) and tends exponentially to zero as |£| — O.
Proof. In equation (7), for ¢ < 0and ¢ > 0 we change the unknown functions
z7=uy +9, and zt=ud +9,, respectively. It is readily seen that both
equations take the same form, and their coefficients coincide for & = 0 by virtue
of the condition (9).
For oo < & < oo, let us consider the equation
zge — ¢’ (2)zg = 0 (11)
and show that it has a solution, tending to u~ asé - — oo and to u* as ¢ - +oo,

Bearing this in mind, we integrate both parts of equation (11) with respect to the
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variable ¢ and obtain zé —¢(z) + C(t) = 0. Then we - choose a constant C(t) of
integration in such a way that the derivative of the function z(t, ) would tend to
zero as z — ug: C(t) =¢(uy). By virtue of the condition (3), dz/d¢ - 0 as
z — ug. Thus, the function z(t, &) satisfies the equation zé =¢(z) — Pp(uy) =

=¢p(z) — ¢ (ug). The function Y(z) = ¢(z) — ¢ (uf) is convex and
vanishing for z=wu; and z=ug. Every solution of the equation under

consideration satisfies the equality

2t 5 (2D fu
£ = j
Z

z(t,0) ¢(w) - (t,0) (]5((1)) - ¢(u5)
The values z = ug and z = ug are first order zeros of the function (2). Hence the
integral on the right-hand side of the last equality diverges as z —» ug and z — ug,

that is, the function z(t, ¢) takes the values uy and ug for none of the finite value

&, 1f z(t,0) # u;—’ . This means that a solution of equation (11) having the above-
mentioned limiting values as ¢ — too exists & € (—oo, o0) and is defined uniquely
by its valuation for & = 0. Because function (z) for uf < z < ug is of constant
sign, every such solution is given in terms of the monotonically decreasing
function of the variable &; note that dz/d¢ vanishes for none of the value ¢. Since
zge = ¢'(DY(2), ¢'(ug) >0, ¢'(ug) <0, the function z(t,&) has only one
point of inflection & = Cy(t), and therefore ¢'(z(t,Cy(t))) = 0. We fix the
integral curve with inflection for § = 0, and let z = z(t,&) of thatcurve. Then
the function z = z(t,& — C,(t)), where Cy(t) is an arbitrary smooth function,
defined for all t € [0,T], satisfies equation (11) and has an inflection for & =
Co(t). Therefore C,(t) can be interpreted as the constant of integration
distinguishing a unique solution of equation (7):

Z(t,§— Co(1)) —up,5§<0
Z(tE—Co(t) +ud, £€>0

Obviously, the condition (10) is fulfilled for any choice of the function C,(t); thus,

80(,6) = | (12)

in constructing a zero approximate asymptotic expansion u(® = wuy(t,x) +

+ 9,(t,x/€) one constant of integration (being a function of the parameter t)

56 I Herald of Institute of Mathematics of NAS of KR, 2023, No. 1



remains still undetermined. The proof presents no difficulties when solutions of
equation (7), satisfying the conditions 0 < 9,(t,0) < ug; —ug, tend
exponentially to zero.

Lemma 2. Solutions of the boundary layer type equation (8) exponentially tending
to zero as || — 0 and satisfying the conditions (9), (10) exist. For every fixed k
the set of functions {9,(t,¢)}, s = 0,1,...,k is defined to within one integration
constant C,(t) which is a function of the parameter t; moreover, each of the
integration constants C,(t), s = 0,1,...,k is defined as a solution of some
linear, for s > 1, first order ordinary differential equation. The initial value C(0)
for the solution of each of these equations is arbitrary.

Proof. The existence and exponential tending to zero as |£| — 0 of solutions of
equations (7) is obvious. By virtue of the above-described properties of the
function 9,(t, &) = 9,(t, & — Cy(t)), the solution of either equation (8) which
tends to zero as || — 0, exists and depends on the two constants of integration
being the functions of the variable t. Let us consider equation (8) for k = 1.

Obviously, we shall have
6192
E3

00 = | {50+ 10(u +00) - 9 (5)

— @' (uf +90)9; = P1(t,9), (13)

+

+¢" (ug +9,) [uz +7 (aau()) ] 661370} an,

where the indices “—“ and “ + ” are chosen for £ < 0 and & > 0, respectively. A
solution of equation (13) is defined by means of two constants of integration.
Condition (9) can be satisfied by choosing only one of the constants. As is follows
from (13), no choice of the second constant of integration can satisfy that condition
for the function 9, (¢, £); only the remaining, for the time being unknown constant
of integration C,(t) can satisfy the condition (9). From equation (13) and condition
(10) we have
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0 o
auogt;c+0) B auogt;c—O) _ f m%d‘f N fo %d& +3,0), (14)
where the function @, (t) is defined by means of limiting, as x —» +0, values of
the function u,(t,x) and its derivative with respect to the variable x. Using the
representation (12) for the function 9, (¢, &), form the last equation it is not difficult
to get for the function C,(t) the differential equation Cy(t) = qo(t, Cy), whose
right-hand side is the continuous function and satisfies the Lipschitz condition in
the second argument for all t € [0,T,). It follows from the relations (8) and (13)
that the conditions (9) and (10) will be fulfilled for any choice of the initial
condition for & = 0 for the solution of equation (13). The lemma is proved for the
case k = 1.
To prove the lemma for the general case k > 2, we write the relation for the jump
of first derivatives of the function 9, (t, &) with respect to the variable ¢ foré =0
in the form

6192k(t, _0) aqu(t, +O) _ Joo 019216—2
0¢ 0¢& B ot

where g, (t) is the given function? Using the general type of the solution of

d¢ + qx(t), (15)

— 00

equation (8) for k > 2 and performing integration with respect to the variable ¢,

we can get a differential equation for the integration constant Cy;_,(t):

a(t)Car—2(t) = pr(t)Cor—2(t) + i (2), (16)
where
% £
a(t) = f exp U cp’(u:)—r +9p)0n|dé = ay > 0,

pr (), g (t) are the known smooth functions.

Note that the conditions (9) and (10) are fulfilled for any choice of the initial value
for the solution of equation (16). Moreover, in the approximation u? (t, x, €), the
integration constant. C, (t) and all the initial values C,;(0), s<k—1,remain
still undetermined.

Remark 1. Note that we have completely constructed a formal asymptotic

expansion of the solution which, in fact, is the asymptotic residual expansion of the
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equation. By no choice of values of the constants C,.(0) can one achieve that the
given expansion would satisfy the initial condition uniformly for all |x| < co. At
the same time, it is obvious that in order that the constructed by us formal
expansion approximate the exact solution for t > 0, it is necessary to determine
these constants uniquely, as long as the choice of constants enables us to determine
the structure of the solution in the neighborhood of the line of discontinuity of the
solution of the degenerate problem.

Lemma 3. Let a = const,0 < a < 1/2. For |x| = 6, = €172% the inequality
lu(t, x) — uM(t,x)| < Me® holds.

Lemma 4. For |x| = M, the estimate |u(t,x) — u®™ (¢, x)| < Me2V+2 is valid.
Proof. Let p > 0 be some number. Let us construct a function f; (¢t, x) possessing
the following properties: fi(t,—p) = fi(t,p) = 0; fi(t,x) = 1 for |x| =
myp, m; = const,

.

_oh 9f
P axsac—s| =

df1
. 1(,,(N) — < _
Bt o' (u )ax q:.(t,x) <0 for|x| >p

It is not difficult to see that if p > elne, then the function exists. Consider
an auxiliary function z, (t, x, €) = e~%!f; (t,x)z(t, x, €) which for x > p satisfies

the equation

0%z, . 0zy 0z

522 ¢ (U)W BT az(t,x,€)z; = @y (t, x,€)
where a,(t,x,€) =1 for |x| = p, and the function @, (¢, x, €) is written in an

— .2
Liz; =€

obvious manner. Note that by virtue of the properties of coefficients of the
asymptotic expansion the constant a, can be chosen independent of €. For
t = 0,|x| = pthe condition |z,(0,x,¢€)| < Me?N*2 is fulfilled for the function
z1(t, x, €).

Suppose that the function z,(t,x,€) at some point P;(t,,x;) of the half- strip
x=p,0 <t <T reaches its largest (for that half-strip) positive value. Since the
equality zf/, + fiz, = 0 is fulfilled at the point Py, that is f{,z, = —z(f{,)?*/f1,
the function z; = z; — B, , where S, is some constant, satisfies at that point P; the

relation
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Lz =62—Z_1—¢’(u)%—az_ —%zﬁa (t,x,€) +
LT g2 ax 2t oac - ToTRM T

+e~%tz[ef, — qi(t,x, €)] — 2€%e™ " (f)?/fi — e " fiEy(t x,€) —
1
— e‘“ztzlzxj ¢" (ud +u™) (1-0))0. (17)
0

Consider the value of the right-hand side of (17) at the point P;. Denote

1
8e~2h[pfi] =di, 4e”Upfi, f ¢"(u6 +u™) (1 - 6))do = dy,
0

4e~%2t1p?f) =ds, 4e %hie” NTDFE =4,
and choose a constant 3, as follows:
Bo = max{e?p~?d,fi1z; p~ld,z?% €*p?d;yz; €*N*2d,)}.
For such a choice of the constant g,, the expression L,Zz;, is nonnegative at the
point P;, since a,(P;) = 1,q,(Py,€) < 0. As it follows from equation (17), the
largest value the function z, (t, x, €) reaches at the point P, is nonnegative, i.e.,
fi(P)z(Py, €) < e”®2"1p,. (18)
Suppose first that B, = €e2p~2d, f; 1 (P,)z(P;, €). Then inequality (18)
implies  f2(P,) < €?p~2d,e %', Therefore, by virtue of Lemma 3,
fi(P)z(P,€) < Me™**p~,
If B = p~1d,z%(Py, €), then f;(P))z(P;, €) < Me**p~t. However, if
Bo = €?p~?d;z(Py,€),then f;(P)z(Py,€) < Me?t%p~2,
Finally, for g, = €2¥*2d, we obtain the inequality f;(P;)z(P;,€) < Me?N*2,
Comparing these estimates and supposing a = (m, + 3)/(3m,).
my = 6,p = 8, , We can state that the estimate z(t, x,€) < Me?T* = Me¥*+3/Mo
holds forall x > m;p, 0 <t<T.
Let now z,(t, x,€) = f,(t,x)z(t, x, €), where the function £, (¢, x) is con- structed
in the half-strip x > m;p, 0 <t <T just in the same way as the function
f1(t,x) in the half-strip x = p, 0 <t < T. Repeating for the function z,(t, x, €)
the same arguments as for the function z, (¢, x, €), we shall arrive at the conclusion
that for x > 2m; p, 0 <t < T, when the function z,(t, x,€) reaches at the the
point P, its positive maximum, we have the estimate
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u(P,) — uM(P,) < Me**9/mo,

Repeating our reasoning successively in the half-strips x > 3m; p, x = 4m, p
and so on, we shall step by step raise the exactness of the estimate until we obtain
the inequality z(P.,€) < Me?N*2_ |t is easily seen that a number of steps r, which
we have to do for getting a final estimate, does not exceed the value [(2N + 2)]/
3+ 1.

The lower bound for the asymptotic expansion error can be found analogously.
Lemma 5. In the rectangle D, the estimate

wy (t,x,€) < Me*Nt% + Me?exp{—yot/[€? Ine 1] — yox?/[e* Ine" 1]} (19) is
valid, where y, is a constant not depending on e.

Theorem 2. Outside of the neighborhood 2 = {(t,x)|0 < t < Me? Ine™?, |x| =
Me?\Ine~1} of the point where the line of discontinuity of the solution of the
degenerate equation and the initial straight line meet, the inequality |u(t, X,€) —
u® (¢, x,€)| < Me?N*2 is valid.

Proof. Let t; = Me? Ine~ . It follows from (19) that for any a,b,a < b the

inequality

b
J [u(ty, x) — u@N*3 (t,x)]dx| < Me*N*6
a

is fulfilled. Let x; be a point of the line t = t; at which the difference u(t;,x) —
u®N+3) (¢, x) reaches its largest positive value m,. Let a, b be chosen in such a
way that b = x;, and on the interval [a, b] the function z(¢t,x,€) = u(ty,x) —
u@N+3) (¢, x) is nonnegative. Since dz/0x < mye~? in the strip Iy, the length
of the interval [a, b] is not less than mye? /m, Therefore

mge?

b
< | z(ty,x €)dx < Me*N*o
= | 2(0%0

whence m, < Me?*N*6, Analogously one can prove the assertions of the lemma in
the case of negative minimum of the function z(t, x, €) for an arbitrary point lying

outside the neighborhood of 2.
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MSC 70F99
SYSTEM OF DIFFERENTIAL EQUATIONS DESCRIBING REPELLING
POINTS ON A SQUARE AND EMPTY CORNERS PHENOMENON
Tagaeva S.B.

Institute of Mathematics of NAS of KR

Considered the system of ordinary differential equations with discontinuous right hand parts
presenting mutual repelling of points charges in very viscous media within a square. The empty
corners phenomenon is found for numbers of points exceeded 400 (constant of numerosity).

Keywords: mathematical model, repelling, ordinary differential equation, system of
equations, phenomenon, constant of numerosity

AbnaH xaObIIIKaK Y6UPe/16 YeKUTTEPAUH TYPTYLIYYHY YarbULABIPYYdy, OH JKaKTaphl Y3TyJI
00NTOH KaauMKU U QepeHIHaNIbIK TeHJIEMeNep CHUCTeMAachl Kapanar. YeKUTTepAHH CaHbI
400TeH (kemue TypyKTyyCy) alikanaa 6omr 6ypu KyOynyury TaObUIIbI.

Ypynmmyy ce30ep: MareMaTHKaJIbIK MOJEN, TYPTYLYY, KaTUMKH JTU(epeHIHaIabK
TEeHJIeMe, TeHAEMeJIep CUCTEMACHI, KyOyIyIl, KOIm4e TypyKTYycy.

PaccmatpuBaerca cuctema auddepeHINaNbHbIX YpaBHEHUI C pa3pbIBHBIMH IPaBbIMU
JacTAMU, MPCACTABIIAOIIAA B3aMMHOC OTTAJIKMBAHHME TOYCK B OYCHB BSI3KOU Cp€ac BHYTPU
kBagpata. OOHapy)XeHO SBJIEHUE IYCTHIX YIJIOB JJIs KOJWYECTB TOuYeK, mpesbimaronmx 400
(KOHCTaHTa MHOYKECTBEHHOCTH ).

Knrouesvie closea.:MaTeMaTndYeCcKasa MOICIb, OTTAJIKUBAHHUCEC, OOBLIKHOBEHHOE

muddepeHIanbHOe ypaBHEHNE, CUCTEMA YPaBHEHUH, IBJIEHHE, KOHCTaHTa MHO>KECTBEHHOCTHU
Introduction

Distributions of continuous electrical (similar, repelling) charges on conductors
were considered in many papers. Also, theorems on uniqueness of such
distributions were proven. For instance, continuous charges on surfaces were
considered in [1], ones on lines were done in [2]. We considered distribution of
discrete electrical charges of same sign. We found that such distributions have
other properties, including absence of uniqueness. For example, two charges have

three stable arrangements within a regular triangle.
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In [3] we put a general problem to investigate arrangements of discrete
electrical charges of same sign, considered motion of a charge under sum of all
repelling forces from other charges within the interior of a domain and along its
boundary. In [4] we proved existence of solution of task for two moving charges
on an axis; in [5] we also did for one immovable charge and one moving charge on
a half-axis. We also proved existence of solution of evident task for two
immovable charges and one moving charge on a segment. In [6] we considered an
arbitrary number of charges on a segment. Here we consider repelling points

within a square.
1. Stating of the problem

Denote R:=(—c0,20), R+:=[0,20), S,-=/0,1] % [0,1]. Let the time teR..

We will consider n > 2 points moving on the square S,. Denote their
coordinates as zj(t)={xi(t), yi()}, i=0..n. Their initial positions (all are distinct) are
given:

{xi(0), yi(0)}={X0, Yio}, i=0..n. (1)

They are mutually repelling by the Coulomb law.

Suppose that the media of S, is very viscous. Then forces of inertia can be
neglected and a force pushes a body in the media as well as it is immobile each
moment. Also, suppose that the velocity of a body in the media is proportional to
the force. Thus we obtain the following system of ordinary differential equations of

the first order (the coefficient is 1)

Fie = Tiade(®) = %0, 31 (®) = 7: (0} ((1e(®) = 1:0)” + (e(®) -
y@))

!Fk if {xx(t),y,(t)} isin the interior of S,;

, , _ projection of F) on the side

a0,y (O} = if {x,(t),y,(t)}is in the side of S,;
0if {x;(t), yx(t)} is in the corner of S,;

teR, (2)
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We hope to prove existence of a solution of the initial value problem (1)-(2)
by the method used in [4].

2. System of difference equations

We wrote the following program in pascal: (sides of S, are 700 pixels; #N
means number of points; initial values are chosen randomly):
PROGRAM sab_023;
USES CRT, graph;
var hxy,vx,vy,dx,dy,dxy,dxy1,hxyl,z,z2,xj,yj,dxy2,dxyd: double;
1,J,nxy,it,nt,np,ihand,n_time,ik: longint;
var drv, mode,f,n: integer;
X,y:array[1..700] of double;
xn,yn:array[1..700] of integer;
begin {main}
drv:=0; mode:=VgaHi;
InitGraph(drv,mode,'c:\tp\bgi");
randomize;
SetTextStyle(0,0,2);
OutTextXY (30,20, Tagaeva, 2023. Repelling #N charges on square’);
OutTextXY(100,40,'(Wait a little)");
2:=700.; z2:=2/2.0;
np:=10; {nt:=500*n_time;} hxy:=1.0; hxyl:=hxy; nt:=1000; nxy:=#N;
for ik:=1 to nxy do begin x[ik]:=z*random; y[ik]:=z*random;
xn[ik]:=round(x[ik]); yn[ik]:=round(y[ik]);
Setcolor(green); circle(xn[ik]+80,yn[ik]+70,2);
end;
for it:=0 to nt do
begin {it} if it>np then hxy:=2.0*hxy1,
If it>2*np then hxy:=4.0*hxy1,;
for i:=1 to nxy do

begin {i=ix} vx:=0.; vy:=0.; for j:=1 to nxy do
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begin if j<>i then begin
Xj:=x[]]; {if xj>X[i]+z2 then xj:=xj-z; if xj<x[i]-z2 then Xj:=Xj+z;}
yi=ylil; {if yi>yli]+z2 then yj:=yj-z; if yj<y[i]-z2 then yj:=yj+z;}
dxy2:=sqr(x[i]-xj)+sar(y[il-yi)+1.;
dxyl:=z/(dxy2*sqrt(dxy2)); if dxyl<sqgr(z)/nxy{*0.5} then begin
dx:=(x[i]-xj)*dxy1; dy:=(y[i]-yj)*dxy1;
vX:=vx+dx; vy:=vy+dy; end,;
end; end;
X[i]:=x[i]+vx*hxy; if x[i]>z then x[i]:=z; if X[i]<O0. then x[i]:=0.;
y[i]:=y[i]+vy*hxy; if y[i]>z then y[i]:=z; if y[i]<O0. then y[i]:=0.;
end {i=ix};
for ik:=1 to nxy do begin xn[ik]:=round(x[ik]);
yn[ik]:=round(y[ik]) end;
{for ik:=1 to nxy do write(xn[ik]:5,yn[ik]:5); writeln;
readin;}

end {it};
Setcolor(white);
repeat
for ik:=1 to nxy do begin {circle(xn[ik]+80,yn[ik]+70,8);}
circle(xn[ik]+80,yn[ik]+70,6); circle(xn[ik]+80,yn[ik]+70,4);
circle(xn[ik]+80,yn[ik]+70,2) end;
delay(100);
until keypressed,;
END.

3. Experiments with the system of difference equations
The more is #N, the more points are situated on sides of S, . It corresponds to

the known fact that all charges are situated at the surface of the charged conductor.
But since #N>400 there arise empty sectors in corners of S,, with the only point in

the vertex. It contradicts the known fact that the density of surficial charges is pro-
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portional to the surface curvature. Hence, the found phenomena is specific for dis-
crete charges.
Conclusion

The third example of implementation of effect of numerosity in irgd6-type

processes [7] is found in the paper. It also is an example of the law of the transfor-

mation of quantity into quality.
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ALGORITHM OF CONTROLLED MOTION OF STRETCHED OBJECT

ON TOPOLOGICAL TORUS
Zhoraev A.H.

Kyrgyz-Uzbek International University named after B.Sydykov

Supra algorithms of controlled motion of points in kinematical spaces were implemented.
We proposed controlled motion of stretched objects in kinematical spaces. An algorithm of
controlled motion of a square on topological torus is proposed in the paper.

Key words: axiomatization, topological space, kinematical space, velocity, motion,
topological torus.
Mypz[a KHMHEMAaTHUKAaJIbIK MeﬁKHHZ{HKTepHeFH YCKUTTCPAHNH 6am1<apbmyyqy KBIMMBUIBIHBIH
AJropuTMACpHU  HMIIKC  allbIPbLITaH. buz KHHEMAaTHUKAJIbIK MeﬁKHHI{HKTep)Ie CO3yJIr'aH
06"I)GKTI/IJI€pI[I/IH 6aHIKapI>IJInyIy KBbIAMBUIBIH CYHYII KBUIJBIK. MaKaJIaIIa TOIIOJIOTHUAJIBIK ITIAKCK
00OHYA YapUbIHBIH OallIKapblUTyy4y KbIMBIIBIHBIH QJITOPUTMH CYHYII KbUIBIHTaH.

ypyHmmyy CQ306p.’ AKCUOMAJIAIITBIPYY, TOIIOJOTHUAIIBIK MeﬁKHHI{HK, KHHEMAaTUKaJIbIK
MeﬁKHHJIHK, blIIAAM/BIK, I(LIf/iMLIJ'II[OO, TOIIOJIOTHUAJIBIK IITAaKCK.
Panee OnL1n PCAIN30BaHbl AJITOPUTMBI YIIPABIIACMOI'O ABHIKCHUA TOYCK B KHHCMATHYCCKUX
MMPOCTPAHCTBAX. \Y 8¢ NPpCAJIOXKUIIN  YIIPABIACMOC JBUIKCHHUC PACTAHYTBIX 00BEKTOB B
KHMHCMATHUYCCKUX IMPOCTpaHCTBaX. B cratbe NPpCAJIOKECH AJITOPUTM YIIPABIIIEMOI'O IABVIKCHUA
KBaJpara 110 TOIMOJIOTUICCKOMY TOPY.

Knroueswie cnosa: akcuomMaTtuizanus, TOIIOJOIMYCCKOC MPOCTPAHCTBO, KMHCMATHYCCKOC

IIPOCTPAHCTBO, CKOPOCTh, JBUKEHNE, TOMIOJOTUYECKHM TOP.

1. Introduction

Definition of a kinematical space M (the metric pk is the minimal time of
passing between points) with controlled motion of points was introduced in [1], see
Section 2 below.

We proposed controlled motion of stretched sets [2], see Section 3 below.

Section 3 contains an algorithm to implement such motion.

2. Definitions for motion of points with bounded velocity
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As a codifying the ancient idea of controlled motion with bounded velocity,
the notion of kinematical space was introduced [1].

Definition 1. A computer program is said to be a presentation of a
computer kinematical space if:

P1) there is an (infinite) metrical space X of points and a set X; of display-
presentable points being sufficiently dense in X;

P2) the user can pass from any point x; in X; to any other point x, by a
sequence of adjacent points in X; by their will;

P3) the minimal time to reach x, from x; is (approximately) equal of the
minimal time to reach x, from x;.

The space X is said to be a kinematic space; the space X, is said to be a
computer Kinematic space; this minimal time is said to be the kinematical
distance py between x; and x,; a sequence of adjacent points is said to be a route.
Passing to a limit as X, tends to X we obtain the following.

There is a set K of routes; each route M, in turn, consists of the positive real
number Ty, (time of route) and the function my : [0, Ty] — X (trajectory of route);

(K1) For x; # X, eX there exists such M eK that my(0) = x; and my(Ty) = Xa,
and the set of values of such Ty, is bounded with a positive number below;

(K2) If M={Ty, muy(t)} €K then the pair {Ty;, my (Ty —1)} is also a route of K
(the reverse motion with same speed is possible); (cf. P3).

(K3) If M={Ty, my(t)} € Kand T*e (0, Ty) then the pair: T* and function
m*(t)=my(t) (0 <t <T%*) is also a route of K (one can stop at any desired
moment);

(K4) concatenation of routes for three distinct points X3, X,, Xa.

If there exists a kinematic consistent with the given metric then the metric
space is said to be kinematizable.

Program [1] in pascal of controlled motion along Riemann surface of the
function Log(z).

program Ln_z;

uses crt, graph; var drv, mode, X, y, X1, y1, xr, yr, d,
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n0, n1, n2, n3: integer; r, rl: real; r_k: char;
procedure read_key;

{'"NumLock' must be on} begin

r_k:=readkey; x1:=x; yl:=y;

Caser_k of '6": x1:=x+d; {right}'8" yl:=y+d; {up}
‘4" x1:=x-d; {left} '2": yl:=y-d; {down} end;
rl:=sqrt(x1*x1+yl*yl);

if (r1<100) and (r1>10) then begin

iIf (y>0) and (x*x1<0) then n3:=n3-(x1-x);

If (y<0) and (x*x1<0) then nl:=n1+(x1-x);

if (x>0) and (y*y1<0) then n2:=n2+(y1-y);

If (x<0) and (y*y1<0) then n0:=n0-(y1-y);

x:=x1; y:=yl; r:i=rl

{passing to new point} end; end;

begin drv:=0; mode:=VgaHi; InitGraph(drv,mode,");
X:=30; y:=30; r:=sqrt(x*x+y*y);

n0:=10; n1:=12; n2:=14; n3:=16; d:=4;

repeat

xr:=round(200*x/r); yr:=round(200*y/r);
cleardevice;

Circle(300+x,200-y,3); {Moving point}
line(300,200,300-xr,200+yr);
line(300+150,200,300+150+n0,200);
line(300,200-150,300,200-150-n1);
line(300-150,200,300-150-n2,200);
line(300,200+150,300,200+150+n3);

read_key; until (r_k='q") or (r_k='Q"); {Quit} end.

3. Axiomatization of motion of stretched sets with bounded velocity

72 Herald of Institute of Mathematics of NAS of KR, 2023, No. 1



Consider the practical task. Let there be a thing and obstacles. It is necessary
to move the thing to another place. Is possible? If yes then in what minimal time it
can be done?

Definition 2. There is a family P of connected subsets of the set X (we
will call them passes); each pass has the positive length (time) and a family Q of
connected
subsets of the set X (we will call them things).

(It means that a thing moves along a pass).

The space X is said to be a generalized kinematic space.

(G1) For each xe peP there exists such qeQ that xe q [a thing can be in each
place of a pass].

(G2) For each x; # x,eX there exists such pass p eP that x; , X, €P and the set of
lengths of such p is bounded with a positive number below; this infimum is said to
be the generalized kinematical distance px between points x; and x,.

(G3) For each g; # g, €Q there exists such pass p P that q;, g, P and the set of
lengths of such p is bounded with a positive number below; this infimum is said to
be the generalized kinematical distance px between things p; and p..

(G4) If X1, X, epy and x,, X3 €p, then there exists such pass p; P that X, , X, X3 €ps
and length(ps) <'length(p,)+ length(p,).

If
(G5) For each x; # X, eX there exists such pass p;, eP that length(p1z) =ox (X1, X2)
then the generalized kinematical space X is said to be flat (with respect to P).

If there exists a generalized kinematic (families P and Q) consistent with the
given Hausdoff metric for Q then the metric space is said to be K-kinematizable.

4. Algorithm of motion of square on topological torus

All numbers are integer.

Given a topological torus obtained by gluing sides of NxN-square: (N+1)=
0; a list of obstacles X[M], Y[M], M=1..K. The initial position of the controlled
square Q is [0;L]{0;L], L<M. The goal is (U,V) for the point of the controlled

73 I Herald of Institute of Mathematics of NAS of KR, 2023, No. 1



square Q with initial position (0,0). All obstacles are out of the initial position of
Q.
The commands of control are C={N, E, S, W}.
Algorithm.
Define function [gluing]
F(2):= Z; If Z<0 then F(2):= Z+N+1; If Z>N then F(Z):= Z-N-1;
Cycle { Cycle { XQ[P,T]:=P; YQ[P,T]:=T | T=1..N}| P=1..N};
[initial position of Q]
Repeat {Input C; DX:=0; DY:=0;
If C=N then DY:=1; If C=E then DX:=1;
If C=S then {DY:=-1}; If C=W then {DX:=-1};
Cycle { Cycle { XQ1[P,T]:= F(XQ[P,T]+DX);
YQL[P,T]:=F(YQ[P,T]+DY) | T=1..N}| P=1..N};
[attempt to shift to direction C];
OB:=true;
Cycle { Cycle { Cycle { If (XQ1[P,T]= X[M] and
YQ1[P,T]:=Y[M]) then OB:=false | T=1..N}| P=1..N} | M=1..K};
If OB then Cycle { Cycle { XQ[P,T]:= XQ1[P,T]);
YQ[P,T]:=YQ1[P,T] | T=1..N}| P=1..N} else
Output (“Obstacle!”);
If (X[0,0]=U and Y[0,0]=V) then (Output (“Goal!”’); Exit) }

5. Conclusion

We hope that the idea of this algorithm can be extended to other cases of

controlled motion in kinematical spaces with obstacles.
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OPTIMIZATION OF PRODUCTION AND THE SIZE OF
IRRIGATED AND CULTIVATED SOWN AREAS AT
THE LOWEST TOTAL COST

Asankulova M.}, Nurlanbekov A.N.2, Iskandarova G. S.?
L23|nstitute of Mathematics of National Academy of Sciences of the Kyrgyz Republic

The article develops an economic-mathematical model of the problem of determining the
size of irrigated and cultivated sown areas and the volume of crops grown on the basis of a
contractual condition, with minimal total costs. The performance of the model is demonstrated
by a numerical example.

Key words: mathematical model, irrigated and cultivated sown areas, volume, agricultural
crop, contractual terms, total costs.

MaKaJ'IaI[a cyrar JxaHa afmoo AAHTTAPBIHBIH ©JYOMYH JKaHa KCIMHIIUMM/JUK IHMapTThIH
HETM3MH/I€ OCTYPYJreH ailbul yap0a eCyMAYKTOPYHYH KOJIOMYH MUHUMAJIAYY JKajlbl YbITbIMAAD
MCHCH AaHBIKTOO MACCICCHUHUH JOKOHOMUKAJIBIK-MATECMAaTUKAJIBIK MOJACJIN HWIITCIIUII YbIKKAH.
MO,Z[GJ'I,I[I/IH HWIITCIIH CaHABbIK MHCAJl MCHCH KOPCOTYJIOT.

Ypynmmyy co30ep: MaTeMaTHUKaJIbIK MOJIEIb, CYTaT jkKaHa aliJI00 assHTTaphl, KOJIeM, aibul
yap0a ecyMAYKTepy, KeIUIIUMANK IapTTap, JKajbl YbITbIMAAP.

B crarne pa3pa60TaHa OKOHOMHKO-MAaTEMATHUYCCKasA MOACIIb 3aJadu OIpPCACICHUA
pa3Mepa OpomacMbIX U OCBOCHHBIX ITOCCBHBIX nnomaz[eﬁ u O6’beMa, BBIPpAICHHBIX CCJIbXO03
KYyJIbTYp Ha OCHOBC JOOIOBOPHOIO YCIOBHA, IIpHU MHUHUMAJIBHBIX CYMMApPHBIX 3aTpaTrax.
PaGoTocmocobHOCTh MOIENIM TPOIEMOHCTPHUPOBAHA HA YUCIIOBOM IMPUMEpE.

Knrouesvie cnosa: mMateMaTmueckas MOJCIIb, OpomacMbI€ W OCBOCHHBLIC ITIOCCBHBLIC

Iiomanau, 06’LCM, CCJIbXO03 KYJIbTYpa, AOTOBOPHBIC YCJIOBUA, CYMMAPHBIC 3aTPAThI.

The climatic features of Kyrgyzstan determine the development of
predominantly irrigated agriculture, which is the most productive in the conditions
of the Republic.

Many landowners have changed their attitude to agriculture. A significant
step in this direction is the transfer of their land plots to irrigated land [1]. In
accordance with this, land owners transfer less valuable agricultural land to more

valuable types of land or to equivalent types of agricultural land. In addition, they
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expanded land plots, at the expense of waste land plots. In the course of solving
this problem, waste land plots were turned into suitable ones for use in agriculture,
through radical land improvement. The latter are reduced to hydrotechnical
(drainage, irrigation) or agro-reclamation (uprooting, deep plowing, liming) and
other measures.

Modeling these and other processes of activity of private owners,
cooperatives and farms is associated with solving various optimization problems
[2].

In the future, the activities of private owners, cooperatives and farms cannot
be imagined without the use of economic and mathematical models and digital
information technologies [3]. The use of economic and mathematical models and
digital information technologies allows us to complete the task, to explore
individual elements of agricultural activity.

In particular, using economic and mathematical models and methods
[4,5] it is possible to achieve significant results in improving the organization of
agricultural production and increasing the efficiency of the use of agricultural land,
improving the quality of cultivated crops.

In this paper, we formulate an economic-mathematical model for
determining the optimal size of irrigated sown areas and developed land plots and
the volume of grown products, each type, with minimal total costs.

Formulation of the problem. Let the cooperative have a crop area of s (ha),

which includes developed plots that can be used for growing k - types of
agricultural products, keK={1,2,..,p}. The cooperative has an agreement with
the enterprise on the supply of agricultural products in the amount ¢q,, k € K.

To fulfill the terms of the agreement, the cooperative used the sown areas
and developed plots, as well as additional funds in the amount of D (conventional
unit). We assume that the yield of each type of agricultural product grown on the

sown area is known. Also known are the costs of the cooperative for the cultivation
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of products of each type in the unit size of the sown area ¢,, ke K, and in the
unit size of the cultivated sown area €, k € K.

It is required to determine the optimal size of the sown and developed sown areas
of the cooperative and the volume of grown products of each type so that the total
costs for growing products in the sown and developed sown areas would be
minimal and at the same time the terms of the contract would be fully satisfied.

Let us formulate a mathematical model of the problem.

Let us introduce the following notation:
k — is the index of the type of cooperative product, keK;
K —is a set of types of agricultural products, K ={1,2,...,p}.

Known options:
s — the size of the sown area of the cooperative, together with the developed areas;
gx — Is the volume of agricultural products of each type (tons) specified in the
contract with the enterprise, keK;
ax — Is the volume of the k-th agricultural product (in tons) obtained per unit of
sown area (yield), keK;
by — is the volume of the k-th agricultural product (in tons) obtained per unit of
cultivated sown area (yield), keK;
d¢ — is the volume of the k-th agricultural product grown in the sown areas of the
cooperative, kekK;

d, — the volume of the k-th agricultural product grown in the developed areas of

the cooperative, keK;
ck — the cost of growing products of the k-th type per unit size of the sown area of

the cooperative, keK;

C, — the cost of growing products of the k-th type per unit size of the developed

sown area of the cooperative, keK, where T, =c¢,+¢co + ¢, keK,

Co — liming the unit size of the developed sown area of the cooperative,
c — deep plowing of a unit size of the cultivated sown area of the cooperative.

Required variables:
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X, — 1S the size of the sown area for the k-th type of agricultural products, keK;

zx — is the size of the developed area for the k-th type of agricultural products,
keK.

According to the accepted notation, the mathematical model of the problem

of determining the optimal size of sown and developed areas and the volume of

cultivation of each type of product can be represented as

where  x=|x, |M\K\ ., Z=|z, |M\K\ :

Find the minimum

L(X’ Z) = ZkeK Ckxk +ZkeK Ekzk

under conditions

ZkeK X + ZKGK Z

ZkeK c_:k 4 = D,

X = dy,

kak: d_k, kEK,

keK,

:S,

dk+ d_kzqk' kEK,

0<di <gx keK,

Xk =0,

Zy = 0,

Table. 1.
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The conditions of problem (1)-(9) can be presented in the form of Table. 1.
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Let us give an example to test the performance of the formulated model and

methods for solving it.
Consider a cooperative with a cultivated area along with a cultivated area of 75
thousand hectares, which is used to grow four types of crops, k=(1,2,3,4). For the
development of the site of the cooperative, additional costs in the amount of
1000000 (conventional units) are required.

The cooperative has an agreement with the enterprise on the supply of
agricultural products in the amount of qy,, (tons) k=(1,2,3,4), i.e. gk ={ q1, 02, U3,
04}={180000, 110000, 200000, 210000}.

To fulfill the terms of the agreement, the cooperative used sown areas and
developed plots, as well as additional funds in the amount of 1,000,000
(conventional units). We assume that the yield of each type of agricultural product
grown on the sown area is known, i.e. a,=(as, a,, as, a; )=(9,8,10,10) (c) and in
developed areas, i.e. b= (by,b,,b3,04)=(9,8,10,10) (c). Also known are the costs of
the cooperative (in conventional units) for the cultivation of products of each type
per unit size of the sown area c,, k=(1,2,3,4), i.e. ¢, ={ ¢y, Cy, C3, C4 }={2400,

2430, 2561, 2074}; expenses for payment of land reclamation measures i.e. for
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deep plowing, the unit size of the cultivated sown area ¢=2000 (in conventional
units); liming of the size unit of the cultivated sown area of the cooperative ¢,=300
(in standard units).

Let us calculate the costs of the cooperative for growing products of each
type on the developed sown area, taking into account payment for deep plowing
and liming of the developed sown area of the cooperative according to the formula
C. = Ckt Co +c, k=(1,2,3,4).

We have = ¢, ={c,,T,,c,,C,}= {4700, 4760, 4861, 4374}.

It is required to determine the optimal size of the sown and developed areas
of the cooperative and the volume of cultivated products of each type so that the
total costs of sown and developed sown areas would be minimal and at the same
time the terms of the contract would be fully satisfied.

In accordance with the data above, the mathematical model of the problem will be
written in the form

Find the minimum

L(x,z) = 2400x; + 2439x, + 2561x3 + 2074x4 +
+ 4700z, + 4760z, + 486175 + 43742, (10)

under conditions

4

24: X+ Y.z, =75000,

k=1 k=1

4700z, + 4760z, + 4861z5 + 4374z, =1000000, (11)
Ox; = d]_, 8X, = dg, 10x; = d3, 10x, = d4, (12)
921 - d_l, 822 = d_z, 1OX3 = d_3 ) 1024 - d_4, (13)

d; +d,=180000, d,+ d,=110000, d; + d,=200000, d, + d,= 210000, (14)
0 <d; <180000, 0 < d, <110000, O < d3<200000, O < d, <210000, (15)
Xk >0, k=1,2,34, (16)
zc >0, k=1,2,3,4, (17)

We write the condition of problem (10)-(17) in the form of the following
table.2.

Table 2.
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X1 | X2 |Xs |Xa |21 |Z2 |2Z3 |24 |G |d2 [d3 |ds |d, |d, |d, |d,
T |1 [t |1 |1 |1 |1 |1 = 75000
9 1 0
8 1 0
10 -1 0
10 1 1 FD
9 1 =
8 1 0
10 -1 0
10 -1 0
1 1 = 180000
1 1 = 110000
1 1 = 200000
1 1 F R10000
1 < (180000
1 < 110000
1 < 200000
1 < 210000
5867 | 5954 | 4861 | 4374 = [100000
0
g ls g |z |slglg|x
J N & Q S S Q < o o o o o o o o [ fmin

Having solved the problem (10)-(17) using the methods given in [5,6], we
determine the size of the sown and developed area and the volume of agricultural
products of each type grown by the cooperative to fulfill the terms of the contract
with the enterprise, i.e. we have

X={x;=20000; x,=13750; x3= 19794; x,= 21000; z5= 206;
d;=180000; d,=110000; ds=197943; d,=210000; d,=2057} at which the value

L(x,z) = 176659654 conv. units.

Therefore, it follows from the optimal solution that the cooperative has
fulfilled the terms of the contract for agricultural products of the 1st type in the
amount of 180,000 tons, the 2nd type in the amount of 110,000 tons, the 3rd type
in the amount of 197,943 tons and the 4th type in the amount of 210,000 tons. On
the developed site in the amount of 206 hectares received agricultural products of

the 3rd type in the amount of 2057 tons which used 1,000,000 conventional units.
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Thus, the total costs of the cooperative amounted to 176659654 conventional

units.
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APPLICATION OF THE 6-HOMOGENEOUS VES-PRODUCTION
FUNCTION FOR THE ANALYSIS OF THE DEVELOPMENT OF
ECONOMIC SYSTEMS

Choroev K.}, Alieva A.2, Suinalieva N.K.2
'KSU named after J. Balasagyn
23| nstitute of Mathematics of NAS of KR

Structural changes in the national economy can be determined on the basis of quantitative
analysis, redistribution of labor and investment resources between the material, fund-forming
and consumer sectors of the national economy. Observing the change in the proportions (the
share of labor and investment from their total volume directed to the development of each sector)
between sectors, we can talk about the transition processes taking place in the economy, as well
as judge the direct contribution of each sector to the formation of the gross domestic product of
the Kyrgyz Republic. The relevance of the study is due to the fact that the structure of the
economy, acting as an independent factor, directly affects not only economic growth, but also
determines the nature of economic development. The mathematical model of structural changes
can be applied in the study of transients in the main branches of economic activity of the Kyrgyz
Republic. The reforms carried out so far have not made it possible to overcome the complex
structural imbalances in the economy inherited from the administrative and command system of
the past. The recommendations made will be quantitative rather than qualitative, i.e. they will tell
you how much and in what proportions labor and investment should be invested in the
development of a particular sector of the economy.

Keywords: production function, variable elasticity, replacement of labor with capital,
elasticity of labor replacement with capital.

VYAyTTyK 5KOHOMMKAAArbl CTPYKTYpPaJblK ©3repyYaepAy CaHIbIK TaJJA00HYH, DMIEK kKaHa
MHBECTULUSUIBIK PECYpCTapAbl YIYTTYK SKOHOMHKaHBIH MaTepHalAbIK, (OHI TY3Yydy >KaHa
KEPEKTOeOo CEKTOPJOPYHYH OpPTOCYHAA Kailpa OenyIITYpyYHYH HETHU3MHJIE aHBIKTOOTO OOJIOT.
CeKTopsI0op OPTOCYHAArbl MPOMOPIHSUIAPALIH (ap OUp CEKTOpAY OHYKTYpYYre OarbITTairaH
OMI'CKTUH KaHa WHBCCTULIUAJIAPAbIH KaAJIIIbI KGJIGMYHGH) O3ropylryHo 0aitkoo KYPTY3YY MCHCH
HKOHOMHKA/1a OOJIYII KATKaH ©TKeeJI IPOLeCCTep )KOHYHAO alTyyra O0JI0T, OILIOH/I0M 3J1e ap Oup
cekTtopayH KP nuku yH NMpOayKTYCyH TY3YYre TY3JAOH-TY3 KOIIKOH CAJIBIMBbI )KOHYHJI® alTyyra

6on0T. W3unneeHyH akTyanayylyry 3KOHOMHUKAHBIH CTPYKTypachl Ke3 KapaHIbIChI3 (hakTop
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KaTapbl Kapoo MEHEH OailylaHbIIIKaH, TY310H-TY3 YdKOHOMHKAJIBIK OCYLIK® I'dHa 3MEC, OIIOHJIO0H
3JI€  OKOHOMMKAIBIK OHYTYYHYH MYHO3YH aHbIKTalT. CTpyKTypanblk e3repyyJepAyH
MaTeMaTuKaiblKk Mojenu KP 3KOHOMUKaNbIK HMIIMEPIUIMHUH HETU3TUM TapMaKTapblHAArbl
OTKOOJI IIPOLECCTEPAM H3MIINO6e KOJIAOHYIyNly MYMKYH. byra dYeWMH KyprysyJireH
pepopmarap MypyHKY aJAMHUHUCTPATHBIMK-KOMAHJAJIBIK CHCTEMaJaH Mypacka Kajral
HPKOHOMHMKAJArsl TaTaajl CTPYKTYPaJIbIK IUCIPONOpUUsIApAbl KEHYYI'® MYMKYHIYK OepreH
aMec. Anap DKOHOMHKAHBIH THUTHJ K€ Oyl CEKTOPYH OHYKTYPYYr'® OMIEKTHH >KaHa
WHBECTULMSUIADABIH  KaH4Ya JKaHa KaHJald IPONOPLHUSAIApbIHAA JKYMINAJIBIIBl KEPEKTUTH
KOHYHJ16 alThIN OepuIIeT.

Ypynmmyy ceszdep: eHaypylITYK QYyHKIUS, ©3r6pYyIMO MUKEMIYYIYK, SMIEK KaluTaJblH
JIMAIITBIPYY, SMIeK KalUTajIblH aIMAIITHIPYY UMKEMAYYIIYTY.

CTpyKTypHBIE U3MEHEHHS B HAIMOHAJIBHOM 3KOHOMHUKE MOXXHO OIPEIEIUTH HA OCHOBE
KOJIMYECTBEHHOTO AaHAJIW3a, IepepaclpeiciieHusl TPYAOBBIX M HMHBECTULIMOHHBIX PECYPCOB
MEXIy MaTepHajbHbIM, (HOHIO000pa3yOIUM M MOTPEOUTENLCKUM CEKTOpaMH HAI[MOHAILHOU
skoHOMUKH. Habmronas 3a u3aMeHeHueM nponopuuii (101ei TpyJaa U MHBECTULIMA OT UX OOIIEero
o0beMa, HalpaBJIsIeMbIX HAa PA3BUTHE KaXIOTO CEKTOPA) MEXy CEKTOPAMHU, MOKHO TOBOPHUTH O
NIEPEXOIHBIX IPOLIECCaX, MPOUCXOASIINX B DKOHOMHKE, & TAK)KE CYIUTb O HENOCPEICTBEHHOM
BKJIaJile KaXJOro CcekTopa B (OpMUPOBAHHME BajoBOro BHYTpeHHero mpoaykra KP.
AKTYalbHOCTh HCCJIEIOBaHMSI CBA3aHO C TEM, YTO CTPYKTypa 3KOHOMHKH, BBICTYHas Kak
CaMOCTOSITENIbHBIA  (DaKTOp, HEMOCPEICTBEHHO BO3ACUCTBYET HE TOJBKO HAa SKOHOMUYECKHUH
pOCT, HO M NPENONPENENAeT XapaKTep APKOHOMUYECKOro pa3BUTHA. MaTemaTuueckas MOJIEINb
CTPYKTYPHBIX U3MEHEHUI MOXKET ObITh MPUMEHEHA IIPU UCCIIEJOBAHUN NEPEXOHBIX MPOLIECCOB
B OCHOBHBIX OTpacisix s3koHoMHuueckoil nesitenbHocTy KP. Jlo cux nop nposeneHHbIe peopMbl
HE TIO3BOJWIM IPEOAOJETh CIOKHBIE CTPYKTYpHBIE JIUCHPONOPLUUUM B  DKOHOMHKE,
YHAcJI€ZJOBAHHbIE OT aJMHMHUCTPATUBHO-KOMAHJHOM CHUCTEMBI IpPOLLIOrO. BbIHEeceHHBIE
peKoMeH1aluu OyAyT HOCUTh CKOpEe KOJMYECTBEHHBIN, YeM KaueCTBEHHbIN XapakTep T.e. OHU
paccKaXkyT O TOM, CKOJIBKO M B KaKMX MPOIMOPLHUAX TPYAAa U MHBECTHUIIMM CllelyeT BKJIAbIBaTh B
pa3BUTHE TOT'O WIM HHOTO CEKTOPA SKOHOMUKH.

Kniouesvie cnosa: mpon3BOJICTBEHHAs (QYHKILMS, IEPEMEHHAs JIaCTUYHOCTD, 3aMeIlleHHe

Tpyda KalmuTaJIoM, 3JIAaCTUYHOCTD 3aMCHICHU A TPpyAda KalluTaJIOM.
Introduction
The use of econometric models using the production function is due to the
fact that the model under consideration can be applied in the study of transients in

the main sectors of economic activity of the country. To date, the reforms carried
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out in the Kyrgyz Republic have not made it possible to overcome the complex
structural imbalances in the economy inherited from the administrative command
system of the past.

Currently, in many studies, the problem of the impact of structural shifts on
sustainable economic development is carried out using a production function with
a constant elasticity of replacement of the labor factor by the capital factor
(production function — CES). However, this requires preliminary verification of
the fulfillment of the assumptions of the constancy of the elasticity of the
replacement of factors with retrospective data on the functioning of the economic
system in question. The constancy of the elasticity of replacement, in our opinion,
is a simplified approach, and it is necessary to consider a short period of the
process. On the other hand, to a certain extent, the possibilities of constructing a
model with production functions of the VES-function type (VES- variable
elasticity substitution production function) are limited.

Statistical data on the functioning of economic systems published in the open
press were used in the modeling [1].

Modeling methods

Production functions are used to analyze the influence of a number of main
factors (inputs) on the results of the production process (outputs), since PF as a
whole reflect fairly stable quantitative ratios between its inputs and outputs.

The complexity of economic systems, for the description of the functioning of
which neoclassical production functions of the type CES- production function are
used, does not always allow us to assert that the values of the elasticity of labor
substitution with capital ¢ in the systems under consideration are constant, since
this situation is not so common for real economic systems. It is also necessary to
make additional assumptions justifying the possibility of using production
functions of these types, describing particular cases of the functioning of these
systems, for modeling their functioning, which ultimately reduces the accuracy of

the obtained forecast estimates.
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VES-functions (VES- variable elasticity substitution production function) are
a type of neoclassical production functions that take into account changes in the
values of elasticity of labor substitution by capital ¢ in economic systems.
Currently, various variants of the analytical representation of the production
function of the form VES- function are known.

Revankar [3] and a number of other authors accepted that the marginal rate of
replacement of labor with capital y is characterized by the following dependence
on the capital ratio k of the economic system under consideration:

B >0,
Yy = a+ Pk, {—“/ﬁ<k.
Then ¢ is determined by the dependence:

olk) <1, ok)>1

0= ()

}, c<0,0>0,

and the VES function has the form:

1
Y = Ae™[(1 + BKLF + aLi+F] /148,
The value of y can be estimated by the expression:

1 4 { 0<a<i1
a + Bk ) 0O<a+pk<1

Where «, 5 are the parameters of the function.

V=k(

Based on this, he obtained the following dependencies for the o-function:

- 1 Bk ok) <1, ak) >1 0 0 1
0-( )_ _(a+ﬁk)2_a’{d(;$(k)<1, d(;g{k)>1}tﬁ< ;ﬁ> ) ( )
Y = AeMK*[1-%ehk (2)

The assumptions made by the authors mentioned above regarding the nature
of the relationships between y, o and k ensure changes in the values of o depending
on the magnitude of k, as well as the fulfillment of the requirements imposed on

neoclassical production functions in general.
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The use of the above variants of VES-functions suggests an additional
justification for the possibility of describing changes in the values of y and o by the
accepted dependencies.

0- homogeneous VES-production function

To construct 5-homogeneous production functions of the VES-function type,

we identify the structure of the production function by solving the following

system of differential equations:

(k) _ &
jg(k)‘y<k)+k
Yoo _ 1
| 7 " Fe®

Here ¢ is an indicator of the homogeneity of the production function; k is the

stock ratio: k = K /L; g(k) is a modified production function in the form:
Y
5= 1K) =g
y(K) is the marginal rate of labor replacement by capital:
6g(k) — kg'(k)
g’ (k)
a(K) is the elasticity of labor replacement by capital for a 6-homogeneous

Y = f(K,L) = L°f(L,k) -

y(k) =

production function:
_ 8g(k) — kg' (k)
g' (k)

For a given value ¢ (it is assumed that the choice of the value J¢[0,1] is

y (k)

carried out according to a previously formulated optimization criterion), it is
sufficient to construct a function g(k), which can be defined by the following

expressions, taking into account the structure of the function o(k):

y() =b-exp ([, ===); g(k) = c-exp ([, =)

a o(t)t a y(t)+t

where a,b,c are some positive constants.
As o(k), one can choose, for example, some continuous, including piecewise

linear function.
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The initial data for constructing a neoclassical d-homogeneous production
function of the VES-function type are the sets of values of output volumes
Y = {Y;},whereY = f(L,K), (i = 1,n) and the corresponding values K = {K;},
L = {L;} in value or index calculus, characterizing the functioning of the economic
system in question at each moment of time T; for a certain time interval [Ty, T,].
The values of the uniformity index 6;: §; € [0,1] are also set. According to these

data, the values of the capital ratio of the economic system under consideration are

determined: k; = K"/L_ and the values of the function g%i(k;) at a fixed value of
l

5]

R ¢
g% (k;) = l/ij

The values of the function g%i(k;) can be ordered in ascending order of the
values of k;, then a series g;; (I = 1,n;;n; = 1,n) is formed. The values of g;;

can be approximated by the functions g;;, which satisfy the requirements:

n
k= z(,glj ~gy)” ~ min.
l

When constructing d-homogeneous production functions of type (2) VES-
functions, data characterizing the functioning of the economy of the Kyrgyz
Republic in the periods from 2001 to 2021 were used.

Conclusion and conclusions

The resulting function has the form:

Y = 27,32e021K 0491051 ,-3324k

Thevalueo =1+ ﬁ,
where 0=3,324; b=0,52.
The approximation characteristics: s°=0,19; dw=1,31; v=3,32; R°=0,882, show
that the obtained parameter estimates are statistically significant.
The analysis of the coefficient of elasticity of production by fixed assets

shows the tendency of this indicator to decrease, and analagically to the behavior

90 Herald of Institute of Mathematics of NAS of KR, 2023, No. 1



of the return on funds. The labor elasticity coefficient increased slightly. The total
elasticity of factors is less than one, i.e. production increases more slowly than the
costs of factors.

Comparison of the values allows us to conclude that the constructed
production function of the VES-function type allows us to obtain a more accurate
approximation from 70 to 85% of the values of the final product of the economic
system Y and the modified production function g(k) to the corresponding initial
data.

The values of the standard deviation for the VES-function type production
function constructed by the authors are less than for the previously developed
CES-functions. This allows us to conclude that the proposed VES function gives a
more "stable” approximation of the calculated values of the magnitude Y and the
modified production function g (k).

Based on the results of the conducted research , the following main
conclusions can be drawn:

- The decision to prioritize investments in different sectors may not coincide
with the optimal value required for overall socio-economic benefits. Any deviation
from this optimum should be corrected by the government both through regulatory
methods and through direct participation in the economic process.

- The Government of the country should take into account the existence of
economic imbalances at the macro level and in the future it is necessary to
coordinate the distribution of foreign investment resources at the state level.
Optimization measures should be aimed at identifying economic imbalances at an
early stage and taking measures to address them in a timely manner.

- The principle of economic well-being should offer an absolutely clear
strategy for implementing structural reforms, in order to increase productivity and
within the framework of managing imbalances.

The recommendations made will be more quantitative than qualitative in
nature, i.e. they will talk about how much and in what proportions labor and

investment should be invested in the development of a specific sector of the
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economy. l.e. at the macro level (industry level), and not at the micro level of a
specific enterprise to which a particular a set of labor and investment resources.
This is a property of the model, because thanks to this aggregation, we study the
economy of the state as a whole, not reducing it to a purely sectoral section, but
considering it in general.
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SIMULATION OF PARKING OPERATION

Kydyrmaeva S.S.
KNU named after J. Balasagyn

The article considers the functioning of motor vehicle parking as a queuing system.
Analytical dependencies for assessing the functioning of parking and the results of field studies
of the average duration of parking are given. A numerical example shows the use of the above
dependencies to analyze the functioning of parking.

Keywords: analysis of functioning, parking, duration of parking, queuing system, shopping
center.

Makanana ke3ek KyTyy TyTyMy KaTapbl yHaa TOKTOTYydYY JKalJbIH MINTEIIN KapaJiJbl.
VYHaa TOKTOTYy4y >KaiJIbIH MIITEIIMH 0aajloo YUYH aHAJUTUKAJIBIK KO3 KapaHJbUIBIKTap >KaHa
YHaa TOKTOTYYHYH OpPTO4YO Y3aKTbII'bI OoroH4Ya TaOUIBIA HU3UJIA06JI0pAYH HaTBIﬁ)KaHapBI
KCIITUPUIIT'CH. VYHaa TOKTOTYYUY )KaﬁI[LIH HIOTCIIHWH TAJIJA00 YUYH 6epI/IJ'IFCH KO3 KapaHbIJIbIKThI
KOJIIOHYY MCHCH CaHABIK MHUCAJl KOPCOTYJIT'OH.

Ypyummyy ce30ep: wWITEMIMH Tall00, yHAaa TOKTOTYydy >Kald, yHaa TOKTOTYyHYH
Y3aKTBIThI, KE3€K CUCTEMAChI, c0oj/1a 6opOopy.

B crarpe paccMOTpeHO (YHKIMOHHPOBAHUE ABTOTPAHCHOPTHOM MApKOBKU KaK CHCTEMBI
MacCoOBOI'O O6CJ’Iy>KI/IBaHI/IH. HpI/IBeI[eHBI AHAJIUTHUYCCKHUEC 3aBUCUMOCTH JJIs1 OLCHKHU
(YHKIIMOHMPOBAHMUSI  MApKOBKM W pe3yabTaTbl  HATYpPHBIX  MCCIEAOBAaHUN  CpeaHel
MMPOAOJDKUTCIIBHOCTU  TMAPKUPOBAHUA. Ha uwncmosom MNpuUMEPE IMOKA3aHO HUCIHOJIb30BAHUC
MMPUBCACHHBIX 3aBUCUMOCTEH JJI1 aHaJIn3a (1)YHKI_II/IOHI/IpOBaHI/I$I IMMapKOBKHU.

Knroueesnwie ciosa: anamms (I)YHKI_II/IOHI/IPOBaHI/IH, MapKOBKa, IPOAOJIKUTCIIBHOCTD ITAPKOBKH,

CHUCTEMa MacCOBOTO 0OCITY>KUBaHHUS, TOPTOBBII LIEHTP.

In all countries, especially in cities, the number of cars has increased
significantly in recent years, while there is not only a problem with traffic jams,
but also a problem with parking vehicles.

The Bishkek City Mayor's Office, together with the Ministry of Economy and
Commerce of the Kyrgyz Republic and the PPP Center, recently announced its
intention to implement a public-private partnership project "Development of
automated parking space in Bishkek". But, in our opinion, the main requirements
for potential operators of future parking lots are not justified by a detailed scientific
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survey of the parking problem (the actual position of the automobile load of
Bishkek city).

The number of parking spaces that must be provided for during the
construction of new facilities in the Kyrgyz Republic is regulated by SN KR 30-
01:2020 "Planning and development of cities and urban-type settlements” [1].

The specified building standard determines the need for parking spaces
depending on the characteristics of the object — the number of simultaneous visits,
the number of employees, retail space, etc. For example, for retail facilities with an
area of more than 200 m? per 100 m? of retail space, 5-7 parking spaces should be
provided in the parking lot. But the regulatory approach to determining the
required number of parking spaces has a number of drawbacks. The following
factors affect the needs for parking spaces for institutions, organizations and
shopping centers:

- the nature of the work of institutions and organizations;

- specialization of the shopping center (the presence of enterprises in the
shopping center that attract and detain visitors for a long time, for example,
cinemas, restaurants, entertainment venues);

- uniformity of demand for shopping center visits;

- distance from residential areas, public transport routes.

Assessing the need for parking spaces requires a comprehensive study of the
parking process, which mainly depends on two factors — the intensity of demand
for parking and the duration of parking.

Car parking can be considered as a system that meets the demand for parking
vehicles and has limited opportunities to meet this demand. Therefore, it is
possible to consider the parking process as a queuing system, where one parking
space is a service channel, and the cars arriving at the parking lot will be an
incoming stream of requirements. Considering parking as a queuing system, it is
possible to give a quantitative assessment of its functioning.

The limiting probabilities of all parking conditions depending on the number

of parking spaces, the intensity of demand and the duration of parking are
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expressed using the Erlang formula [2]. The Erlang formula is used quite widely,
provides for the possibility of an unlimited queue and gives the probability that
new demand will have to wait in line due to the use of all seats. The probability

that k places are occupied by the service:
[\ 1
(ﬁ) k!

2o (o)

where | is the density of the flow of applications (the intensity of demand for

B, = K (1)

parking); n is the number of channels (the number of parking spaces); k is the
number of available places; m=1/t is the intensity of the flow of service; t is the

average time of service requirements in the system (the duration of parking).
Most often, instead of the %— ratio, the concept of the reduced intensity of

the flow of applications p is used, which is the number of applications received

during the average service time of one application:
- 2
p=_ (2)
A special case of formula (1) is the probability P, that all serving channels

are free:

Py = — @)
" p*
k=01

Knowing the probabilities Py, Py, P, ..., P, it is possible to find the
characteristics of the parking efficiency — the absolute A-capacity, the average
number of cars in the parking lot and the probability of denial of service P, ...

The probability of denial of service of a newly received request (lack of free

parking space):
_p P
POTKaS - PO F (4)

Parking capacity:
A= /1(1 - POTKaS) (5)
Average number of free parking spaces (number of free channels):
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No

cars in the parking lot (number of channels engaged in maintenance):

n-—1 n_lpk(n— k)
=Y m-kp =Yy R, (6)
k=0 k=0
Average number
N = ,0(1 - POTKaS) (7)
Parking utilization rate:
N
K, = z (8)

To assess the functioning of the parking lot, it is necessary to know the
intensity of the arrival of cars to the parking lot and the average duration of parking
in the parking space. If the intensity of arrival is the input of the system under
study and is determined by various external factors, then the average duration of
parking is an internal characteristic of the queuing system.

To study these parameters, we conducted field surveys in the parking lot of
the «GUM» shopping center in Bishkek. The study consisted of recording license
plates of parked cars every 15 minutes. The probability density of the parking time
distribution is shown in Fig. 1. The average parking time was 47.4 minutes (0.793

hours).
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Fig. 1 Probability density of parking time distribution in the area of the

«GUM» shopping center in Bishkek

Let's consider the use of the proposed method on the example of analyzing the

functioning of parking at a shopping center with a capacity of 500 parking spaces

and the intensity of demand for parking 600 vehicles / h. Divide the parking space

into m= 5 segments with a capacity of n= 100 parking spaces. The calculation is

given in tabular form (Table 1).

Table 1 — The results of calculating the parameters of parking operation

Parameter Formula  for | Value
calculations
Demand for parking for a particular segment [,, A _4 120
m
The reduced intensity of the flow of applications pn | . _Fm 107.18
L
The probability that all service channels are free, PJ" | p__ 1.22:10™7
5on
k=0 A
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The probability of denial of service in all segments /o k™ 1 0.0044
. Pmr:a‘: = H} ,.ti'_ |
of the parking P, R
The average number of free parking spaces _ lokmor_ 31.48
:"."D = Z PD
k=0
The average number of cars in the parking N = pl1= Pom ) 463.68
Parking utilization rate K, - N 0.927
M

As you can see, parking with a capacity of 500 parking spaces satisfies the
demand for parking with an intensity of 600 vehicles per hour, while the
probability of no free parking space is less than 1%, and the available parking
spaces are used by 92.7%.

Using the mathematical apparatus of the theory of queuing allows you to
analyze the efficiency of parking, taking into account the intensity of demand for
parking and the average time spent in the parking lot. In order to fully use the
capabilities of this approach in design practice, it is necessary to perform additional
studies to identify the dependencies of the intensity of demand for parking and the

time spent in parking for various objects.
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MATHEMATICAL PROBLEMS AT OLYMPIADS IN INFORMATICS

Pankov P.S.
Institute of Mathematics of NAS of KR

The Institute participates in conducting National Olympiads in mathematics and
informatic. Each Olympiad task in informatic includes any mathematical items evidently or
latently. There are some permissions and bans on such items. Also, almost every task (besides
mathematically formulated ones) means any knowledge on real life. Arising problems are
discussed in the paper.

Keywords: informatic, mathematics, Olympiad, task, latent knowledge, special
knowledge

I/IHCTI/ITYT MaTr€MaTHKa XaHa I/IH(I)OpMaTI/IKa OoroH4Ya yJ’IYTTy'K OoJIMMITHagaIapabl
eTkepyyre kareimar. MHpopmarnka OOrHUA ap OHWp OJMMIIMATAIBIK Maceie advblK JKe
KAIIBIPYYH TYP® ap KaHJail MaTeMaTHKAJIBIK IPEAMETTEPAN KaMTBIUT. By cypoo 60roHYa K33
Oup ypykcaTtap kaHa Teioyiap O6ap. OmoHAoN 311e, AIpIuK ap Oup Macene (MaTeMaTHKAIBIK
*KakTaH (HOPMYJIMPOBKA-JAHTAHAAH THIIKAPBI) YBIHBITEl KalIoO OOIOHYA KaHJAlablp Oup
OomnnMau Ounaupet. byn Maka-naja Kenum 4blKKaH Kelreinep TajlKyylaHaT.

Ypyummyy co30ep: WudbopmaTtnka, maTemMaTHKa, OJWMIIMAJIa, Macele, >KAlIbIPyyH
OMJIMM, aTalbIH OUINM

I/IHCTI/ITYT Y4aCTBYCT B HPOBCACHUU HaLII/IOHaJ'ILHLIX oJmMIana 110 MaT€MaTHUKE H
I/IH(I)Op-MaTI/IKC. Ka;xnaﬂ 3aJa4dya OJuMIIuaabl I10 HH(bOpMaTHKe OTKPBITO UJIM CKPBITO KaCacTCA
HEKOTOPBIX MaTeMaTU4YeCKUX NOHATUH. I1I0 3TOMy BONpOCY €CThb HEKOTOpBIE pa3pelIeHUs U
3anpeTsl. Kpome Toro, moutu kaxmas 3agada (IIOMHUMO TeX, KOTOpble C(HOPMYIHPOBaHbBI
MaTeMaTI/I‘-ICCKI/I) noapa-3yMeBacT HCKOTOPOC 3HAHUC peaJ'ILHofI ku3Hu. B »TOM cratbe
paccMaTpruBaOTCA BO3HUKAIOIIHEC HpO6J’ICMBI.

Knrouesvie cnosa: napopmaTrka, MaTeMaTHKa, OJIMMITHAAA, 3a7ada, CKPHITHIC 3HAHWS,

CIicnaJIb-HbIC 3HAHUA
Introduction

Each year the Institute participates in conducting National Olympiads for

school-children in mathematics and informatics to choose participants for annual
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International Mathematical Olympiad (IMO) and International Olympiad in
Informatics (101).

Each Olympiad task in informatic includes any mathematical items evidently
or latently. So-called Syllabus provides all necessary knowledge “included topics”
in mathematics to be involved in 10l tasks and “forbidden to be necessary”
knowledge “excluded topics™, and it must be taken in account in selection for 10l
at National Olympiads. Also, almost every task (besides mathematically
formulated ones) means any knowledge on real life. Arising problems are
discussed in the paper.

In Section 2 we discuss various mathematical topics including ones which
can be discovered by authors of tasks and jury before the Olympiad and by
participants during the Olympiad.

Section 3 discusses “special knowledge” in science and technologies to
create tasks and to be known by participants to solve such tasks [1].

Section 4 reviews the “latent general knowledge” of life and imagery ability

[2] for successfully solving of the tasks.
2. Examples in mathematics

The following tasks use topics which are not mentioned or are explicitly excluded
by Syllabus. Nevertheless, they can be posted and be solved successfully.

All “numbers” are integer below. [-] means also rounding down to integer.

A popular at initial stages of Ols and of mathematical Olympiads (with a
fixed large N)

Task 1 “Last digit”. Given integer number N in 2..10", what is the last digit
of 72 Most of contestants will be successful in such a task.

If the contestant protests: “Fermat’s little theorem is not included in
Syllabus that is why | could not solve this task” then the jury may respond: “You
could count 72, 7°, 7%, 7°,... and note a regularity”. That is, the ability to make
small mathematical discoveries in addition to knowledge within Syllabus is meant
at Ols.
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Stereometrics is explicitly excluded in Syllabus. But

Task 2 “How many soms?”. There are three distinct 1000x1000-squares A,
B, C. Each square has its own coordinate system 0 < x,y< 1000. The cost of
passing from a point A(i,j) to points A(i+1,j) or A(i-1,j) or A(i,j+1) or A(i,j-1) (if
they belong to the square), as well as for squares B and C, is 3 som. The cost of
null-transportations A(i,j)«» B(i,j) or C(i,J) «» B(i,j) is 30 som. Given numbers x, v,
u, v in 0..1000, find the minimal cost of passing from the point A(x,y) to the point
C(u,v).

Obviously, any way of “common” search in the graph with 3-1001% vertices
is hopeless. However, most of contestants will be successful in this task.

Remark. If the contestant protests: “3D-Manhattan metrics is explicitly
excluded in Syllabus that is why | could not solve this task” then the jury may
respond: “Neither a 3D-space nor Manhattan metrics are mentioned in the text of
task”.

Euler's formula for planar graphs is not mentioned in Syllabus.

Task 3 “Drawing”. Call an intersection (point only) of two drawn segments
as “node”, the drawn segment between two nodes without inner nodes as
“fragment” and a drawn triangle without drawn inner points as “domain”. Let a
triangle UVW be drawn, number N (nodes) is 3, number F (fragments) is 3,
number D (domains) is 1. The operation “draw a segment splitting any domain
into two domains” was executed some times. Given numbers N and D in 10..1000,
N-2< D< 2N-6, find number F. If it is impossible, output 0. Example. 1st
operation: draw segment UP, point P&VW; 2nd operation: draw segment VQ,
point Q eUP; 3rd operation: draw segment WQ. The result is N=5; F=8; D=4.

After some attempts most of contestants will be successful in this task.

Remark. If the contestant protests: “Euler's formula for planar graphs is not
an included topic in Syllabus, 2022 then the jury may respond: “There are other
ways to solve the task, constructing a sequence of operations yielding given N and
D.”
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“Calculus” is explicitly excluded in Syllabus. But we [3] proposed tasks of
type

Task 4“Minimization”. Given a natural number F in 1..10%°; find such
number X that the expression H(X):=X*+F/(X+1) is minimal; if there are some
such numbers then output the greatest of them.

The author of the task is obliged to calculate the derivative H{X) and to
prove that it increases for (real) X>0. But the contestant who does not know the
notion “derivative” can guess that H(X) is a unimodal function. Then the algorithm
IS obvious.

“Non-trivial calculations on floating point numbers, manipulating precision
errors; trigonometric functions™ are explicitly excluded in Syllabus.

Kyrgyzstan and other countries have central-symmetric elements on their
coat-of-arms. Corresponding modifications of the following task may be in their
honor [4].

Task 5 “Symmetry”. Given integer numbers N in 2..2023, K in 1..64. The
center of the regular 64-polygon is in (0;0), the 1st vertex is in (N;0), vertices are
numbered counterclockwise. Find such integers X and Y that the Kth vertex is
within the square (X, X+2) x(Y,Y+2). If there exist some such pairs output one of
them.

The author’s solution of the task is a little rational-numbers-interval-
analysis-soft. Trigonometric functions are not used in the solution; coordinates of
vertices are calculated such as V[1]:=(N;0); V[17]:=(0;N);
V[9]:=(V[1]+V[17TD/|(V[1]+VII7]D*N ... (Euclidean distances, Pythagorean
theorem are included in Syllabus).

Such solution takes about half of hour to type even for an experienced
contestant but they can write a program for floating point numbers X1, Y1 in a
minute:

Let X1:=N*cos(2.*pi/64.*(K-1)); Y1:=N*sin(2.*pi/64.*(K-1)); X:= floor(X1); If
X1-X<0.5 then X:=X-1; Y:=floor(Y1); If Y1-Y<0.5 then Y:=Y-1; Output (X,Y).

3. Examples involving knowledge in sciences
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The following tasks were given by us.

Task 6 “Catrtle” (velocity). There are five villages on a straight road. The
car started from the beginning of the road at 5.00. From 6.00 to 7.00 the cattle go
to the pasture along villages, so the car speed within villages is 6 km/h, otherwise
the car speed is 60 km/h. Find the coordinates (in meters) of the car in M minutes
after 5.00 am. Input: M < 216; coordinates of villages (km).

Task 7 “Weighing” (Gravitation, the lever law). Points ... =3, =2, —1, 0, 1,
2, ... are marked on a long ruler. The ruler is suspended in the middle, at the point
0. There is plenty of a flour, a light bag for flour, and weights of natural numbers
(given) P kg and (given) Q kg. A bag of flour and weights can be hung on a ruler,
only at marked points. There cannot be two loads at same point. It is required to
weigh (given) Z kg of flour. Find the minimum possible length of the segment
occupied by the weights.

Task 8 “Skew scale”. Given natural numbers P, Q, Z in 1..2023. The (very
light) bowls of the scale are suspended at distances P and Q (horizontally) from
the suspension point of the scale. To weigh Z kg how many 1-kg-kettlebells are
necessary? Example. P=20, Q=10, Z=1993 — 998.

Task 9 “Walls” (gravitation, properties of liquid). Given number K in 4..6.
K thin rectangular walls were built on the plane in "north-south” or "east-west"
directions (two walls can be intersected). It is raining, raining... How much water
do the walls hold? (*zero™ can also be). Input. The first row contains K. The next K
rows contain five numbers X1, Y1, X2, Y2, Z in 1..10, the coordinates of the end-

points and height of the i-th wall, i=1..K.
4. General, or common terminology and knowledge

Traditional notions are persons (participants, players, travelers), animals (it
IS better that their properties in the task be similar to their actual ones; hounds and
moths with GPS; warms as mathematical tasks characters from ancient times),
ways, roads, crosses, villages (as points or segments on highways) and cities (with

rectangular street grid), walls (as segments on a plane), cars (as points), pixels ...
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We proposed voxels, timexels, 2D-printers, 3D-printers, future (3D+T)-printers for
wider using [5].

Probably, the ancient

Task 10 “Heads-feet”. Geese and cats together have (given) H heads and
(given) F feet. How many geese and how many cats are there? If it is impossible,
output 00
is popular because it is the first example of latent information.

Various natural [6] tasks can be composed on the notions of (ideal, thin,
inextensible) rope and other idealized household items.

Task 11 “Rope”. Given a rope of length L and a graph, all its arcs have
lengths 1 and are thin tubes. Rope is arranged within arcs, without touching itself.
Can Rope be drawn through all arcs without self-touching? If it is possible, find

the minimal time to do it.
4. Conclusion

To make Olympiad tasks in informatics and mathematics more interesting and
useful we propose to give tasks demanding knowledge in sciences and the ability,
declared by us [7].
REFERENCES
1. Pankov P.S. Real Processes as Sources for Tasks in Informatics. Olympiads in
Informatics, 2010, 4, pp. 95-103.
2. Pankov P.S. Independent learning for open society. Collection of papers as
results of seminars conducted within the frames of the program “High Education
Support”. Foundation «Soros-Kyrgyzstany», Bishkek, 1996, issue 3, pp. 27-38.
3. Pankov P.S. Tasks in Informatics of Continuous Content. Olympiads in
Informatics, 2013, 7, pp. 101-112. *
4. Pankov P.S., Baryshnikov K.A. Representational Means for Tasks in
Informatics. Olympiads in Informatics, 2009, 3, pp. 101-111.
5. Pankov P.S., Imanaliev T.M., Kenzhaliev A.A. Automatic Makers as a Source

for Olympiad Tasks. Olympiads in Informatics, 2021, 15, pp. 75-82.

105 Herald of Institute of Mathematics of NAS of KR, 2023, No. 1



6. Pankov P.S. Naturalness in Tasks for Olympiads in Informatics. Olympiads in
Informatics: Country Experiences and Developments, 2008, 2, pp. 16-23.

7. Pankov P., Janalieva J., Naimanova A. Inductive and experimental studying of
mathematical subjects (mathematical facts and notions which can be discovered
independently), LAP Lambert Academic Publishing, Saarbriicken, 2015, 70 p.

The work was carried out within the framework of the project of the Institute of
Mathematics of the National Academy of Sciences of the Kyrgyz Republic
Received: May 20, 2023
Revised: June 5, 2023
Accepted: June 15, 2023
Information about the authors

Pankov Pavel, doctor of physical-mathematical sciences, professor, Corresponding
member of National Academy of Sciences of Kyrgyz Republic, head of laboratory of Institute of
Mathematics of National Academy of Sciences of Kyrgyz Republic, Bishkek,

https://orcid.org/0000-0002-1420-9898, +996552352728 e-mail: pps5050@mail.ru

106 Herald of Institute of Mathematics of NAS of KR, 2023, No. 1


https://orcid.org/0000-0002-1420-9898

CONTENTS

Differential Equations, Dynamical Systems and Optimal Control

1.

Sopuev A., Zheenbaev N.A.Boundary value problems for a mixed fourth-
order parabolic-hyperbolic equation with discontinuous gluing conditions.3

Baizakov A.B., Jeenbaeva G.A., Bekturova A.T., Asankulova A.C. on the
structure of solutions of the Cauchy problem of partial differential equations
of the fourth order....... .o e 13

Iskandarov S. On the asymptotic smalless of solution components of a
system of linear implicit Volterra type integro-differential equations on the
NaIF-aXIS. .. 23
Asanov A., Kadenova Z.A., Bekeshova D.A., regularization and stability of
solutions of Fredholm linear integral equations of the first kind on a semi-

Abdukarimov A.M., Zhadilov B.M. Square integrable solution to the linear
two-dimensional Volterra-Stieltes equation of the second kind in the infinite
dOMAIN. .. e e 41

Turkmanov J. K., Karynbaeva M. M., Agybaev A.S. Quasi-linear parabolic

equation with a discontinuous initial function.............................. ... 51
Tagaeva S.B.Improved algorithm to detect patterns in irgdo-type
LTI SR 64

Geometry and topology

8.

Zhoraev A.H. Algorithm of controlled motion of stretched object on
tOPOIOQICAl TOTUS ... 70

Mathematical and instrumental methods of economics

9.

Asankulova M., Nurlanbekov A.N., Iskandarova G.S. Optimization of
production and the size of irrigated and cultivated sown areas at the lowest
TOtAl COSE ..ot 76

10.Choroev K., Alieva A., Suinalieva N.K.,Application of the 8-homogeneous

ves-production function for the analysis of the development of economic
)] =10 17 85

11.Kydyrmaeva S.S. Simulation of parking operation............................. 93

Mathematics education

11.Pankov P.S. Mathematical problems at olympiads in informatics......... 100

107 Herald of Institute of Mathematics of NAS of KR, 2023, No. 1



ISSN 1694-8173

9ll7716941"1817007



