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Geometry and Topology

MSC: 54E15

GENERALIZATION OF THE MAIN PRINCIPLES
OF FUNCTIONAL ANALYSIS

A.A. Borubaev, G.O.Namazova, M.K. Chamashev
Institute of Mathematics of NAS of KR

The main principles of functional analysis, such as the principle of continuation of linear
continuous functionals, the principle of openness of linear continuous operators and the principle of
uniform boundedness of a sequence of linear bounded operators, employ a key place in functional
analysis and find multifold applications in various fields of mathematics.

Keywords: zmetric, =norm space, =Banach space.

Y3rynTykcy3 ChI3BIKTYY (YHKIIMOHAIAAPABl YIAHTOO MPHUHIMIIH, Y3TYIATYKCY3 CBI3BIKTYY
OIICpaToOpJIOPAYH AYBIKTBII'BIHBIH IIPUHIUIIM JKaHA YCKTCIICH CBI3BIKTYY OIICPATOPIIOPYHYH
KaTapbIHBIH OUp KaJbINTYy YeKTCHIUPWITCHIUTUHUH MIPUHLIUIH CHISIKTYY OOJTOH (DYHKIIHOHAIIIBIK
aHaJIM3IMH Oall NPUHUUMOTEPU (PYHKUMOHAIABIK aHAIW3/l€ MAaaHWIYY POJIyH OMHONIOT XaHa ap
TYPAYY KOJAOHMOJIOHTOHAYKTApblHA MAaTECMAaTUKAHBIH ap KalChl 66JIYM,Z[9pYHI[G ajla XKYypyHioT.

Ypyummyy cesz0ep:. +MeTpuka, r—HOpMaJalIThIPhUITaH MEHKUHINUK, 7baHax MEHKUHIIUTH.

I'nmaBHBIE IMPUHIIUIIBI (I)YHKLII/IOHaJ'IBHOl"O dHaJIn3a, TaKUC KaK IIPUHOUII HTPOAOJIKCHUSA
HENPEPBIBHBIX JIMHEHHBIX (YHKIMOHAJIOB, NPUHIUI OTKPHITOCTH JIMHEHHBIX HENPEPBIBHBIX
OICpaTopoB M MPHUHIUIL paBHOMepHOfI OIrpaHUYCHHOCTH IIOCJICAOBATCIBHOCTU OI'PAHUYCHHBIX
JIMHENHBIX OIIepaTopoB, HUIrparOT KIHOYCBYIO POJIb B (1)YHKI_II/IOHaJ'ILHOM dHaJIN3€ " HaxoIAT
MHOKCCTBCHHBIC ITPUJIOKCHUS B PA3JIMIHBIX 00J1aCTAX MAaTEMATUKH.

Knroueswie cnosa. T—MCTpHKA, 7T—HOPMHPOBAHHOC NIPOCTPAHCTBO, 7-0aHaXoOBO IIPOCTPAHCTBO.

These principles are generalized to the class of multi-normal spaces, which makes
it possible to introduce multinorms in any locally convex linear topological space.

Let R = (—o+),R, =[0,+), and r be an arbitrary cardinal number.
By RY and R* we denote the Tihonoff product of z copies of the spaces R+ and R
respectively (with natural topology). In the spaces RY and R*, the scalar addition
and multiplication operations, as well as partial ordering, are defined naturally

(coordinately). The space R® turns into the so-called "Tychonoff” topological
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semifield, and R® is the positive cone of the semifield R* (see [3], [4]). It is proved
(see [3], [4]) that any topological semifield can be embedded into a ”Tychonoff”
topological semifield R*.

Let{f,: X = Y,, a € A} be the family of mappings of set X to the family of sets
{Y,:a € A}. The mapping f: X — [[{Y,, a € A} defined by the formula f(x) =
[TI{f,(x): a € A} is called the diagonal product of the mapping family {f,(x):a € A}
and is denoted by A{f,(x):a € A}.

Definition 1. ([6]). Let X be anon-empty set. Mapping p,: X X X = RY iscalled
=metric or multimetric (if 7 is not fixed) on X and the pair (X, p;) isa =metric or
multimetric space if the following axioms are satisfied:

1. p;(x,y) =86 ifand only if x =y, where 6 is a point in the space R%,
where all coordinates consist of zeros;

2. p(x,y) =p;(y,x) forall x,y € X;

3. p(x,y) < p(x,2) + p(z,y) forall x,y,z € X.

Any z-metric on a set X produces uniformity U, and topology-T,, . For
each neighborhood 0(8) of the point 8 of the space RZ , we define the set Voo, =
{C,y):p(x,y) € 0(8)}

Consequently, the family {V,,: 0¢8) runs through the base of neighborhoods
of the point & in the space R*} forms the base of some uniformity U, on the set X.
Forany pointx € X isdefinedas (x) = {y € X: p,(x,y) € 0(0)}. This set
{G(x) : x € X} creates atopology T,,_, which coincides with the topology
generated by the uniformity U, . Thus, the topological space (X, T,_) is a Tychonoff
space (see [5]).

If (X, U) is auniform space of weight 7, then there exists a family of pseudo- metrics
{p: a € A} on X that are uniformly continuous on (X, U ) and generate uniformity
U with |A| = . Further, the diagonal product p, = A{p, : « € A} of this family
of pseudometrics {p, : @ € A}isa =metric on X, while generating uniformity U.

Let (X, p;) be multimetric space and let {x, : « € M } be the directionality in (X,

p: ). Let’s assume that the directionality of {x, : « € M } converges to a point
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xo € X if for any neighborhood V,,, of point x,, there exists an index ay € M
such that for all a = aq,p; (xq,x0) € Vp, Iis satisfied. The Cauchy
(fundamental) directionality is defined similarly.

A multimetric space (X, p;) is called complete if every Cauchy directionality in
(X, p;) converges.

Definition 2. ([2]). A mapping ||-||;: L, — R of a linear space L (over the real
number field) into a space R is called a =norm or multinorm (if 7 is not fixed) on the
linear space L and a pair (L, ||*||;) is =normalized or multinormalized space if the
following axioms are satisfied:

1. ||x||]; = @ if and only if x is a zero element of linear space L and 6 is a
point of space R, all coerdinates of which are zero;

2. ||A-x]||; =|A] - ||x]|, for any scalar A € R and any x € L;

3. llx +ylle = lIxll + llyll; forallx,y,z € L.

If (L, ||-|];) isamultinormalized space and p,(x,y) = ||x — y||, then we obtain a 7
metric space, which in turn gives rise to a linear normalized space (L, ||*]|,).

A complete z-normalized space (L, ||*||;) is called a z-Banach or a multiBanach
space.

Example 1. Let (L, T) be an arbitrary locally convex linear topological space. Let
P be a separating family of continuous seminorms on L generating the topology of T
(for the existence of such a family of P seminorms see [7]). Let |[P| = . Then the
diagonal product of the family of half-norms P, ||-||; = A{p: p € P} isa =norm
on L generating the topology T.

Inversely, if (L, ||-]|;)-isan h?@itrary T-normalized space and the mapping ||*||;: L -
R} =[I{R,:a € A} is a =-norm, where |A| = T and r,: R, = R is a projection
for any a € A, then assuming p, = m, - |||, , for each a € A we obtain a
separating family of continuous half-norms P = {p,: a € A} on L, which gives
rise to the topology of T -normed space (L, ||*]|;), and the topology will be locally
convex.

Remark 1. Let (X,]|‘||;) be an arbitrary z—normalized space, ||‘||;:X = R% =
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[I{R,: a € A}, where |A| = 7.

Let ||-|l;" = A{q, : b € B}, which also satisfies all the axioms of the znorm.

1. Let ||x||;" = 6, then A{q,(x) : b € B} = 6. This means that g, (x) = 0 for
all b € B. Since the family of seminorms {q,, : b € B} separates the points of space
X, i.e., for every non-zero x € X there is an element b € B such that [] g, (x)=0 .
This is impossible, so x is the zero element of the linear space X. Inversely, if x is the
zero element of linear space X, then p,(x) =0 for all b € B. Then ||x||,’ =
Mpy:b € B} =0,

2. Mlxll," = Af{gp(x) : b € B} = A{|Alqp(x) : b € B} = |A|A{gy(x) : b €
B} = Alxll.” 5 lA-xll;" = AMgp(A-x) : b € B} = Af|A| - qp(x) : b € B} =
|A1A{qy(x) : b € B} = |A]-lIx]|.".

3. Consider ||x + y||; = A{gy(x +y):b € B} < A{qy(x) +q,(¥):b € B} =
Mgy (x):b € B} +Mqy():b € BY = ||x|l; + Iyl 50 ||x + ylly < IlxIl; +
Iyll"

Let? = {p:a € A}yand P’ = {p,: b € B}. They give rise to the same locally
convex topology on the linear space X.

Now we introduce the partial order relation in set B. Consider that a < b &
pb(x) = pa(x)forallx € X.Foranya,b € B,thereissuchac € B,forall x €
X. Hence, the set B is a direction.

In the following, without limiting generality, we will replace the z-norm |||, with
the =norm ||-||,".

The following theorem will play an important role later on.

Theorem 1. ([2]). Any =Banach spaces and only these are limits of projective
spectra of length T composed of Banach spaces.

Proof 1. Let (L, ||-||;) bean arbitrary z~Banach space, and ||-||.: L — R be a znorm,
where R} = [[{R%:a € A},R$ = R,,foreacha € Aand |A| = 7.

Let g,: R = R$ Dbe the natural projection onto the a-th factor where a € A.
Letp, = q4 * II'll; . Then p, is a semi-norm on L. We introduce a partial order on the

set A. Consider that a < b if and only if p,(x) = p,(x) for every x € L. Hence,
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the identity mapping i2: (L, p,) — (L,p;) is uniformly continuous. We introduce an
equivalence relationon L: x~%y <=>p,(x —y) = 0.

LetL, = L/~% be aquotient set, ¢, : L — L/~% be a quotient mapping, and
|||l bethe norm on L, obtained by factorizing the half-norms p, for each a € A.
Then (Lg, |Ill) — normalized (Banach) space. Note that the relation x~?y follows
from the relation x~%y. Then a natural mapping 2 : L, — L, is defined, where the
mapping 72 : (Lp, II'll,) = (Lg lI*lle) —is uniformly continuous. If a < b < c,
then m$ = n$ - w2 . As a result, we have projective spectrum {L,, w2 , A} of length

7 composed of normalized (Banach) spaces. Let L' = lim{L,, 2 ,A}. On L’, define

the =norm |||, = {lI'll, : a € A} and establish a bijection f between sets L and L".
Define a mapping f: L — L' at each point x € L that puts the singular thread
f(x) = {$p(x): a € A},

If x; # x,, then there exists a semi-norm p, such that p,(x; —x,) = 0. Then
Pa(x1) # Pg(x2). This shows that the mapping is reciprocal. Now we show that the
mapping f is a surjection. Lety " = {¢,(y) : a € A} be an arbitrary thread. Then
(y) = {¢,(y):a € A} =1vy' . Hence, the mapping f is a bijection. By the definition
of the z-norm |||, we have ||x|l, = lIf (I,

Inversely, let {(L,, |IIl), w2 , A} be a projective spectrum of length zcomposed of

normalized (Banach) spaces. Let L = lim{L,, w2 , A} be the limit of the projective

spectrum. We define the z-norm on L as follows: for each x € L, let ||x]||; =
{lix|l;; a € A}, x = {x,,a € A},x, € L, for any a € A. Let us show that all
axioms of the znorm are satisfied:

1. Ifxis a zero element of the linear space L, then ||x,||, = 0 forany a € A and
l|x||; = 6. Conversely, if ||x||, = 8, then ||x,]||, = O for every a € A and x —zero
element of linear space L;

2. Let x € L and A € R-an arbitrary scalar. Then [|Ax||; = [|Axgllq = {IA] -
lx.lleoa € A} = |A]- ||x]||, foreachx € L;

3. Let x,y € L. Then |lx+yll; = {llxg +yulla: a € A} < {llxqlla +
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IYalla : @ € A} = lixllz + llyll-.
If the projective spectrum (Lg, ||*|l4, 2 , A) is composed of Banach spaces, Then its

projective limit (L, |||l;) = lim{(Lg, |I*llz), 72, A} is a closed subspace of the

product of complete spaces. Therefore, the -normalized space (L, ||*||; ) is a z-Banach
space. Theorem 1 is proved.

The above three principles of functional analysis have been generalized to different
classes of linear topological spaces (see, e.g., [8]).

We extend these principles from the class of Banach spaces to the class of t—Banach
spaces (which are quite wide, see Example 1), in a natural way, while preserving the
formulation in Banach spaces.

The continuation principle of linear bounded functionals for normalized spaces is
formulated as follows (see, e.g., [9]): Let (E, ||| ) be a valid normalized space, L be
its subspace and f;, be a bounded linear functional on L. This bounded linear functional
can be extended to some bounded linear functional f on the whole space E without
increasing the norm, i.e., llfollonz = IIfllong -

First we introduce the notion of =—functional.

Definition 3. A linear mapping f : E — R of a linear space E into a linear space
R" is called a linear =—functional.

If (E, ||*]| ) is a =—normalized space, then the continuity of the linear =—functional f
is naturally determined.

Example 2. Let f,: (E,||ll) — R be a linear continuous functional for each €
A,|A| = t.Consider the diagonal product f = A{f,: a € A} of the family of linear
continuous functionals {f,: a € A}. Then the mapping f: (E, ||*ll;) = R is a linear
continuous =functional.

Inversely, if f:(E,||"ll;)) = R* is an arbitrary continuous zfunctional, then
suppose that f, = m, - f,wherem, : R* — R, isprojectionforeacha € A4, |A| =
7. Then we obtain the family {{f,: a € A} of continuous linear functionals where
f = A{f,:a € A}

Now let us define the norms of the continuous linear T—functional.
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Let f: (E,||'ll;) = R* — a linear continuous 7 -functional. The smallest element
C € R satisfying the inequality |f(x)| < C - ||x||; for each x € X is called the 7 -
norm of the linear continuous t—functional, where |f(x)|is an element of R}
consisting of the module of the coordinates of the element f(x) € R*.

For any continuous linear z-functional f, its z-norm always exists. Indeed, let
f:(E,|I'll;) = R* be an arbitrary linear continuous 7 -functional. Let us represent it
as the diagonal product of the family of ordinary continuous linear functionals {f,: a €
A} (see Example 2), where f,: (E,|I'll;)) @ R = Rg,a € A|A|l = 1,f;, = ng-f,
where m, : R* — R, is the natural projection for each a € A. Then, it is easy to
check that the =norm of the continuous linear =functional f is equal to ||f]l, =
(full, : a € 4.

Theorem 2. (on the continuation of continuous linear zfunctions). Let f:
(E, [I'll.) =R, (E, lIll;) be an arbitrary z-normalized space, L be its subspace, and f;
be a continuous linear z—functional on L. This continuous linear functional can be
extended to some continuous linear z—functional f on the whole space (E,||*]|;)
without increasing =—norm, i.e., || follonz. = Iflong-

Proof 2. Let the conditions of the theorem be satisfied. By Theorem 1, given z-

normalized space (E, ||||,), let us represent it as the limit of the projective spectrum

{(E,, ||-||a),n§,A} of length z composed of normalized spaces.

Let m,: E — E, be a natural projection for each a € A and let L, = m,(L). Let
us represent the linear continuous mapping f, as the diagonal product of the mappings
of the family of linear continuous functionals {f;'; a € A}, fy': L = R, a €
A, |A| = t (see Example 2).

Then the mapping fs*: L, = R, is a continuous linear functional on (L, ||*|]). By
the principle of continuation of linear functionals, it continues to some linear
continuous functional f;: (E, ||||) = R,. Then the diagonal product f = A{f,:a €
A} is a linear continuous z-functional on (E, ||*||,), with f being an extension of —
functional f, and || follzon. = IIfllzon g - The openness principle for Banach spaces

Is formulated as follows (see [9]): the linear continuous mapping A of the Banach space
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E onto the Banach space E| is open.

Theorem 3. (about the open mapping). Let f: (E,||'ll;) — (L, ||*ll;) be a linear
continuous mapping the =Banach space (E, ||*||,) to the =Banach space (L, ||*||;).
Then the mapping f is open.

Proof 3. By Theorem 1, the Banach spaces (E, ||*||;) and (L, ||]|;) decompose,
respectively, into projective spectra of length 7 consisting of Banach spaces, i.e.,
(E,II'll:) =lim{Eq,mg, M}, (L, IIll.) =1im{Ly,pq, M}, where M| =1 . The
linear continuous mapping f : (E,||ll;) = (L, |Ill;) induces the linear continuous
mapping fu: (Eg |I:1D = (Lg 1D, withp, - f = f, - m, for every a € M, where
n,:E - Egandp,: L — L, are natural projections. Let us show that the mapping f
IS open. Note that (see e.g. [3]) the family
{n;' (U,):U, is an open set in (Ey, ||-|l,),a € M} forms the base of the ~Banach
space (E, |I*]l;), and the family {p;1 (V,):V, is an open set in (Lg, ||-ll,),a € M}
forms the base of the =Banach space (L, ||-||;). By the openness principle, the linear
continuous mapping f,: (E, |I-lD) = (L, |I-]l) is open for every a € M. Note that
f;t (U)) = p;t (f,(U,)). The right-hand side of the equality is an open set in
(L, ||*]l)- It follows that the mapping f is open.

Theorem 4. (about the inverse operator). Let A: (E, ||I'll;) = (L, ||'|l;) be a linear
continuous operator, mutually identically mapping =Banach space (E,||*||,) to =
Banach space (L, ||-||,). Then the inverse operator A~ is continuous.

Proof 4. Let A: (E,||'ll;) — (L, ||*]l;) be a linear continuous operator, mutually
uniquely mapping t—Banach space (E, ||-||;) to =Banach space (L, ||-||;). By Theorem
1, let us represent these =Banach spaces as limits of projective spectra of length 7

composed of Banach spaces, i.e., (E,|-ll,) =lim{E,n2, M}, (LI, =
lim{L,, p2 , M}, where |M| = 7 . Then the operator A induces a linear continuous

operator A,: (E, [I'll.) = (L, |I"ll ), mutually identically mapping the Banach space
(E,|I'llg) to the Banach space (L, |||]l,) for every a € M. Then by the inverse

operator theorem (see e.g. [5]) the inverse operator A, ™" a is continuous. Then it is
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easy to see that (A~ = A{4,”' - P,:a € M}). The operator A~! as a diagonal
product of continuous mappings {4, ' - P,:a € M} is continuous. Theorem 4 is
proved.

Theorem 5. (about a closed graph). Let (E, ||-||) and (L, ||]|;) be =Banach spaces
and the mapping A : E — L islinearand its graph G = {(x,Ax) : x € E}is closed
in (E, |I'll;) % (L, |Ill;). Then the mapping A is continuous.

Proof 5. Let’s put || (x, Y)|l: = {llxllz, [yll-}. Then ((E % L), |l ll;) is az-Banach
space (see [8]). Since the mapping A is linear, its graph G is a subspace in (E, ||*[|;) X
(L, [I1l). Closed subspaces of =Banach spaces are =~Banach spaces. Next, let us define
the mappingsg,: G - E and g,: E X L — L, assuming g,(x,Ax) =
x,9.(x,y) = y.Then g, is a continuous linear mutually unambiguous mapping of =
Banach space G onto z~Banach space E. It follows from Theorem 4 on inverse mapping
that the inverse mapping g;y*: E — G is continuous. But A = g, ° g;', and the
mapping g- is continuous. Hence, the mapping A is continuous. Theorem 5 is proved.

The principle of uniform boundedness of operators for normalized spaces can be
formulated as follows [1]: If a sequence of linear bounded operators {A,,} mapping a
Banach space E to a normalized space L converges pointwise to a linear operator A,

then the sequence of norms {||4,,||} of these operators is bounded, hence lim A,,x = 0

x—0

Is uniformly n =1, 2, ... and the operator Ax = lim A,x is bounded (here O is the

n—>0o

zero element of the space E).

Let A: (E,|I'll) = (L |I'll;) be a linear continuous operator, mapping =
normalized space (E, ||*||;) into =normalized space (L, ||||;). Let us define z=norm
and boundedness of the mapping A.

Definition 4. The linear operator A : (E, ||*|l;) — (L, ||*|l;) will be called bounded
if there exists such an element C € RY, that for any x € E the inequality ||Ax|[; <
C - |lx|l; holds.

Note that the boundedness of a linear operator, in general, does not imply its

continuity. But continuous linear operators are bounded. For normalized spaces,

11 Herald of Institute of Mathematics of NAS of KR, 2023, No. 2



continuity and boundedness of linear operators are equivalent (see, for example, [9]).
The smallest element of C € RY that satisfies the inequality ||Ax|, < C -
|x||;, forany x € X, is called =norm of operator A and is denoted by ||A||.
We show that z=norm of a linear continuous operator A : (E, ||*|l;) = (L, lI*ll)
always exists. Indeed, by Theorem 1, the -normalized spaces (E, ||-||;) and (L, ||*]|;)
are represented as limits of projective spectra of length  composed of normalized

spaces, i.e., (E, ||'ll;) = lim{E,,n?,M}and (L,||'|l;) = lim{L,, w2, M}. The linear

continuous operator A : (E, ||I'll;) = (L, |I|l;) foreverya € M,|M| = t induces a
linear continuous operator. A, : (Eg |I"lle) = (La I)llg)- The norm of such an
operator exists and we denote it by ||A,||. Then it is easy to check that ||A,]|, =
{llAqll: a € M} € RE.

Theorem 6. (on the uniform boundedness of a sequence of continuous operators).
If a sequence of linear continuous operators {4,,} mapping a =Banach space
(E,, |I']l;) to a =Banach space (L,, ||*|l;) converges pointwise to linear operator A :
(E,I'll) = (L, |Ill), then the sequence of t-norms {||4, ||} of these operators is

bounded in RY, lirr(1) A,x = 6 isuniform with respectto n =1, 2, ... and the operator
X—

Ax = lim A, x is bounded.

n—oo

Proof 6. By Theorem 1 we have (E, |||l;) = lim{E, |||l , =2 ,M} and (L, |I'||,;) =
lim{L, |||l , =2 , M}, where (E,, |||l ) isa Banach space, and (L, |||l ;) arenormalized

spaces for eacha € M,|M| = 7. Continuous linear operators A and 4,, induce also
linear continuous (bounded) operators A,: (Eg, |I1) = (Lg |1 and A%: (E, |1 =
(La |I)ID- Since A,,x — Ax foreveryx € Eatn — oo, then A%y — A,y for every
y € E;anda € Matn — oo. By virtue of the principle of uniform boundedness of
operators, the sequence of operators ||A%|| is bounded for every a € A. Then, it is
easily verified that the sequence of t -norm operators {||4, ||, is bounded in RY.

lim A,x = 6 is uniformly n = 1,2,... and the operator Ax = lim A,x is bounded

x—-0 n—-oo

(i.e., its T -norm is bounded in R}). Theorem 6 is proved.
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SOME PROPERTIES OF THE MAPPINGS, PRESERVING THE INDEX OF
COMPLETENESS TOWARDS THE IMAGE

Abdykaimov |.Z.
Institute of Mathematics of NAS of KR

This article discusses the issue of preserving the index of completeness towards the image by
uniformly continuous mappings of complete uniform spaces. The study of complete uniform spaces
occupies a very important part in the theory of uniform spaces. A method for a more refined
classification of complete uniform spaces [1] was presented by academician A.A. Borubaev, and with
the help of this method it becomes possible to assign a certain cardinal number to each complete
uniform space. This cardinal number characterizes the least powerful subsystem of the family of
uniform coverings, relative to which the space continues to remain complete in a certain sense.
However, the question naturally arises about what properties uniformly continuous mappings must
have in order to be able to preserve the index of completeness of a uniform space. This article attempts
to determine the necessary and sufficient features of mappings capable of preserving the index of
completeness towards the image.

Keywords: index of completeness of complete uniform spaces, uniformly continuous
mappings, H-Cauchy filter, H-completeness, composition of uniformly continuous mappings,
uniform coverings.

byn Makamaga Tonmyk OHMp KaibINTYy MEHKMHAMKTEpAM OWUp KaNbINTyy Y3TYJITYKCY3
YarbUITAHJABIKTAP apKbLUIYy CYPOTTONYIUTYH TOJYKTYI'YHYH HHIEKCHH CaKTOO Macelecu
TajkyynaHat. Toiayk Oup KaJbINTyy MEWKUHAMKTEPAU H3WIA06e OUp KalbIITyy MEUKUHAMKTEP
TEeOpHUsAChIHAa a0JjaH MaaHWIYy OPYHIY 23JIeHT. Tolyk Oup KajbITyy MEMKUHAMKTEPIUH Kbliia
TaKTaJIraH KiacCU(UKAUSACHIHBIH yCyily akaneMuk A.A.bepyOaeB TapaObiHaH cyHymtanras [1],
*aHa Oyn YCYJJIyH jKapJaMbl MEHEH ap OHp TONyK OHp KaJIbINTYy MEWKHHIUKKE OeNruiyy
KapAUMHAJIBIK CaHJbl BINTapyy MYMKYH O0JIOT. Byn kapauHanablk caH MEHKHHIUK Oenruiyy oup
MaaHUIe TOJMYK OOI0H Kajia OepreH callbIIThIpManyy Oup KaJbITyy ka0yynap/blH YH-0yJIeCcyHYH
9H a3 Ky0aTTyy MOACUCTEMAChIH MYHO316HT. BUpok, Taburslii Typae, OMp KaablTyy MEHKUHAUKTUH
TONYKTYK MHJEKCHH CaKTall KaJlyy Y4yH OMp KaJbINTyy Y3TYJTYKCY3 YarbUITaHIBIKTAp KaHAan
KacueTrTepre 33 OOIyIly KepeK JereH cypoo Tyyinar. byn makanana cypeTTeayIITYH TONYKTYTYHYH
HHACKCHUH CAKTOOTI'O KXOHAOMAYY YarblJITaHABIKTAPABIH KEPCKTYY KaHa KCTUIITYY ©3ro40JIYKTOPYH

AHBIKTOOI'O apaKCT KbUIBIHAT.
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Ypynmmyy ce30ep: Tonyk OUpAUKTYY MEHKUHAUKTEPINH TOJYKTYK HHAEKCH, OUp KaJbIITYy
Y3rynTykcy3 uarsumranasiktap, H-Komm ¢unetpu, H-TOnmykTyk, OMp KanbInTyy Y3TYJITYKCY3
YarpUIraHABIKTapABbIH KOMITO3UIUSICHI, OMp KAJIBINTYY jKad1yymnap.

B nanHON cTaThe paccMaTpUBAETCs BOIPOC COXPAHEHUS PAaBHOMEPHO HENPEPHIBHBIMU
OTOOpPaKEHUSIMU HHJEKCA IOJHOTHI IOJHBIX PABHOMEPHBIX IPOCTPAHCTB B CTOPOHY 0Opasa.
HccenenoBanue MOJMHBIX PaBHOMEPHBIX IPOCTPAHCTB 3aHMMAET OYEHb BAXKHYIO 4acTb B TEOPHUH
pPaBHOMEPHBIX NPOCTpaHCTB. Meron Oojee TOHKOW KiacCH(PHUKAIMK TOJHBIX PAaBHOMEPHBIX
npoctpanctB [1] mpeacraBien A.A.Bopy6aeBbiM. COOTBETCTBEHHBIH METON TaéT BO3MOXKHOCTH
KOKIOMY IIOJHOMY PaBHOMEPHOMY IIPOCTPAHCTBY IIOCTABUTb B COOTBETCTBHUE OIPEIEIEHHOE
KapAUHAJIBHOE YMCIO0. OJTO KapJUHAJIBHOE YHUCIIO XapaKTepu3yeT MOACUCTEMY C HauMEHbIIEH
MOIIIHOCTBK) CEMEHCTBA PABHOMEPHBIX IIOKPBITUM, OTHOCUTEJIBHO KOTOPOM IPOCTPAHCTBO
IIPOIOJIKAET OCTABATHCS MOJIHBIM B HEKOTOPOM cMbIciie. OIHaKO eCTECTBEHHBIM 00pa30M BO3HUKAET
BOIPOC O TOM, KAKUMH CBOMCTBaMHU JOJKHBI 00Ja/laTh pABHOMEPHO HENPEpPBIBHbIE OTOOpAKEHUS
JUIs TOrO, YTOOBI COXPaHATh MHJEKC IMOJHOThl PaBHOMEPHOIO IPOCTpaHCTBA. B naHHON crarhe
JIeTIaeTCs ITONBITKA ONPEACTUTh HEOOXOIMMBIE U IOCTaTOYHBIE TPU3HAKH 0TOOPayKEHH, CTIOCOOHBIX
COXPaHATh UHIEKC MTOJHOTHI B CTOPOHY 00pa3a.

Knrouesvie cnosa: MHIEKC TOJHOTHI IOJHBIX PAaBHOMEPHBIX MPOCTPAHCTB, PaBHOMEPHO
HenpepelBHbIe  oToOpakeHus, H-punptp Komm, H-nmonHota, KoMHo3uIMs pPaBHOMEPHO

HENpPEPBIBHBIX OTOOpaKEHUH, paBHOMEPHBIE TOKPBITHUS.

Let us consider the uniformed space (X, U) and choose some subset of U, which
will be named as H.

Every filter F, which has non empty intersection with any covering « from H, is
called as (see [1]) Cauchy H - filter:(Va € H):a N F # Q.

A space (X, U) with H c U is called as H -complete, and the system His called
compete, if every Cauchy H -filter has at least one condensation point (see [1]).

If the space (X, U) is complete, then the least of all such cardinal numbers 7, that
there is such a system H c U, that (X,U) is H -complete, and |H| = t, is called the
index of completeness of (X, U) (see [1]).

Additionally to these general definitions we will need more ones, that are following
Definition 1. Let X be a non-empty set. Then if W is some system of coverings of X,

for which work following conditions:
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1) if for a from W exists such cover g of X, thatf < «, then g € W;

2) If B, € W, then there existssuchy € W,that g <y, a <y,
then (X,W) is called a generalized uniform space, and W is called a generalized
uniformity on .X.

Let us consider a map f mapping one generalized uniform space (X,U) to another
one (Y,G). If for any a € G exists such g € U, that o < f(f), then the map f is called
uniformly continuous map.

Let F is a filter of generalized uniformly space (X,U), for which that for any a €
Ufilter F has non-empty intersection with a. Then F is called generalized Cauchy-filter
of a generalized uniform space (X,U).

For following consideration, we need to introduce the topology, that in some
meaning could be inducted by generalized topology.

Let us consider the system t of subsets of X, that we are going to introduce by
the following way: 7 = {0:Vx € O3a € U: a(x) c 0}. Then, if 04,0, € T, then for
x € 0, N 0, # @ there is truth that x € 0, and x € 0,. But from this we obtain that
due to the definition of 7 there exist such covers a and g, for which that a(x) c
04, B(x) € 0, and a, § € U is true.

On the other hand, for considering by us covers a and £ exists such generalized
uniformly cover y, which is inscribed in any of them, because aand g are elements of
U. Let us choose some such covery and consider the set y(x). And because of that y >
a,y > B, forevery I' € y:x € I' we get that exist A € a,B € 8, forwhichI' c AT c
B. From this by the definition of star we get that y(x) € a(x),y(x) < B(x). It means
that y(x) € a(x) N B(x) by the definition of intersecting of sets. It means that y(x)
a(x) N B(x) c 0, NO,. Il e for x € 0, N 0, exists such y, that the star of x in the
relationship to y lies on the set 0, N 0,, that means that: y(x) < 0, N 0,. That is why
the system t is closed in the relationship to final intersection of contained by this sets.

Now let us consider a subsystem X of the system t, and for this we significate
0 =U {0:0 € X}. Let us select some x € 0. Then exists 0 € X, for which x € 0. But

by the property, that defines the t for selected x € O exists covering a, for which, that
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a(x) € 0, and a € U, is true. And for the corresponding covering an interrelation
a(x) c 0 means, that a(x) c 0. And because of undefined selecting by us of x € O,
we get, that for any x € O exists such covering a € U , that a(x) c 0. And because
of undefined selecting of X as a subsystem of the system t, the system t is closed in
the relationship to the operation of union of any subsystem of sets had by the 7.

Forany a €U: a(x) c X, so X €. Forany xeXand a € U: x € ) =>
a(x) c @. From that it is implicated, that such X as @ are elements of system z.

So, considered by us t corresponds for all three axioms of topology, that is why
it induce some topology on the set .X.

Let topology in the relationship to U, noted by us above, being considered in the role
of some generalized uniform structure, be called by us as inducted by generalized
uniformity U topology.

If for a generalized uniform space (X,U) every its generalized Cauchy filter has
at least one point of condensation, the such generalized uniform space will be called
by us as complete space.

In the generalized uniform space (X,U) we select some subsystem of U, that we
are going to call as H.

Every filter F, that has non-empty intersection with any cover a from H, is called
CauchyH-filter: (Va € H):a N F # @. The space (X, U) is called H-complete, if every
its Cauchy H -filter at least one condensation point.

If (X, U) is complete, the least among such cardinal numbers t, for which exists
such H c U, that (X, U) is H-complete, and |H| = t, is called as index of completeness
of (X,U).

Let us suppose that the generalized uniform space (X,V) is H-complete.

We can notice, that from the system H it is possible to make a structure of a base
for some other generalized uniform space (X,V) on the same set X: to do this it is
necessary to make the system H bigger by the following coverings:

Upnenf{fai Aaa Ao A gy, ..., € HY

Now we can see, that every Cauchy H -filter F is a generalized Cauchy filter of
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got by us in this case generalized uniform space (X,V) because of filters’ properties.
Actually, for any cover a from the system V exists a cartage {ay, ay,...a,} € H:a =
a; Na, A...Aa,. And for any cartage {aq, ay,...a,} {41, 4,,... A, }: A; € a;, A; €
F, by the definition of Cauchy H -filter. It means, that there exists such cartage
{A,A,,... A}, for that NI=; A; = A is element of considered by us filter by the
definition of filter, because of that A; € F. And because of considering by us not
concreted coveraof a system V, considered by us Cauchy H -filter F is intersected with
any cover of the system V, and because of this it is generalized Cauchy filter for
generalized uniformity V. From this it is implemented, that any Cauchy H -filter of a
space (X,U) is generalized Cauchy filter of generalized uniformity V.

Existing of condensation points of filter F in the topology, inducted by the
generalized uniformity of (X,U), means existing of condensation points of this filter in
the topology, inducted by (X,V), because this topology is weaker then this one on (X,U).
It means, that canonical injection from (X,U) to (X,V), that is identity mapping f,
conserves for any CauchyH -filter of the space (X,U) its property of having non-empty
set of its condensation points. But it is important, that every Cauchy H -filter of the
space (X,U) is generalized Cauchy filter of generalized uniformity V in the
corresponding to that, what is proved above. Let us notice, that every Cauchy H -filter
of the space (X,U) has non-empty set of its condensation points. So, it means, that every
generalized Cauchy filter of the space (X,V) in the space (X,V) has non-empty set of its
condensation points, and its inverse image with the considering in the relationship with
the mapping f has non-empty set of its (X,U). So, we fix this important for us property
of the mapping f, which we will need soon.

Now let us notice: every element of V is cover of X, which is got as intersec-tion
of covers from the system H. But H is subsystem of U, that’s why all finite intersections
of covers, which are contained in H, are contained in U because of that U is closed in
the relationship to operation of finite intersection of covers, contained in this. So, we
notice, that V is subset of U. Corresponding to the definition of uniformly continuous
mapping, it a priori means, that signified higher mapping of identity f is uniformly
continuous mapping.
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So, the natural injection f: (X, U) — (X, V) is a uniformly continuous mapping.
Above we have so designed the property of this mapping, which is, that every
generalized Cauchy filter of (X, V) conserves the set of its condensation points being
non-empty in the returning to its inverse image with considering of this in the
relationship to the mapping f. It means conserving by f in the direction to the inverse
Image of the property of being non-empty for the set of the condensation points for any
generalized Cauchy filter of the space (X,V). We can see more: f conserves the
property of completeness in the direction of its image, because (X, V) is complete, so
as (X, U) is, by our considering.

We have come to such intermediate result: mapping f considered by us has the
following properties:

- uniformly continuity;

- conserving of completeness in the direction of its image;

- with considering in the relationship to mapping f inverse image of any
generalized Cauchy filter, having non-empty set of its condensation points, inducts
such filter, which has non-empty set of its condensation points.

Let us imagine the inversed sentence: some generalized uniform space (X, U)
has bijective mapping f into some generalized uniform space (Y,V), and f is a
uniformly continuous mapping, conserving:

- conserving of completeness in the direction of its image;

- with considering in the relationship to mapping f inverse image of any
generalized Cauchy filter, having non-empty set of its condensation points, inducts
such filter, which has non-empty set of its condensation points, i. e. if F is a generalized
Cauchy filter in the space (Y, V), the inducted by f~1(F) filter has non-empty set of
its condensation points.

We suppose that V has a base A’ with cardinal number of itz. It means, that we
can eject a system of covers of the space (X,U): H = {f *(a):a € H'} and consider
some Cauchy H-filter F.

Then f(F) for every element a from H' has intersection with it as follows:
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an f(F) = f(f1(a) n F), but because of, that F is Cauchy H-filter, and H is
defined as the system of inverse images of sets, contained in H', we get, that: f~1(a) n
F = @, from what is implicated, that: a N f(F) = f(f"Y(a) N F) # f(@) = @, i. e..
an f(F) = Q.

And because of that we consider undefined Cauchy H-filter F, we get, that f(F)
induces generalized Cauchy filter in the space (Y, V) for any Cauchy H-filter F in
(X, U). And that means, that because of bijectivity of f any Cauchy H-filter F is inverse
image of some generalized Cauchy filter f(F): F = f~1(f(F)). Let us return to the
property of f which is to conserve inverse image of any generalized Cauchy filter as
that filter, which had non-empty set of its condensation points: let us notice, that from
F = f~1(f(F)) is implicated, that F is a filter, which has non-empty set of its
condensation, because f(F) is generalized Cauchy filter of the complete space. It means,
that because of that we consider F as some Cauchy H-filter, there is such class H c U,
that, as an implication from the bijectivity of f, H has cardinal number of itself z, and
(X, U) is H-complete.

Thus, we have just proved the following lemma.

Lemma. That (X,U) has index of completeness t, can be interpreted as that t is
infimum among cardinal numbers of all bases of generalized uniform spaces (Y, V),
for each of which exists bijective uniformly continuous mapping f,: (X,U) = (Y, V),
conserving:

1) a property of completeness in the direction of its image;

2) for any generalized Cauchy filter of the space (Y, V), having non-empty set
of its condensation points, a property of having by it non-empty set of condensation
points in the direction to its inverse image.

So, if we suppose that g: (X, U) — (Y, V) is mapping one complete generalized
uniform space to another one, then due to Lemma exist bijective maps x: (X,U) —
(X, U and y: (Y, V) = (Y,V"), where (Y, V'), (X, U") are generalized uniform spaces,
x and y are uniformly continuous maps, having such properties as 1) and 2). It means,

that there exists uniformly continuous bijection y with the property 2), that
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vg: (X,U) = (Y, V") is map, conserving the property of completeness.

Now we suppose that the space (X,U) has its index of completeness not less then
the index of completeness of the space (Y,V). Because of the definition of index of
completeness: for any H c U, for which (X,U) is H-complete there exists such G c
V,|G| = |H|, that (Y, V) is G-complete. It means, that for every such system H c U,
for which (X,U) is H-complete, there exists uniformly continuous mapping y: (Y, V) —
(Y, V") with the properties 1) and 2), for which V' has a base, which is equivalent as a
set to the system H.

From this we obtain that there exists such V', having its weight equivalent to A, for
which exists such uniformly continuous mapping y: (Y, V) — (Y, V") with the property
2), that yg conserves the property of completeness. It is so, because correspondingly to
considering g conserves a property of completeness, because we imagine this mapping
as a mapping of one complete space to another one. Let us fix got by us properties of
the mapping y.

And now let us suppose that g: (X, U) — (Y, V) is a map, mapping one complete
generalized uniform space to another. Here let for any H < U such a mapping y exist,
for which is true its being a uniformly continuous bijection, having the property 2), and
for which: yg conserves the property of generalized completeness and maps (X,U) to a
generalized uniform space, having a base, equivalent as a set to H. Then we get, that
yg(X,U)=(Z,V") is generalized complete. It means, that y conserves completeness
during the mapping of the complete generalized uniform space (Y,V)=g(X,U) to the
complete generalized uniform space (Z,V'). As an implication of this we can watch,
that due to higher written Lemma the generalized uniform space (Y,V) has an index of
completeness, not revaluing (strongly) the index of completeness of (X,U).

So, we have just proved the following sentence.

Preposition 1. Let g: (X, U) — (Y, V), where only complete spaces are considered,
and let us suppose, that |V| = ic(U). Then the condition of that ic(V) < ic(U) is
equivalent to condition of that:

- there exists such , that for any H: |H| < t, for which (X,U) is H-complete, such an
uniformly continuous bijection y: (Y, V) — (Y, V"), having the property 2) and having
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as image of mapping by this a space (Z,V') with its weight w(V") = |H|, exists, that yg
conserves the property of generalized completeness.

By analogy to considered above it is possible to note that if for any such
uniformly continuous bijection y: (Y,V) - (Y, V"), having the property 2) and the
space (Z,V') as image of mapping by it, for which yg conserves the property of
generalized completeness, there exists such H c U, that (X,U) is H-complete and
w(V") = |H|, then ic(U) < ic(V). So as an addition to written higher it is possible to
extraduce by the way, which is analogical to the way of considering higher after first
sentence the sentence, which is inverse to it, the sentence, which is inverse in the
relationship to corresponding of being considered now sentence. This sentence is
concluded in that ic(U) < ic(V) means being completed of the condition, that for any
such having the property 2) and the space (Z,J) as the image of the mapping by it
uniformly continuous bijection y:(Y,V) — (Y,V"), for which yg conserves the
property of generalized completeness, there exists such H c U, that (X,U) is H-
complete and w(VV") = |H|. Then we are able to note that there are some implications
for this result and for the result of Proposition 1, which are following and both of which
had been proved by us just now.

Proposition 2. Let g:(X,U) - (Y,V), where only complete spaces are
considered. Then the condition, that ic(U) < ic(V), is equivalent to the condition of
that: - for any such having the property 2) and the space (Z, ) as the image of the
mapping by it uniformly continuous bijection y:(Y,V) - (Y,V"), for which yg
conserves the property of generalized completeness, there exists such H c U, that
(X,U) is H-complete and w(V") = |H|.

Proposition 3. Let g:(X,U) - (Y,V), where only complete spaces are
considered, and let |V| = ic(U). Then the condition ic(V) = ic(U) is equivalent to the
system of the following conditions:

- there exists such t, that for any H: |H| < t, for which (X,U) is H-complete, such an
uniformly continuous bijection y: (Y, V) — (Y, V"), having the property 2) and having
as image of mapping by this a space (Z,V') with its weight w(V") = |H|, exists, that yg
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conserves the property of generalized completeness;

- for any such having the property 2) and the space (Z, V) as the image of the
mapping by it uniformly continuous bijection y: (Y,V) - (Y,V"), for which yg
conserves the property of generalized completeness, there exists such H c U, that
(X,U) is H-complete and w(V") = |H|.
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ON QUASI-IDENTITIES OF CERTAIN FINITE MODULAR LATTICE
A.M. Asanbekov
Institute of Mathematics of NAS of KR

A lattice L has no finite basis of quasi-identities if a quasivariety generated by L is not finitely
axiomatizable. We prove that so called lattice L} _, (M3, ¢) has no finite basis of quasi-identities.

Keywords: lattice, quasivariety, finite basis of quasi-identities.

L TopuocyHaa TeHIEHIChIMAIAAapAbIH YEKTYY Heruszu 0oy0oiiT, srepae L TapaObiHaH TY3YJIreH
TyCHIONAYKCBIMAIBI  YEKTYY aKcHoMaTtusauusianbaca. LY_,(Ms,c¢) jenm arairan TOpYOHYH
TEHJCNICHIMANAAPIbIH YEKTYY HETU3H JKOK SKEHUH JaTHIaeions.

Ypyummyy ce3zdep: Top4o, TyCHOJITYKChIMANbI, TEHACIICHIMAIAPIbIH YEKTYY HETU3H.

Pemérka L He wHMeeT KOHEYHOro Oa3uca KBa3UTOXKIECCTB, €CIAM KBa3HMHOr0oOpasme,
MOPOXKAEHHOE L, HE KOHEYHO-aKCHOMATHU3UPYeMO. MBI JTIOKaKeM, YTO TaK Ha3blBacMasi peiéTka
Lz_ p (M3, c) He nMeeT KOHeUHOro 6a3rca KBa3UTOXKIECTB.

Kniouesvie cnosa: pemérka, KBa3UMHOroo0pasue, KOHEUHbIH 0a3uc KBa3UTOXK/IECTB.

1. Introduction

The finite basis problem for varieties (quasivarieties) asks: Which finite algebras
generate finitely axiomatizable varieties (quasivarieties)? Nowadays a lot of results are
obtained for different classes of algebras. Among of them are groups, rings, lattices,
topoboolean algebras, etc.

In a paper [1] R.McKenzie proved that any finite lattice has a finite basis of
identities. V.P.Belkin [2] proved that the similar result is not true for quasi-identities.
He proved that there is a finite lattice that has no finite basis of quasi-identities. In
particular, the ten-element modular lattice M5_5 is the smallest lattice that has no finite
basis of quasi-identities. In this regard, the following question naturally arises: Which
finite lattices have finite bases of quasi-identities? This problem was suggested by
V.A.Gorbunov and D.M.Smirnov [3] in 1979. Sufficient condition consisting of two

parts under which the locally finite quasivariety of lattices has no finite (independent)
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basis of quasi-identities was found by V.l.Tumanov [4] in 1984. He conjectured that a
finite modular lattice has a finite basis of quasi-identities if and only if a quasivariety
generated by this lattice is a variety. In general, the conjecture is not true. W.Dziobiak
[5] found a finite lattice that generates finitely axiomatizable proper quasivariety. Also
we would like to point out that Tumanov’s problem is still unsolved for modular
lattices.

In a paper [6] it was found that the lattice L,_,(M;,c) does not satisfy one of
Tumanov’s conditions and has no finite basis of quasi-identities. To prove this the
authors used the lattice L}_, (M3, c) (see Figure 1 below). It is natural to ask if
LY _,(Ms,c) has a finite basis of quasi-identities? The main goal of this paper is to

prove that A = L},_, (M3, ¢) has no finite basis of quasi-identities.
2. Basic definitions and preliminaries

A quasivariety is a class K of algebras closed under subalgebras, direct products and
ultraproducts. Equivalently, a quasivariety is a class K of algebras which can be
axiomatized by quasi-identities. A quasi-identity is a universal Horn sentence with non-
empty positive part, that is of the form

(VX)[p1 (%) = q1(X) A .. App (%) = g (X) - p(X) = q(X)]

where X = (x4, x5, ... X,;,) and p, q, 1, 91, --- Pn» Gn are terms of the signature o. A
class K of algebras is called a variety if it is closed under subalgebras, homomorphic
images, and direct products. By Birkhoff theorem, a variety is a class of similar
algebras axiomatized by a set of identities, where by identity we mean a sentence of
the form (Vx)[s(x) = t(x)] for some s(x) and t(x).

A quasivariety K has a finite basis of quasi-identities if there is a finite set X of quasi-
identities such that K = Mod(X) = {A | A = X} A lattice L has a finite basis of quasi-
identities if the quasivariety Q (L) generated by L is finitely based, and if Q(L) is not
finitely based then lattice L has no finite basis of quasi-identities.

Let V(K)(Q(K)) denote the smallest variety (quasivariety) containing a class K. We
say that V(K)(Q(K)) is the variety (quasivariety) generated by K. If K is a finite family

of finite algebras then Q(K) is called finitely generated. If K has a single member A
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we write simply Q(4).

An algebra A is finite if |A] is finite, and trivial if |A| = 1. A subalgebra B of algebra
A is proper if it is not trivial and B # A. A congruence 6 on an algebra A is trivial if it
Is the least or the greatest element in the congruence lattice Con A. A homomorphism
h:A — B from algebra A to B is proper if the kernel congruence kerh is not trivial.

Let L = M3, (a, b) be a semi-splitting pair and ¢ a coatom of M5 (see Figures 1,2).
Lo-p(M3,¢) ={(x,p), 0, ¢),(2,0),(b,q) |xy,z€EL, p,q€Ms, p<c, x<b,
y<ab<zq<1, q<c}. This construction was suggested by Tumanov [9]. It is
easy to check that L,_,(Ms,c) = L _, (M3, ¢) — {d} (see Figure 1). The following
folklore lemma provides no finite axiomatizability.

Lemma 2.1. A locally finite quasivariety K is not finitely axiomatizable if for any
positive integer n there is a finite algebra A,, such that A, ¢ K and every proper

subalgebra of 4,, belongs to K.
3. Main result

Let A =L} _,(Ms,c) be alattice drawn in the Figure 1 and S be a non-empty subset
of a lattice L. Denote (S) the sublattice of L generated by S.

Theorem 3.1. Quasivariety Q (4) generated by lattice A is not finitely based.

To prove this theorem, by Lemma 2.1, we need to construct an infinite set of finite
lattices {A; € K | i > 0} such that any proper sublattice of A; belongs to K.

At first we define a lattice T,, by induction on n:

n=1T, =M;andT; = (ay, by, ).

n>1.T, =(T,_1Va,, b, c,) whereb,, =c,_;and c,,a, &€ Ty_1,a, Ac; =
coNc; € T,_qanda,Vc;, =c,Vc; &T,_, foralli <n (see Figure 2).

We define a modular lattice A,, as 4,, = (T,, U ay, by, o) Where a, Aa, = c, V
ag, a, Aa; = bgand 1 =1, (see Figure 3).

Lemma 3.2. For any n > 1 and a non-trivial congruence 8 € ConA,, thereis 1 <
m < nsuchthat 4,/0 = A,, or A,,/6 = M3 ; provided (a,, b;) & 6, otherwise
A,/0 =T,.
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L= M;; L, b(*ui c) =

F1GURE 1. Lattices L, A

FIGURE 2. Lattices T, T},

Proof of Lemma 3.2. We prove by induction on n > 2. One can check that it is true
for n = 3 because of A3/0 = A, or A3/6 = M;3 whether (a,, b;) & 6, otherwise
A;/0 = A, or A; /8 = M, for any non-trivial congruence 6 € ConAs,.

Letn > 3 and let u cover v in 4,, and 8(u, v) € 6. By construction of A,, we have
A,/0(w,v)=A,_,0rT,/0(u,v)=T,_,.
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n =2

FiGure 3. Lattices A;., A,
Continuation of Proof of Lemma 3.2.

Assume (a4, b;) € 6. Since for every non-trivial congruence 6 € ConA,, there are

(u,v) € A,, such that u covers v and 8(u, v) < 6, we get

An/0 = (An/0(u,v))/(6/6(u, v))

Since 4,,/6(u,v) = A we obtain

An/0 = (An/0(w,v))/(6/6(w,v)) = An_1/0",
for some 8’ € ConA,_,. And, by induction, 4,,_,/0" = A, or A,,_, /6" = M 5 for
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somem > 0. Thus 4,,/60 = A, orA,/0" = M.

Now assume (a4, b;) € 6. Then 6(a,,b;) = 6(u,v) and 4,,/0(u,v) = T,,. Hence
An/0 = (40w, v))/(6/60(w,v)) = Ty, /6",

for some 8’ € Con(T,). It is not difficult to check that T;, /6 = T,,, for some m >
0.Thus A4, /0 = A,,orA,/0 =T,,.

Corollary 3.3. There is no proper homomorphism from A,, to
M3_3,A,Lg—p (M3, C).

Proof. We provide the proof for a homomorphism from A4,, into M;_s. It is not
difficult to see that there is no homomorphism from 4,, into A and L,_, (M3, c).

Assume h: A, —» M;_3,n > 1, is a proper homomorphism. Hence kerh is not a
trivial congruence on A,. By Lemma 3.2, A,/kerh =A4,, or A,/0 = M;0r
A, /kerh = T,, forsome m > 1. Thus A,,, = h(A,) < M5_s. It is impossible because
by definition of 4,,,, |A,,| > |M5_5| forall m > 1, hence A4,, is not a sublattice of M5_5.
Obviously, M3; and T, are not sublattices of M;_;. thus there is no such
homomorphism h.

Lemma 3.4. For every n > 2, a lattice A,, has the following properties:

i) A, € Q(A);

i) Every proper subalgebra of A,, belongs to Q(A).

Proof. i). Suppose A4,, € Q(A) for some n > 1. Then A,, is a subdirect product of
subdirectly Q(A)-irreducible algebras. Since every Q(A)-irreducible algebra is a
subalgebra of A4, we get that 4,, is a subdirect product of subalgebras of A. By Corollary
3.3, there is no proper homomorphism from A,, onto M5_s, A, L,_, (M5, c). Hence 4,, €
Q (M) for all n > 1. It is impossible because M;_; < A,, and M5_5 & Q(M5;).

i1). We prove by induction on n. It is true for n < 2 by manual checking. Letn > 2
and let S be a maximal sublattice of A,,. Since the lattice A,, is generated by

the set of double irreducible elements a4, ..., a,, ay, by, there is 0 < i < n such that
a, €Sorb, gSoray €8S.

Suppose b; & S. One can see that (S) <; 2 X M3 X T,,_;. Since T,,_; <, M¥~ ! we

get(S) € Q(Ms) < Q(A).
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Suppose ay € S. Then (S) <, 2 X T, <, 2 X M} € Q(M3) c Q(A).

Suppose a; € S. Sincen > 2 and S is a maximal sublattice, then thereare i # k # [
such that 6(by, c),8(b;, c;) € ConA,8(by, c,) NO(b;,c;) =A

and A, /8(by, cx) = An/0(by, ;) = Ay OF {A,/0(by, ck), An /0 (by, c))} =
{A,,_, T,_1}orn = 3.

We proved for the case when A, /60(by,ci) = A,,/0(b,c;) = A,,_;. This
iIsomorophisms mean that 4,, <; A, X A4,y and S < A,,_; X A,_,. Let hy: A, -
A,_, and h;: A, » A,_, are homomorphisms such that kerh, = 6(by,c;) and
kerh; = 0(b;, c;). Since (a;, b;) & 6(by, c;) U 8(by, c;)) then hy (S), h;(S) are proper
sublattices of A,_,. By induction h,(S),h;(S) € Q(A). As by,ci, b;,c; €S, the
restrictions of congruences 6 (by, ¢, )|s and 8 (b;, c;)|s are not trivial congruences on S.
More 8 (b, ci)|s N O(b;, c;)|s = As. Hence S < hi (S) X hy(S). It means S € Q(A).
Since every maximal proper subalgebra of A, belongs to Q(A) then every proper
subalgebra of A,, belongs to Q(A).

It is easy to check that for {4,,/6 (b, cx), A, /0(b;, c;) = {A,_1, T—1} the same
arguments apply.

Proof of the Theorem. By Lemma 3.4(i), 4,, € Q(A) for all n > 1. By Lemma
3.4(ii), every proper subalgebra of A,, belongs to Q(A4). Hence, by Lemma 2.1, Q(A)

Is not finitely axiomatizable.
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u-UNIFORMLY CECH COMPLETE SPACES
!Kanetov B.E., ?’Kanetova D.E., 2Altybaev N.I.
LJusup Balasagun Kyrgyz National University
2Central Asian International medical university

3Jusup Balasagun Kyrgyz National University

A.A. Borubaev in one of his seminars posed a problem: What uniform spaces can be perfectly mapped
onto complete separable metrizable uniform spaces? Therefore, it is very important to find a class of
uniform spaces that could be perfectly mapped onto complete separable metrizable uniform spaces.
This class of spaces is proposed in this work. In this article, u-uniformly Cech complete space are
introduced and studied. The problem of A.A. Borubaev is solved. Various characteristics of u-
uniformly Cech complete space are established. In particular, the stability of u-uniformly Cech
complete properties respect to the hyperspace of uniform spaces is showed.

Key words: countable covering, u-uniformly Cech complete space, separable metrizable
space, perfect mapping.
A.A. bepy0OaeB ©3yHYH ceMHHapJapbIHBIH OMPHUHIE TOMOHKYOM MacesneHu kouron: Kaiiceun Oup
KaJIBITITYY MeﬁKHHI{HKTep TOJIYK cenapa6ennYY METpU3alusAJIaHTaH MeﬁKHHI{HKTepFe KETKHNIICH
yareaaT? OI_I_IOHIIYKTaH TOJIYK Cel'Iapa6eJII[YY METpU3alHsAJIaHTaH MeﬁKHHHHKTepFe KETKHIICH
yareuirad Oup KaJabllITyy MEHKHHIMKTEPANH KJIaCChIH Ta0yy apakeTH MaaHuIyy. MelKuHIUKTepInH
MBIHJ1all KJIacchl Oy MiITe cyHymTanar. byn mwinMuii makanaga Yex MaaHuCHHIETH U-OUp KaJIBINITYY
TOJNYKTYK TYLIYHYTY KHPrH3WJIeT jkaHa u3migeHeT. A.A. bepyOaeB koifron macene yeumner. Yex
0010HYa U-OMp KaJbINTYyy TOJNYK MEHKMHAMKTEPIUH TYPAYY MYHe3leMmesiepy Typrysynar. Yex
MaaHUCUHJAETH U-OMp KaNbINTyy TOJYKTYK KCHETHHHUH OUp KaJbIITyy MEHKUHIUKTEPINH
TUTIEPMEUKUHIUTHHE KapaTa TYPYKTYYJIYry KOpPCOTYJIOT.

Hezuzeu co30ep: canaktyy xadbayy, Uex MaaHUCHHIETH U-OUp KaNBINITYy TOTYK MEUKHH/IUK,
cernapalesyy MeTpu3alusiIaHraH MeHKUHINK, )KeTKWICH YarblIIbIpyy.
A.A.bopybaeB Ha OJTHOM €Tr0 CEMHHApe MOCTABUII 33/1a4y: KaKie paBHOMEPHBIE IPOCTPAHCTBA MOT'YT
OBITH COBEPIIIEHHO OTOOPa)XKeHBI HA TIOJIHBIE cermapadebHO MeTpu3yembie ipocTpaHcTBa? [loaTomy
BeCbMa Ba)XHO IIOIILITAaTHCSI HAUTH KJIace PaBHOMCPHBIX IIPOCTPAHCTB, KOTOpBIﬁ MOT OBl COBCPUICHHO
OT06pa)KeH Ha IIOJIHBIC cenapa6eﬂLHo MCTPU3YCMBIC HPOCTPAaHCTBA. Takoil kmnacc IIPOCTPAHCTB
npeaJiaraeTcsi B Hactosmeld padore. B maHHOW cTaTbe BBOASTCS M UCCIEAYIOTCS U-paBHOMEPHO

noytHbIe B cMbIcie Yexa mpoctpaHcTBa. Pemraercst mpobiema A.A. bopyGaeBa. YcraHaBiIuMBarOTCs
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pa3iIMyYHble XapaKTepUCTUKH U-paBHOMEPHO MOJHBIX B cMbiciie Yexa mpocTpaHcTB. B wactHOCTH,
IIOKA3bIBAETCSl YCTOMYMBOCTh U-pPaBHOMEPHO IIOJIHBIX B CMbICiie Yexa CBOICTB OTHOCHUTEIBHO
TUIEPIPOCTPAHCTBA PABHOMEPHBIX IPOCTPAHCTB.

Knrouesvie cnosa: cueTHOE MOKPHITHE, U-PaBHOMEPHO MOJIHOE B cMbIciie Yexa mpocTpaHCcTBO,

cernapabenbHO METPU3YEMOE ITPOCTPAHCTBO, COBEPIIEHHOE OTOOpaKEHUE.

Let D be a property of uniform coverings of the uniform space (X,U). The
property D of uniform coverings can be: coverings of order <n, locally finite
coverings, star finite coverings, point finite coverings, countable coverings.

Definition 1. Let (X,U) be a uniform space and H c U be a subsystem
consisting of coverings with the property D. Uniform space (X, U) is called D — H -
complete, if any H -Cauchy filter F has at least one cluster point,i.e. N {{M]: M € F} +
@.

Definition 2. Let(X, U) be a complete uniform space. Smallest cardinal numbert
called D -index complete of uniform space (X, U), if asystem H c U with the property
D exists, such that |H| = tand (X,U) is D — H -complete.

D -index completeness of the space (X, U) is denoted by D — ic(U). Let D be a
countable covering. In this case D -index complete of the uniform space (X,U) is
denoted by ¢ — ic(U).

The uniform space (X, U) is called D -uniformly locally compact, if exist a
uniform covering with the property D, consisting of compact subsets.

Let D be a countable covering. We will simply call such D -uniformly locally
compact spaces - strongly uniformly locally compact. It is clear that any strongly
uniformly locally compact space is uniformly locally compact, and the converse is,
generally speaking, not true, for example, a discrete uniform space D, cardinality T >
N, is uniformly locally compact, but it is not strongly uniformly locally compact.

Proposition 1. For a complete uniform space(X, U), the following conditions
are equivalent:

1. D —ic(U) = 1;
2. (X,U)is D -uniformly locally compact.
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Proof. Let the system H consists of a single uniform covering a € U with
property D and the uniform space (X, U) is D — H -complete. Then there is a uniform
covering y € U with the property D consisting of closed subsets and y > a. Let us
prove that y € U consists of compacts. Let G € y be some set and F; be some filter on
G. Then the system F = {M c X:3M; € F;: M; c M} is H—Cauchy filter. By virtue
of D — H -completeness of space (X, U) the filter F has a cluster point x € G and that's
why x € G is cluster point of F; . So G is compact.

If a uniform covering a € U with the property D consists of compacts, then every
H -Cauchy filter is such that H = {a} has a cluster point. Therefore, D — ic(U) = 1.

Corollary 1. For complete uniform space (X, U) the following conditions are
equivalent:

1. c—ic(U) =1,
2. (X,U)is c -uniformly locally compact.

Proposition 2. Let f:(X,U) — (Y,V) be a perfect uniformly continuous
mappings of uniform space (X, U) to the space (Y, V). Then (X, U) also complete and
c—ic(U) <c—ic(V).

Proof. Let P c V be a system of countable coverings such that the space (Y, V)
is c — P -complete and ¢ — ic(V) = |P|. Let H = {f "1y:y € P}. Let us show that the
space (X,U) is ¢ — H -complete. Let us choose an arbitrary H -Cauchy filter Fin
(X,U). Then fF is a P -Cauchy filter in (Y, V) and by virtue of P -completeness of
space (Y, V) fF has acluster point y € Y. Since the mapping f is perfect, then the filter
F has a cluster point x € f~1y. Therefore, (X,U) is H -complete. Since |H| < |P|,
then c — ic(U) < ¢ —ic(V).

Lemma 1. Let (X, U) be a complete uniform space and ¢ — ic(U) < 7 (t < Xp).
Then there exists a pseudouniformity B c Uconsisting of countable coverings, such
that w(B) < tand the system B is ¢ — B -complete.

Proof. Let H c U be a system of countable coverings, such that ¢ — ic(U) =
|H|. For each covering y € U, let us choose the following normal sequence of

countable uniform coverings ¢, = {y,}, ty; =v.PutH' =U {¢,:y € H}.

34| Herald of Institute of Mathematics of NAS of KR, 2023, No. 2



We denote by H"all the finite internal intersections from H', B be a family
consisting of all coverings, in each of which can be inscribed a covering from H”.
Clearly, the family B is complete pseudouniformly and w(B) < X,.

Uniform space (X,U) is called a u -uniformly complete Cech space, if it is
complete and ¢ — ic(U) < X,.

The following theorem is a solution to the above problem posed by A.A.
Borubaev.

Theorem 1. For a uniform space(X, U) the following conditions are equivalent:

1. (X,U) is au -uniformly Cech complete space;

2. The uniform space (X, U) is mapped onto some complete separable metrizable
uniform space (Y, V) by a perfect uniformly continuous mapping;

3. A uniform space (X,U) is the limit of the inverse system {(X,, U,), h2, M},
consisting of complete separable metrizable uniform spaces (X,, U,) and perfect
uniformly continuous mappings “onto" /2.

Proof. 1.= 2. Let (X, U) be acomplete uniform space and ¢ — ic(U) < X,. Then
by Lemma 1 there exists a pseudouniformity B < U consisting of countable coverings
such, that w(B) < X, and the system B is strongly complete. Then according to
Lemma 1.2.13. (see [1], p. 42) for a pseudouniform space (X,B) there exists a
uniformly continuous onto mapping f: (X, B) — (Y, V) such that the family {f ~1y:y €
V} forms the base of the pseudouniformity B and w(B) < 8,. We show that the
uniform space (Y, V) is complete. Let F, be an arbitrary Cauchy filter in (Y, V) and
consisting of countable coverings, which F = {M c X:M > f~1Lfor some L € F,}.
Since the family {f ~1y:y € V} is a base for the pseudouniformity B. F is a B -Cauchy
filter in (X, U). Due to the B -completeness of the space (X, U) we conclude that the
filter F has a cluster point in (X, U). From uniform continuity of the mapping f and
fF = F, follows that Fy has a cluster point in (Y, V). Therefore, (Y, V) is complete.
Next, we prove that the mapping f: (X, B) — (Y, V) is perfect. Let F¢-1,,be some filter
inf~ly,y €Y. PutFy ={M c X:M > My-1,VM;-1, € Fp-1,}. Since f~'y=n
{a(f~ly):a € B}, then Fy is the Cauchy B -filter in (X,B). Due to the B -
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completeness of the space (X, U), the filter Fy, has a cluster point x € f~1y. The point
x € f~1y is a cluster point of the filter Fz-1,, i.e. f~'y is compact. Let y € Y be an

arbitrary point and O be any open set of the (X, U) such, that 0 > f~1y. We show that
there exists a covering a € B, such that a(f~1y) c 0. Suppose L, = a(f"1y) n
(X\O) # @ forany a € Band y € Y. It's easy to see that n = {L,: @ € B} is centered
system. PutF = {C c X:C o L,VL, € n}. Itis clear that F is a filter in X. Let« € B
be an arbitrary uniform covering. Then there is a uniform covering f € B such thatf
> a, i.e. exists A € a and x € f~1y such that B(x) c A. But B(x) < B(f1y), so,
A€EF ie. F is Cauchy B -filter in (X,U). Since (X,U) is B -complete, thenn
{((M:MeF}=@. But n[[M]:M e F}cn{[a(f1y)]n (X\O):a € B} = =n
{a(f~1y) n (X\0):a € B} = @. A contradiction, consequently, the mapping f is
closed. The implication 2.= 1. follows from Proposition 2.

1.= 3. Let{(X,,By):a € M} be the family of all complete separable metrizable
pseudouniform spaces (X,, B,) such that B, c U for all a € M and each B, contains
countable covering. According by Lemma 1. {B,:a € M} # @. For the set M
introduced a partial order relation as follows:a < b if and only if B, c B, andB, #
B,. Note that if a,b € M, then the B, = sup{B,, B,} € U is complete separable
metrizable pseudouniformity, therefore, Mis directed. According to Lemma 1.1.13 (see
[1], p. 42), a complete separable metrizable uniform space (X,, U,) can be constructed
for each pseudouniformity B,and perfect uniform continuous mappingf,: (X,U) —
(X, Uy). PutX, ={[x],:x € X}, [x]g =Nn{a(x):a € B}, fux =[x],, x € Xand
U, ={fFfa:a € B}, fla={ffA:A€a}, fFA=X,\f,(X\A). If a <b then the
mapping f2:X, - X, is determined by the formula: £2([x],) = [x]4, x € X. It is
easy to see that the mapping f.2: (X,,Up) = (X, Ug) is uniformly continuous. We
proof that £ is perfect. Since £, = £? o £, and f,, is perfect mapping, then the map £?
is also perfect mapping. It's easy to see that if a < b < ¢, then £,f = f2 o f,£. We have
got the inverse system S = {(X,,U,),f.r,M} consisting of complete separable
metrizable uniform spaces and perfect uniformly continuous mappings "onto" £,2. Let

(X,U) = lim. We prove that there is a uniform homeomorphism f: (X, U) - (X, U).
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Let f be the diagonal product of the family of mappings f,, i.e. fx = {f,x}, x € X.
Therefore, f: (X,U) = [I{(X,,U,): a € M}is uniformly continuous "onto" mapping.
It £,x = f2(f,x) follows that {f,x},c) is athread of the spectrum inverse system S
and fx € X i.e. f:(X,U) - (X,0) is a uniformly continuous mapping. From the
separation of space (X, U) it follows that mappingf is bijective. It is clear that U
{B,: a € M} forms the basis of the uniformity U. It is easy to prove that the mapping f
is a uniform homeomorphism. Hence, f:(X,U)—- (X,0) is a uniform
homeomorphism.

3.= 1. Let(X,U) = limaab be inverse system where (X,,U,) is a complete
. %a

separable metrizable uniform space for each a € M and £? is a perfect uniformly
continuous mapping "onto". Then the projection f,: (X,U) — (X4, U,) is uniformly
continuous mapping. Since it is f,2a perfect uniformly continuous mapping "onto", it
Is also f, a perfect uniformly continuous mapping "onto". From Proposition 1. follows
that (X, U) is complete and D — ic(U) < X,.

Proposition 3. Any u-uniformly Cech complete space is uniformly
paracompact.

Proof. Let (X,U) be a u-uniformly Cech complete space. Then there exist a
complete separable metrizable space (Y, V) and a perfect uniformly continuous "onto"
mapping f:(X,U) — (Y, V). Choose a countable base {£,,} of the separable metrizable
space (Y, V) consisting of countable coverings. Put a, = f~1B,,. We show that the
sequence {«,,} of countable uniform coverings for any finite additive open coverings A
of the space (X, U) satisfies conditions (BP) [2]. Let's choose an arbitrary point x € X.

Because f 1y is compact, then there exist a finite number of elements L; of coverings
ifll iil iil
A such that f~y cu L;. It is clear that U L; € 1. Let L =U L;. Due to the

closedness of the mapping f the set 0 = Y\ f(X\L) is a neighborhood of the pointy €
Y. Then there is such n € N that 8,(y) € 0. Thena,,(x) c L, x € f~1y. Hence,
(X, U) is uniformly paracompact.

Theorem 2. For a uniform space (X, U) the following conditions are equivalent:
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1. (X,U) is au -uniformly Cech complete space;
2. (exp, X ,exp.U)isa u -uniformly Cech complete space.
Proof. Let (X, U) be completeand ¢ — ic(U) < R,. Then, according to Theorem
1, the space (X, U) is mapped onto some complete separable metrizable space(Y, V),
I.e. there is a perfect uniformly continuous mapping f: (X,U) — (Y, V) of a uniform
space (X,U) to a complete separable metrizable space(Y,V). It is known that the
mapping exp. f : (exp. X ,exp. U) — (exp. Y ,exp. V), exp.(f)(F) = f(F), F €
exp. X is a perfect uniformly continuous mapping "onto". Then according to Theorem
0.6.5. (see [1], p. 30) the uniform space (exp.Y ,exp.V) is complete, and according
to Corollary 0.6.2. (see [1], p. 30) and conclusion 0.6.4. (see [1], p. 30), space is
separable metrizable(exp,.Y ,exp.V). It follows by Proposition 1. that
(exp. X ,exp. U) is complete and ¢ —ic(exp,.U) < X,.
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INDEX OF SEQUENTIAL COMPLETENESS OF UNIFORM SPACES
AND UNIFORMLY CONTINUOUS MAPPINGS
!Kanetova D.E.
Central Asian International medical university
In this article, we study the sequential completeness of uniform spaces and uniformly continuous
mappings. Index of sequential completeness ics(U) of a uniform space (X, U) and index of sequential
completeness icg(f) of a uniformly continuous mapping f: (X, U) — (Y, V) between uniform spaces
(X,U) and (Y, V), and also sequential Dieudonne completeness of a spaceX are defined. In particular,
it is established icg(U) = 1 iff (X,U) is uniformly locally countable compact; icg(f) =1 iff a
mapping f is uniformly locally quasi-perfect. Tychonoff space X is sequential Dieudonne complete
iff a uniform space (X, Uy) with the universal uniformity Uy is sequentially complete.

Key words: sequential completeness, countable compactness, countable paracompactness,
uniformly local paracompactness, uniform space, mappings.

byn Makamaga Oup KanbINTyy MEMKMHAMKTEPAUH >KaHa OWp KaJbITyy Y3IYJITYKCY3
YareUIIBIPYYNapIblH  CeKBEHIHMANMYy  TOnykTyry m3mngener. (X,U) Oup  Kampmryy
MekuHankTepuH icg(U) cexkBeHIManayy Tonykryynyk unaekcu sxana(X, U), (Y, V) Oup kansmryy
MmeiikunankrepauH apaceiiaarsl f: (X, U) — (Y, V) Oup kanbTyy y3ryJITYKCY3 4arblAbIpyyaap IblH
ics(f) cexBenumanayy TonykTyynyk uHAekcu xkaHa icg(U) = 1 Oosor kauan rana (X,U) Oup
KaJIBINTYy MEWKUHIMK OUpP KaJBINTYY JOKAJIAYY CaHAKTyy KOMIAKTyy OOJTOHJO raHa JeNreH KaHa
ics(f) =1 Oonot kayaH raHa f YarbUIABIPYy OHMP KAIBINTYY JIOKAIIYY KBa3M)KETKUJIECH OOJTOHIO
raHa JIeJireH HaThlibkanap namunaeHer. OmoHao0i 21e X THXOHOBIYK MEHKUHIUK J{beToHHE 00r0HYa
CeKBEHIMAJIYyY TOIYK 00710T kauaH raHa (X, Uy) Oup kansintyy Meiikunauk Uy yHHBepcanayy 6up
KQJIBINTYYJIyTy MEHEH CEKBEHIHUAJAYyy TOJYK OONrOHJAO0 TaHa [eNreH HaThIiXKanap IarbiH
JaJIUIIJICHET.

Ypynmmyy cesoep: cexkBeHIMANAyy TONYKTYYJIyK, CaHAKTYy KOMIAKTYyJIyK, CaHAKTyy
MapaKOMITAKTYyJIyK, OUp KajibIITyy JIOKaJAyy MapaKOMMaKTyyJlIyK, OMp KaJbIITyy MEWKUHIUK,
JareUIABIPYYJIap

B IlaHHofI CTAaTbC HM3YYACTCA CCKBCHIUAJIbHAA IMOJIHOTA PAaBHOMCPHBLIX IMPOCTPAHCTB U
PaBHOMEPHO HEMPEPBIBHBIX OTOOpakKeHWH. BBOmATCS WHAEKC CEKBEHIMANBbHOW TMONMHOTHI icg(U)
paBHOMepHBIX TpocTpaHcTB (X, U) W WHAEKC CEeKBEHIMAIbHOW TONHOTH icg(f) paBHOMEpHO

HenpepsiBHBIX 0ToOpaxkeHui f: (X, U) — (Y, V) paBHomepubix npoctpancts (X, U) u (Y, V), a Takxke,
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CEKBEHIIMAJBHO IMOJIHBIE B CMbIcie JlbeJoHHE MpOocTpaHCTB X. B "acTHOCTH, MOKa3bIBAIOTCA, YTO
ics(U) =1 B ToM u Tonbko B ToM ciyuae, ecnu (X, U) sBisieTcss paBHOMEPHO JIOKAJIBHO CUETHO
KOMIIaKTHBIM, U, iCs(f) =1 B ToM u TONBKO B TOM ciydae, eciu oroOpaxkeHue f sBisercs
pPaBHOMEPHO JIOKaJbHO KBA3WCOBEPIIECHHBIM. TakXke, JIOKa3bIBae€TCs, YTO THXOHOBCKOE
MPOCTPAHCTBO X SIBIISICTCS CEKBEHIMAIBHO TOJHBIM 1O [IbeIOHHE TOTNa M TOJBKO TOT/A, KOT/Aa
paBHomepHoe mpocTtpaHcTBO (X,Uyx) ¢ yHHBepcanbHOU paBHOMepHOCThIO Uy sBiIsieTcs
CEKBEHIIMAJIBHO TTOJTHBIM.

Kniouegvie  cnosa: cexkBeHIMalbHAs TIOJHOTA, CYETHAsT KOMIIAKTHOCTh, CUETHAA
MapakOMITIAKTHOCTh, PAaBHOMEPHO JIOKaJbHAsl MapaKOMIAKTHOCTb, PAaBHOMEPHBIE IMPOCTPAHCTBA,

OTOOPaKECHHSISE

1. Uniformly Locally Countably Compactness
A Tychonoff space X is called:
(1) countable compact if every of its countable open covering has a finite open
refinement [1];
(2) countable paracompact if every of its countable open covering has a locally
finite open refinement [1];
(3) Locally countable compact if for every point of the space X there exists a
neighborhood whose closure is countable compact [1].
A uniform space (X, U) is called:
(1) uniformly locally compact if there exists a uniform covering consisting of
compact subsets [6];
(in)uniformly countable paracompact if every of its countable open covering has a
uniformly locally finite open refinement [7];
(iii)  sequential complete, if every Cauchy filter with countable base converges
init[3].
The covering a is called finitely additive, if a“ = a, a“ = {U a,: a, < a is finite}
. For coverings aand g of the set X, the symbol a > 8 means that the covering « is a
refinement of the covering £, i.e. for any A € a there exist B € § such that A c B. Let
(X, U) be a uniform space.

Definition 1.1. A uniform space (X,U) is called uniformly locally countable
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compact if there exists a uniform covering such that the closures of all its elements are
countable compact.

Proposition 1.1. Any uniformly locally compact uniform space (X,U) is
uniformly locally countable compact.

Proof. Let (X,U) be a uniformly locally compact space. Then there exists a
uniform covering such that the closures of all its elements are compact i.e. countable
compact. Consequently, (X, U) is uniformly locally countable compact.

Proposition 1.2. Any uniformly locally countable compact space is uniformly
countable paracompact.

Proof. Let (X,U) be a uniformly locally countable compact space and a be
countable finitely additive open cover. Then there exists such a uniform covering 1 €
U the closure of every element of which is countable compact. Then it is easy to see
that 1 > a, i.e. the covering A is a refinement of the covering a. Consequently, (X, U)
Is uniformly countable paracompact.

Proposition 1.3. If a uniform space (X, U) is uniformly locally countable compact
then the space (X, ty) is locally countable compact and countable paracompact.

Proof. Assume there exists a uniformity U such that the space (X, U) is uniformly
locally countable compact. By Proposition 1.2. the space (X, U) is uniformly countable
paracompact, therefore (X,ty) is countable paracompact. From the definition of
uniform local countable compactness of the space (X, U) it follows local countable
compactness of the space (X, ty).

Proposition 1.4. If for a uniform space (X, U) the topological space (X, ty) is
countable compact, then the uniform space (X,U) is uniformly locally countable
compact.

Proof. Let « € U be an arbitrary uniformly covering. The space (X, t;) countable
compact, therefore the closures of all elements covering a are countable compact.
Consequently, (X, U) is uniformly locally countable compact.

Proposition 1.5. For a precompact uniform space (X, U) the following conditions

are equivalent:
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1. (X, U) is uniformly locally countable compact;

2. (X, ty) is countable compact.

Proof. 1 = 2. Let (X, U) be a precompact uniformly locally countable compact
and a be an arbitrary countable cover of the space (X,ty). Then, due the
precompactness and uniform local countable compactness of the space (X, U), there
exists a finite uniform covering 8 € U such that the closure of each its element is
countable compact. Every B € (3, by virtue of countable compactness of the subspace
[B], is covered by a finite number of elements of the open covering a. Since the cover
of § € U is finite, all systems of such finite subfamilies form a finite subcover of a.
Thus, the countable compactness of (X, ty) is proved.

2 = 1 follows directly from Propositions 1.3.

Theorem 1.1. Any locally countable compact topological group (G,,t) is
countable paracompact.

Proof. Let (G,,7) be a locally countable compact topological group. Then for
every point of the space G there exists a neighborhood whose closure is countable
compact. It is easy to see that the uniform space (G, U) is uniformly locally countable
compact. Then, according to Proposition 1.2. the group (G, t) is countable
paracompact.

2. Index of u -completeness of uniform spaces

The following theorem characterizes countable compact spaces by means of
uniform structures.

Theorem 2.1. A Tychonoff space X is countable compact if and only if for each
uniformity U the uniform space (X, U) is countable complete.

Proof. Let Tychonoff space (X, t) be countable compact and a Cauchy filter F of
the space (X, U) having a countable base. Then F has an adherent point of the space
(X, U). Since in a uniform space of concept the point of adherent and limit points are
equivalent, this implies the F convergence in (X, U). Hence, (X, U) is sequentially
complete.

Conversely, let F be an arbitrary ultrafilter, which has a countable base and (X, U)
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- any such uniform space that 7, = 7. Then there exists a precompact uniformity Up,
that 7, = 7y = 7. Clearly, F is a Cauchy filter in (X, Up). This, it converges to some
points in (X, Up). Thus, the ultrafilter F has a countable pre-base converges to (X, 7).

Any complete space is sequentially complete, however, the following theorem
shows that in the class of metrizable spaces the concepts of completeness and
sequential completeness coincide.

Theorem 2.2. If uniform space (X, U) is sequentially complete and metrizable,
then the space (X, U) is complete.

Theorem 2.3. Let f: (X, U) — (Y, V) be a perfect uniformly continuous mapping
of a uniform space (X, U) onto sequentially complete space (Y, V). Then the uniform
space(X, U) is also sequentially complete and ic,(U) < ics(V).

Proof. Let P c U be a system of covers such that the space (Y,V) is P -
sequentially complete and ic,(V) = |P|. We put H = {f~1(B): B € P}. We show that
the space (X, U) is H -sequentially complete. Let F be any Cauchy H -filter in (X, U)
having countably base. Then the filter fF is Cauchy P -filter in (Y, V) and due to the
P -sequential completeness of the space (Y, V) has a condensation point y € Y. Since
the mapping f is perfect, then the filter Fhas a condensation point x € f~1y.
Therefore, the space (X, U) is H -sequentially complete. It is clear that sequential |[H| <
|P|soicg(U) <ics(V).

Definition 2.1. Tychonoff spaceXis called sequential Dieudonne complete space,
if there is a uniformity Uagreed with the topology of a space X, such that a uniform
space (X, U) is sequentially complete.

Theorem 2.4. Tychonoff space X is sequentially Dieudonne complete iff a
uniform space (X, Uy) with the universal uniformity Uy is sequentially complete.

Proof. Necessity. Let X be is sequential Dieudonne complete space and F be an
arbitrary Cauchy filter in (X, Uy) with a countable base. By virtue of the sequentially
Diedonne completeness of the space X, there exists a sequentially complete uniformity
of U . Since Uy D U, then F is a Cauchy filter in (X, U). Then F converges to some

point x in (X, U). Therefore, the uniform space (X, Uy) is sequentially complete.
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Sufficiency. Let a uniform space (X, Uy) be sequentially complete. Then, by the
definition of sequential Diedonne completeness the Tychonoff space X is a
sequentially Diedonne complete.

Let (X, U) be uniform space and H < U the system of uniform covers. The filter
F is called H -Cauchy filterif a n F # @ forany a € H [2].

Definition 2.2. A uniform space (X, U) is called H -X,-complete if every H -
Cauchy filter F having a countable base has at least one touch point.

Definition 2.3. The smallest cardinal number n is called index of sequential
completeness of a uniform space (X, U) if there exists a system H c U such that |H| =
nand (X, U) is H -X,-complete. The index of sequential completeness of uniform space
(X, U) is denoted by ics(U).

Theorem 2.5. For a sequentially complete uniform space (X, U) the following
conditions are equivalent:

1. ic,(U) =1;

2. The uniform space (X, U) is uniformly locally countable compact.

Proof. 1 = 2. Let H = {a} and (X, U) be H -sequentially complete. Then there is
such a uniform covering g € U consisting of closed subsets. We show that every
element B of £ consists of countable compact subsets. Let B be an element of 8 and
Fy be an arbitrary Cauchy filter in subspace (B, Ug) with countable base. Suppose F =
{N c X: there is Ny € Fg such that Ny € N}. We prove that F is a H -sequently-
Cauchy filter in (X, U). There exists Az € ag such that Az € Fg, since Fg isan H -
sequential-Cauchy filter in (B, Ug). From Az < A it follows that A € F. Hence, F is
an H -sequential-Cauchy filter. Then F has a cluster point x € B. Therefore, a point
x € B is the cluster point of the Cauchy filter Fg, i.e. B is countably compact.
Consequently, (X, U) is uniformly locally countable compact.

2= 1. Let (X,U) be uniformly locally countable compact. Then there is a
uniform covering a € U consisting of countable compact subsets. Let H = {a}. Then
any H -Cauchy filter F having a countable base has a cluster point. Hence, ic,(U) = 1.

Let f: (X,U) — (Y, V) be uniformly continuous mapping of uniform space (X, U)
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to uniform space (Y,V). The pseudouniformity Ur c U is called the base of the
uniformly continuous mapping f, if for any a € U there are § € V and y € Uy, such
that f~1B Ay > a [2].

Every uniformly continuous map possesses, generally speaking, many bases. The
least cardinal number 7 that is the weight of some base Uy of the mapping f, is called
the weight of the mapping fand is denoted by w(f).

Recall, a uniform continuous mapping f: (X,U) — (Y, V) between the uniform
spaces (X, U) and (Y, V) is called complete, if for any Cauchy filter F of a uniform
space (X, U) for itthe image fF converges in (Y, V), converges in(X, U) [2]; a uniform
continuous mapping f: (X, U) — (Y, V) between the uniform spaces (X, U) and (Y, V)
is called sequentially complete, if for any Cauchy filter F with countable base of a
uniform space (X, U) for it the image fF converges in (Y, V), converges in (X, U) [5];
a uniform continuous mapping f: (X, U) — (Y, V) between the uniform spaces (X, U)
and (Y, V) is called metrizable, if f have countable base [3].

3. Index of u -completeness of uniformly continuous mappings

Any complete uniformly continuous mapping is sequentially complete.

Theorem 3.1. If uniform continuous mapping f: (X,U) — (Y, V) is sequentially
complete and metrizable, then the map f is complete.

Definition 3.1. A uniform continuous mappingf: (X,U) — (Y,V) between the
uniform spaces (X, U) and (Y, V) is called H -sequentially complete, if for any H -
Cauchy filter F with countable base of a uniform space (X, U) for it the image fF
converges in (Y, V), converges in(X, U).

Definition 3.2. The smallest cardinal number n is called index of sequential
completeness of a uniformly continuous mapping f* if there exists a system H c U
such that |H| =n and f is H -sequentially complete. The index of sequential
completeness of uniform continuous mapping f denoted by ic,(f).

Proposition 3.1. If f:(X,U) — (Y, V) - uniformly continuous mapping of the
sequentially complete space (X,U) to uniform space (Y,V), then mapping f is

sequentially complete, conversely, if mapping f of the uniform space (X, U) to the one
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point space Y = {y} is sequentially complete, then a uniform space (X,U) is
sequentially complete.

Theorem 3.2. If mapping f and space (Y,V) is sequentially complete, then a
uniform space (X, U) is sequentially complete.

Definition 3.3. A uniformly continuous mapping f: (X, U) — (Y, V) of the uniform
space (X, U) to a uniform space (Y, V) called uniformly locally quasi-perfect, if there
exists a uniform covering a € U, such that the mapping f|4: (4,7y,) = (Y, 7y) is
quasiperfect for all A € a.

Theorem 3.3. For sequentially complete uniformly continuous mapping
f:(X,U) = (Y, V) of the uniform space (X, U) to a uniform space (Y, V) the following
conditions are equivalent:

1. ic.(f) =1,

2. f is uniformly locally quasiperfect.

Proof. 1 = 2. Let H = {a} c U and f be H - sequentially complete. Then exists
a uniform covering g € U, such that > a. We show that f|g: (B, 7y,) = (Y, 7)) is

quaziperfect for all B € . Let Fz be an arbitrary Cauchy filter F with countable base
of a uniform space (B, Ug), such that f|zF is convergent in (Y, V). It is easy to see
that the family F = {M c X: My € Fz, Mz c M} is H -filter Cauchy having a base
cardinality < u in (X, U). Due to H -sequentially completeness of the mapping f, it
converges to some point belonging to B. It follows that Fz converges in (B, Ug). So
the mapping f is quaziperfect.

2 = 1. Letthe mapping f: (X, U) = (Y, V) be uniformly locally quaziperfect. Then
there exists « € U such that f|, is quaziperfect for all A € a. Put H = {a}. Let F be
an arbitrary H -Cauchy filter having a countable base in (X, U). Then there exists A €
asuchthat A€ F. B, ={ANN:N € F}. Then it is easy to see that B, is the base of
some Cauchy filter F, in (4, U,). By condition F, converges in (4, U,). Consequently,
the Cauchy H —filter Fconverges. So f is H - sequentially complete and ic, (f) = 1.

Theorem 3.4. Let f: (X, U) — (Y, V) be a uniformly open mapping and ic,(f) <
T. Ifics(V) < t,thenicg(U) < 7.
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Proof. Let the condition of the theorem be satisfied. Then exists Hr U such that
|Hf| < N, and mapping f is He-sequentially complete. Show that ic,(U) < 7. Let F
be an arbitrary He-filter Cauchy in (X, U), having a countable base. According to the
conditions of the theorem there exists Hy < V such that |Hy | < X, and uniform (Y, V)
is Hy- sequentially complete. Let H-1, = f~Hy. It is clear thatH -1, c U and it
consists of open coverings. Now let the system Hy consist of all elements of the

systems Hg-1, and Hy. Obviously [Hy| < X,. Let Fy be an arbitrary Hy-filter Cauchy

in (X, U) having a countable base. Since f is a uniformly open mapping, then fHy c
V. fFx converges in (Y, V), since Fy is Hg-filter Cauchy in (X, U) having countable
base and f Fy is Hy-filter Cauchy in (Y, V). Then due to Hg- sequentially completeness
of the mapping f Fx converges in (X, U). So, isicg(U) < .
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ON DYNAMICS OF THE NORMALIZED RICCI FLOW ON THE
WALLACH SPACES

N. Abiev
Institute of Mathematics of NAS of KR

We study a system of nonlinear differential equations that can be obtained as a result of
reduction of the normalized Ricci flow equation on generalized Wallach spaces. The main idea based
on an observation that Einstein metrics are exactly singular points of the obtained differential system
and vice versa. Therefore to describe how the Ricci flow evolves Riemannian metrics it suffices to
determine types of singular points, their stable and unstable manifolds responsible for the behavior
of trajectories. We prove that on the Wallach spaces singular points are all of hyperbolic types and
conclude that the Ricci flow possesses the simple dynamics on these spaces.

Keywords: generalized Wallach space, Wallach space, Riemannian metrics, Einstein metrics,
normalized Ricci flow, dynamical system, hyperbolic singular point, semi-hyperbolic singular point,
nilpotent singular point, linearly zero singular point.

bus HOpMAJLJAIITBIPbUITaH Puyun ar'bIMbI TEHACMCCHH JKaJanblUJIaHI'aH Yoinax
MEHKUHAUKTEPUHE PEAYKUHUSIIOO0 YUYypyHJa ajblHU4y CBI3BIKTYY dMec Ju(QepeHIHanabK
TEHJEMeNep CHCTeMAachblH u3niAenous.  bamksl wuaes OWHINTEHH MeTpUKagapbl albIHTaH
i depeHINaNABIK CUCTEMaHbIH ©3reue YEKUTTEpH OOJ0OpYH >KaHa TECKEpUCHMHYE SKEHHUH
Oaiikooro HermsnenreH. /lemek, Puuyum arbiMbl PumaH MeTpuKkanapblH KaHjaiiua e3repTeepyH
ChIIATTall YYYH OLIOJ ©3re4e YEKUTTepAHH THOWH jKaHa TPAEKTOPUSIIAPIBbIH KYPYHI-TypyLIyHa
KOOIITYy aJIlapAblH TYPYKTYY ’KaHa TYPYKCY3 KOITYCHOJIYYJIYKTOPYH aHBIKTOO >KETHINTYY. bus
Yomnax  MEHKMHIUKTEPUHJIE ©3re4e YEKUTTEpAUH OapibIrbl TUMNEepOsIajblK TUNOTE SKEHUH
TANWIIIEHON3 KaHa YIIyl MeWKUHAUKTEepAe Puuum arbiMbl >KOHOKOW IMHAMHKara 33 HKEHHH
KOPYTYH1yJIalObI3.

Ypynmmyy ce3z0dep: anmbUlaHTaH YoIlaX MEWKUHAWTH, YOJUlaX MEWKWUHIWTH, Puman
METPHUKACHI, DUHIITEHH METPUKACHI, HOPMAJLIAIITHIPUIraH PU4um areiMbl, JUHAMUKAJIBIK CHCTEMA,
mnep6onam;n< O3ro4e 4YCKUT, mapmmaﬁ FHH@p6OJ’IﬂJ’IHK O340 YCKUT, HUJIIBIIOTCHTTHUK ©3Iro4o
YCKUT, CBI3BIKTYY HOJIIYK ©3ro4yo YCKUT.

MBpbI H3y4aeM CUCTeMY HEMHEWHBIX Au(QepeHInanbHbIX YPaBHEHUH, KOTOpas MOIyJyaeTcs B
pe3yibTaTe pEeayKIMA YpaBHEHUS HOPMAJIM30BAaHHOTO TMOTOKa Puyunm Ha 0000MIEHHBIX
MpocTpaHcTBax Yoiuiaxa. [ 7aBHas wuess OCHOBaHA Ha HAOJIOJEHUU TOTO, YTO BCE DHHINTEHHOBBI

METPHUKHU SIBJIAIOTCS OCOOBIMH TOYKAMHU IOJIYYCHHON Mu(epeHINaTIbHON CUCTEMbI U, HA000pOT.
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CnenoBatenbHO, YTOOBI ONMuUcaTh, Kak MOTOK PUu4n mepeBOAUT pUMaHOBBI METPUKH, TOCTATOYHO
OTIPEJICNIUTh THUITBI OCOOBIX TOYEK, UX YCTOHYMBBIE U HEYCTOHYNMBBIE MHOTOOOpa3usi, OTBETCTBEHHBIE
3a MOBEACHUE TPAaeKTOpUil. MBI JOKa3bIBaeM, U4TO B MPOCTPAHCTBAX YoJulaxa BCE OCOOBIE TOYKU
UMEIOT TUIEepOOIMYECKUN THIT U 3aKII0YaeM, YTO MOTOK Puuum oGiiajaet mpocToil TMHAMHUKON Ha
3TUX NPOCTPAHCTBAX.

Knrouesvie crnosa: 0000MEHHBIE TIPOCTPAHCTBA Y 0JIaXxa, MPOCTPAHCTBA Y OJUIaxa, pUMaHOBa
METPHUKA, SHWHINTEHHOBA METpPUKA, HOPMAJIM30BAaHHBIA IOTOK PHuyymM, nuHamMudeckas CHCTEMA,
runepOoandeckas ocobas Touka, Moxy-runepOonnueckas ocobasi TOYKa, HWIBIIOTEHTHas ocobas

TOYKa, JIMHEMHO HYJICBaA oco0as TouKa.

The study of the normalized Ricci flow equation  d.g(t) = —2Ric, +
2n~1g(t) S;, was initiated by R.Hamilton in [1] for an one-parametric family of
Riemannian metrics g(t) on a Riemannian manifold M™, where Ric, and S, are the

Ricci tensor and the scalar curvature of the metric g, and has a long history since 1982.
An interesting class of homogeneous spaces was introduced in [2,3] called three-
locally symmetric spaces or generalized Wallach spaces. Such spaces are characterized
as compact homogeneous spaces G/H with an isotropy representation that can be
decomposed into a direct sum of three irreducible modules and can be characterized by
a triple of real parameters (a,, a,, a3) € (0,1/2)3 (see [2-4] and references therein for
details). Note that classifications of generalized Wallach spaces were proposed
recently by Yu.Nikonorov in [4] and independently by Chen Z., Kang Y. and Liang K.
in [5]. On generalized Wallach spaces the normalized Ricci flow equation can be

reduced to the following system of ODEs studied in [6-11]:

X(t) = f1(x;y;Z), y(t) = fz(x,y,z), Z(t) = f3(x’y’z)’ (1)
where x = X(t) > 0, y = y(t) >0, z= Z(t) >0, (al’ az;ag) € (0’ 1/2)3’
X y VA
fl(X,y,Z) =-1- a;x (y_Z_E_E> + xB,
y X Z
fz(x,y,Z) =—-1- a,y (E_E_E> +yB,
VA y X
f3(x,y,Z) =-1- asZ (E_E_y_z> + zB,
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1 1 1 X 'y z 1 1 1
B = ( + +————- —) (— +—+ —)
aXx ayy a3z Yz XxzZ Xxy/ \ay a, az

It should be noted that singular points of the system (1) are exactly Einstein
metrics of generalized Wallach spaces and vice versa. In [6-9] we studied singular
(equilibria) points of (1). In particular, a special algebraic surface was found in [6] that
provides degenerate singular points to (1) and its topological structure was described
in [8]; in [9] two-parametric bifurcations were studied. In [10] we proved theorems
covering some results of [12,13] related to the evolution of positively curved invariant
Riemannian metrics on the Wallach spaces SU(3)/T?, Sp(3)/Sp(1)® and
E,/Spin(8) that was introduced in [14] and can be considered as partial cases a; =
a, = as = a of generalized Wallach spaces corresponding to the values a = 1/6,
a=1/8 and a = 1/9 respectively. Thus suppose a; = a, = a3 :==a € (0,1/2). It
Is not difficult to prove that the function V = xyz is a first integral of (1): f,V, +
f2V, + f3V; = 0. Therefore any surface VV = c is invariant under (1). Using this fact
and the unit volume condition V' = 1 we can eliminate z = (xy)~?!, for example, and
get the planar system

x(t) =xy 1+ x%y — 2 —2ax(2x? — y? —x72y~?),

y(t) = yx Tt +y*x — 2 = 2ay(2y* — x* —x7?y7?), (2)
more convenient to the analysis. A singular point is said to be hyperbolic if both of
eigenvalues of the corresponding Jacobian matrix J have nonzero real parts. In [6,7]
we also proved that the nilpotent case (eigenvalues both equal zero, but J # 0) never
can occur for (2), and, hence all its degenerate singular points are semi-hyperbolic (J +
0 and only one of eigenvalues equals zero) for all a € (0,1/2)\{1/4}. Ata=1/4
we have the linear zero case with | = 0 (see Remark 1 below).

The present paper has the aim to show that the normalized Ricci flow has the
simple dynamic on the Wallach spaces SU(3)/T?, Sp(3)/Sp(1)3 and F,/Spin(8) In
this way we will give a justification of some properties of the stable, and unstable
manifolds of singular points of (2) observed and used in [6,10] but omitted there. As
it follows from Theorem 6 in [6] for every fixed a € (0,1/2)\{1/4} the system (2)
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admits exactly 4 distinct singular points of the hyperbolic type such that one of them

Is a node (stable or unstable depending on a) and the other points are all saddles. But

possessing a qualitative character based on topological ideas this theorem could not

find singular points in analytic way (to show their coordinates). The following theorem
answers that question:

Theorem 1. The following assertions hold for the system (2):
a) For a € (0,1/2)\{1/4} the system (2) admits exactly four distinct
hyperbolic equilibria (singular) points o, = (1,1), o0, = (qk,q), o0, =

(q’ qk) and o; = (q’ q)’ where g = 31/](_1’ k = %. Moreover, o, is a

single node and the other points o,, 0,, o5 are all saddles. In addition, o, is
unstable ifa < 1/4 andisstableifa > 1/4.

b) The curves x = y~2, y = x~2 and y = x denoted respectively by c,, ¢,, and
c; are invariant under (2) forall x >0, y > 0.

c) There is no center manifolds and in the case a < 1/4 the possible manifolds
and eigenspaces are W' = Span{(1,0),(0,1)}, E{ = Span{(0,1)}, E} =
Span{(1,0)},  E¥=Span{(-1,1)},  Ej = Span{(-2,¢*)}E5 =
Span{(q®,—2)}, E3 = Span{(1,1)}.

Moreover {(x,y) € ¢c; |[x > 1} c W?, {(x,y) € ¢, | 0<x <
VW, {((,y) €E 3| 0<x<1}cW, {(x,y) €Ec;|0<x<1}C
W,

{(x,y) € ¢, | x>1}c Wy, {(x,y¥) € c3|x>1} c Wy', where WS WY
mean the stable and the unstable manifolds of o; with corresponding tangent spaces
E? EX

Remark 1. The case a = 1/4 is very original. It is also a bifurcation value (see
[8]) when all singular points of (2) merge to the single point o, = (1,1). Indeed k =
q=1ata=1/4. But o, is not hyperbolic now, since J = 0 implying that all
possible eigenvalues are equal to zero. According to classification given in [15] this
case contains a rich collection (65 types) of topologically different phase portraits. In

[6] we proved that only the possibility takes place among them that is the saddle (1,1)
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with 6 hyperbolic sectors around it (see the left panel of Figure 1).
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Figure 1. The phase portraits of the system (2): at a = 1/4 (the left panel) and at
a = 1/6 (the right panel) which corresponds to the case a € (0,1/2)\{1/4} .

Proof of Theorem 1. a) Let be J; the Jacobian matrix corresponding to the
singular point o; of (2). Introduce the characteristic parameters 6=det(]), p=trace(]),
o=p? — 46. Using results of [6] we obtain §=(1 — 4a)?, p=2(1-4a), c=0 for

(2a+1)(4a-1)?
(2a-1)q?

0o =(1,1) and ¢ =

< 0 for the other singular points o, = (qk, q),

0, = (q,qk), 05 = (q,q). Therefore o; is a hyperbolic saddle foreach i = 1,2,3 and
0, Is a hyperbolic node. Depending on the sign of p itis stable (attracting) or unstable
(repelling). In the right panel of Figure 1 singular points are depicted corresponding to
a=1/6.

b) It is obvious.

¢) Indeed there is no zero eigenvalues of the Jacobian matrix at o;, i = 0,1,2,3.
Two coincided eigenvalues equal to 1 — 4a correspond to o, with eigenvectors (1,0)
and (0,1). Since 1—4a > 0 the manifold of o, isrepelling. Among the saddles

consider only o, = (g, gk). Eigenspaces for other saddles can be found by similar

_ (4a-1)’(2a+1)q?

way. At o, the Jacobian matrix admits two distinct eigenvalues ”

>

(4a-1)?(2a-1)q?
2a

0 and —

< 0 with a linearly independent eigenvectors (1,0) and
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(a,2a — 1) that form respectively the unstable (repelling) and the stable (attracting)
subspases E3* and E3. In the left panel of Figure 2 EY and E; are depicted as the
saddle separatrices (the pale green and green straight lines) of the corresponding

linearized system of ODEs

i(x(t)> __ (4a-1)q? <2a +1 q3 )(x(t) —q ) 3)
at \y(t) 2a 0 2a-1/\y(®)—qk
A T T T T e T
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Figure 2. The phase portrait of the system (3) (the left panel) and the sets EY,
E5 , W3t and W3 (the right panel) ata = 1/6

Note that E2* and E3 are tangent to the curves W}* and W, at the singular point
0, (the blue solid box) as it is shown in the right panel of Figure 2.
W5 is exactly the part of the invariant curve ¢, defined by the equation y = x~2 for
0 < x <1 (the curve in steel blue color). Theorem 1 is proved.

Remark 2. Not always we can find the unstable manifolds W;* for i = 1,2,3

excepting the case a = 1/6 corresponding to the Wallach space SU(3)/T? where

W coincide with the Kdeler metrics, for example, W3* can be definedas y — x = %

(see the curve in magenta color in the right panel of Figure 2). The other two Kdeler
metricsare x —y = % and x+y= % shown in the right panel of Figure 1.

Conclusion. Since each Wallach space SU(3)/T?, Sp(3)/Sp(1)® and
F,/Spin(8) satisfies a < 1/4 the normalized Ricci flow’s dynamics is completely
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determined by Einstein metrics of these spaces homothetic to (1,1,1), (gk,q,q),

(q,9k,q) and (q,q,qk). As a dynamical system the normalized Ricci evolves

invariant Riemannian metrics of the Wallach spaces along trajectories which can not

be closed or admit self intersections. This confirms the general information on the

normalized Ricci flow’s behavior on compact homogeneous spaces known from the

property of the scalar curvature to increase unless metrics are Einstein.
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BOUNDEDNESS OF SOLUTIONS OF A CLASS OF LINEAR
DIFFERENTIAL EQUATIONS OF THE SECOND ORDER ON THE
SEMIAXIS

Asanov A., Asanova K.A.
Institute of Mathematics of NAS of KR

In this paper, the issues of the limitation of solutions for linear differential equations of the second
order on the semi-axis are investigated. Here we use the solution formulas for one class of second-
order linear differential equations with variable coefficients obtained by the authors. Based on this
formula and the method of integral transformations, sufficient conditions for the limitation of
solutions for second-order linear differential equations on the semiaxis are established.

Keywords: Formula, linear differential equation, second order, boundedness, semi-axis.

Bbyn wMakamaja JKapbIM  OKTOTY OSKHHYM TApTHUOTETH CBI3BIKTYY JU(QepeHIIHaIIbIK
TCHACMCIICPANH YbIIapbUIBIIITAPBIHBIH YCKTCIINIIN NU3NIIACHAN. MI:IHIIa aBTOPJIOP Tapa6I)IHaH
aJIbIHTaH ©e3repyiMe Kod(pQHUIHUEeHTTepH Oap 3KMHYM TAPTUIITETH CBHI3BIKTYY AU(QepeHnnanibk
TeHJEeMeNIepIuH OMp KJIacChl YYYH YbITapbUIBIILITAPBIHBIH (OpPMYyJackl KOJIAOHYNLy. byn
q)OpMyJ'IaHI)IH HETHU3WH/JC )XaHa MHTCTPAJIABIK ©3ropTYYyJaop METOAY MCHCH JXAPbIM OKTOT'Y 3KWMHYHU
TAPTUIITCTH CBIZBIKTYY I[I/I(i)(l)epeHHI/IaJIJII)IK TCHACMCIICPAUH YbITapblIbIIITAPBIHBIH YCKTCIUIINHUH
JKETHUIITYY IIApTTapbl KOPCOTYIIIOH.

Ypynmmyy cezoep: ®dopmyna, cbI3BIKTYY AuddepeHInan bk TeHAeMe, SKUHYM TapTHITEIH,
YCKTCJITCHANK, KapbIM OK.

B nmanHOll paboTe WHCCIEMYIOTCS BOMPOCHI OTPAHUYEHHOCTH pEHICHUN JUIsl JIMHEHMHBIX
mudQepeHIMaNbHBIX YPaBHEHUI BTOPOro TOpPsIKAa HAa TMOJIYOCH. 3/1eCh HCIOJIb3yeTcs (opmyna
peumicHud i OAHOI'0 KJlaccCa JINHENHBIX I[I/I(b(l)epeHLII/IaJIBHBIX ypaBHeHI/Iﬁ BTOpOI'O Mmnopsaka C
MepeMEeHHbIMH K03 (ppuirieHTaMu, noayyeHHbIMU aBTopamMu. Ha ocHoBe 3TOM (opMyIIbIl 1 METOJIOM
MHTETpabHBIX MPeoOpa3oBaHU YCTAaHOBJIEHBI JIOCTATOYHBIE YCIIOBUS OIPaHUYEHHOCTH pEIIeHUN
11 TUHEHHBIX AU depeHnnanbHbIX YpaBHEHUI BTOPOTo MOpsAKa Ha TOTYOCH.

Kniouesvie cnosa: ®opmyna, nuHeliHoe nuddepeHnnanbHoe ypaBHEHUE, BTOPOrO MOPSJIKa,

OIrpaHNUYCHHOCTD, IMOJTYOCh.

Consider the linear differential equation
y'+p@y'+q)y = f(t),t =t 1)
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with initial conditions
y(ty) =m, y'(ty) =n, mn€R,, (2)
where p(t), q(t), f (t) are the known functions.

The questions of boundedness and asymptotic stability of solutions on the
semiaxis for differential and integro-differential equations were studied in [1-8]. In this
paper, on the basis of the results of [9] and the method of transformations, we establish
sufficient conditions for the boundedness of solutions of the differential equation (1)
on the semiaxis.

Assume the following conditions are met:

@) (8) = 4o(t) + 1 (1), £ = b, ©
40(0) = aO[p() —a®] ~ 2O +a'(0), t= b, @
L(t) =7 exp |, [2a(s) = p(s)]ds}, ©)

where a(t), a'(t), q.(t),p(t), f(t) are known continuous functions on [t,, o), 7 €
R, v #0;
b)a(t) +I(t) =0 and a(t) — I(t) = 0 forall t € [ty, »),

F O {exp |- [ @@ + 1) - p(@)dr| +

+exp |- [ (a(®) — () —p(x)dr|} < L (®)

and

() {exp |- [} (a(@) + (1) — p(®)dz| + exp |- f (a(®) - () -
p(M)dr|} < ()

forall t € [ty,©) , where [, (t),l,(t) € Ly[ty,»),l;(t) =0 and [,(t) = 0 for all
t € [ty, ).
Substituting (3) into (1) we have
Yy +p@y +q0®)y = f() — 1 (D)y, t =t (6)
Taking into account the corollary of Theorem 1 from [9], from (6) we obtain,
y(©) = 222 [m(U(to) = alte)) =1l + 222 [ +m(lto) + alto))] + (0, (7)
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where

y1(t) = exp [ = J (a(s) + U(s))ds] (8)

y2(8) = exp |- f (a(s) - U(s))ds] (9)

y3(®) = [L[F(9) = 1)y ©] 2Ly ()y2()] 7 1 (5)y2(6) = 1 ()2 (s)]ds,
t >t (10)

Substituting (8), (9), (10) into (7) and taking into account (5) we get

y(t) = ﬁ [m(U(ty) — a(te)) — n] exp {— f la() + l(s)]ds} +

+

t
2l(t0) [n + m(l(to) + a(to))] exp {— .[to [a(s) — l(S)]dS} +

X

t 1 s s
" f e [ j 0p<r)dr] [F() = a1 (8)y(5)] {exp [— j (@@ +U@)dr

X

t t
exp [—j (a(r) — l(T))dT] —exp [—f (a(r) + l(7))drT
to to

exp |- INGOE I(M)dr|}ds, t=t, (11)
We introduce the notation:
1 t
F(t) = > [m(r — a(ty)) —n]exp {—f [a(s) + l(s)]ds} +

1

+ > [n+m(r+a(ty))] exp {— Jto [a(s) — l(s)]ds} +

1 ¢ s t
+§ftof(5) {exp [— j;o(a(r) + (1) — p(‘[))dl’] exp [— fto(a(f) — l(r))dr] —
— exp [— fti(a(r) —1(1) — 'p(r))dr] exp [— ftto(a(’[) + l(T))dT]} ds, (12)

K(t,s) = =% exp |~ [} (@) + (D) — p(0)dr | exp [~ [} (a(®) ~ UD)d1]

—exp |~ [ (a(®) - 1(x) — p())dr | exp |- [ (a(®) + L))z}, (13)
(t,s) €EG ={(t,s):ity <s <t <o}

Taking into account notations (12) and (13), we write equation (11) in the form
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(&) = F(&) + [, K(t,s)y(s)ds, t=to, (14)
Theorem. Let conditions a) and b) be satisfied. Then the solution of the Cauchy
problem (1)-(2) satisfies the following estimate:

lyOl =c1, t=t, (15)

where

1

€, = Cp exp f:o l,(s)ds|,
2|r| “to

1

2= o [|m(r —a(ty)) —n|+ n+m(r+a(ty))] + f:: ll(s)ds].

Proof. Considering condition b), from (12) and (13) we have:

|[F(t)| < ¢y, t = t, (16)
K(t$)] < 22,(t,5) €G. (17)

Then, by virtue of (16) and (17) from (14) we obtain:
YOI < ¢ + 5= fp LEOWE)ds, t=to. (18)
Further, due to the Gronwall-Bellman inequality, from (18) we have estimate
(15). Theorem is proven.
Example. Consider problems (1) - (2) for t, =0, p(t) = 2(1+ 1),
q(t) = (1 +t)? + 2exp[—t?/2 — 4t], f(t) = 3exp[—t?/2 —3t], t€[0,00).
That is, consider the following linear differential equations
y'+2(1+t)y'+ [(1 +t)* + 2exp( —t?/2 — 4t)]y = 3exp[—t?/2 — 3t],t = t,.
In this case, conditions a) are satisfied for
a(t) =3+t,r=1,q.(t) = 2exp[—t?/2 — 4t], I(t) =1, t € [0,).
In addition, conditions b) are satisfied for
1,(t) = 6e7t, I,(t) = 4e %, t € [0,).
Indeed a(t) +1(t) =2+t=0, a(t)=l(t)=t =0, t € [0,),

FO{exp |- f(a@ + (1) = p()dr| + exp |- f, (a(®) - 1(x) - p())dz]|}
=3~ (430 (ot°/2 4 ot°/242) < et = I (1), t € [0, ),

@ {exp [- [ (@(@) + 1) — p(@)de] + exp [~ [} (a(0) - 1) - p(@)dr]} =
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— Ze—(t2/2+4t)[et2/2 + et2/2+2t] < 4e~2t = 1,(t) € [0,0).

Thus, all conditions are met. In this case

c; == [Im@r —3) = n| + [n+m(r + 3)| + [ L (s)ds], (19)

C, = Cp exp [ﬁ 1) : L, (s)ds].

In this case, estimates (15) are valid for the Cauchy problem (1)-(2), where the number

c, is determined by formula (19).
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ONE CLASS OF FREDHOLM LINEAR INTEGRAL EQUATIONS OF THE
THIRD KIND ON A SEMI-AXIS
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In the present article the theorem is proven about uniqueness of the linear integral equations of the
third kind, with method of nonnegative quadratic forms and functional analysis methods.

Key words: linear, integral equations, Fredholm, third kind, uniqueness.
byn Makamaga Tepc SMec KBaaparThIK ¢opManap YCYIyHYH, (GYHKIUOHAIIBIK aHATH3INH
YCYIIapbIHBIH JKapAaMbl MEHEH, YYYHYY TYPAOIY CBI3BIKTYY HWHTETPAIABIK TEHIACMEICPAUH
YbIT'apbUIBIIOTAPBIHBIH KAJITBI3ABITBI AAJIWIIACHIN.

Ypynmmyy ce30ep. ChI3bIKTYY, HHTETPAJABIK TEHAEMENEp, YUYHUY TYPIOTY, KalTbI3/bIK.

B nanHo#t paboTe, ¢ MOMOIIBI0O METOa HEOTPUIATEIBHBIX KBAJIPATUYHBIX (POPM, METOIaMU
(YHKIIMOHAJIBHOTO aHaM3a JIOKa3bIBAETCSl €AMHCTBEHHOCTh PELEHUIN JIMHEWHBIX MHTErpalbHBIX
YPaBHEHUH TPETHETO poOja.

Kniouesvie cnosa: MuHeHHbIN, HHTErpalbHOE YpPaBHEHHUE, TPETHETO POAA, €IMHCTBEHHOCTb.

1. Introduction

The notion of correctness in the works of A.N. Tikhonov [1], M.M. Lavrent’ev
[2] and V.K. lvanov [3], different from the classical one, provided a means for
studying ill-posed problems and stimulated interest in integral equations first kind
with large applied value.

The fundamental results for Fredholm integral equations of the first kind were
obtained by M.M. Lavrentiev in [4], [5], where the regularizing operators in the sense
of M.M. Lavrentiev. In [6], [7] results were obtained in the field of nonclassical
Volterra equations of the first kind and numerical methods for solving nonclassical
linear Volterra equations of the first kind, which describe the processes of aging and

replacement of elements in developing systems.
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In [8]- [10] for linear Volterra integral equations of the first and third kind, the
uniqueness and stability of solutions are obtained.

In [11] - [14], the uniqueness theorems were proved and regularizing operators
were built in the sense of Lavrentiev for linear Fredholm integral equations of the
first kind.

In this work, we apply the method of integral transformation to prove unigueness
theorems for the new class of Fredholm linear integral equations of the third kind in
the semi-axis

Ku=m@®u(t) + [*_K(ts) u (s)ds = f(t),t € (—oo,a], (1)
where the u(t)is the desired function on (—x, a), the given functions m(t) and f(t)

is the continuous on(—oo, a), m(t) -is equal to zero at least at one point on(—oo, a),

a a
j j |K(¢,5)|? dsdt < oo,

A(t,s), —wo<s<t<a,
B(t,s), —-wo<t<s<a.

K(t,s) = { 2)

and B(t,s) and A(t,s) are known functions, respectively on the domains
{(t,s)i—o<s<t<a}l{ts)—o<t<s<al

u(t) € L,(—x,a), (—x,a), where L,(—,a)- the space of square-summable

functions in(—oo, a).

Equation (1) by virtue of relation (2) can be expressed as

m(Ou(t) + [*_A(t,s) u (s)ds + [[*B(t,s) u (s)ds = f(0). (3)
Taking the multiplication of both sides of the equation (1) with w(t), integrating the

results —co < t < a, we obtain

fa m(t)|u(t)|?dt + fa J_ A(t,s) u (s)u(t)dsdt +

T f a f B(ts) u (sdu(dsde = j " f@.
[ mOu()de + [ I 0 AS) u (ut)dsdt +

+[° [PB(s,t) u (Qu(s)dtds = [ fF(Ou(t)dt. (4)
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Using the Dirichlet formula, we have

ja jaB(s, t)u(t) u (s)dtds = fa Ut B(s, t)u(s)dt]u(t)dt.
Then from (4) we obtain
[ mO®Pdt +2 [° L HE ) u(dsu@®de = [° f(Ou®dt, ()

where

H(t,s) =

N |-

[A(t, S) + B(S, t)], (t, S) € {(t, S): —o<s<t< a}, (6)
f_aoo f_too H? (t,s)dtds < +oo.

We introduce a new function M (z,s) as follows

H(t,s), —wo<s<t<a,

M(t,s) = {H(s, t), —w<t<s<a (7)
It'sevidentthat  M(t,s) = M(s,t), (t,s) € —oo,a X —oo, Q.
It is easy to verify the validity of the equality
a a
f f |M(t,s)|? dsdt < +oo.
Then, it is known that
w 7 (t)ei(s)
M(t,s) = 52— ®)

1

where, A; are the characteristic numbers of the matrix kernel M(t,s), which are
arranged in ascending order of their modules, and 0 < |4,]| < |4,| <... and the
corresponding orthonormal eigenfunctions.

Theorem. Suppose m(t) € L,(—,a),m(t) =0for all te€ (—x,a),
M(t,s) isa complete kernel and 0 < 4; < 4, <.... Then the solution of the equation
(1) is unique in L,(—o0,a) .

Proof. Let equation (1) have a nonzero solution

u(t) € Ly(—oo,a) for f(t) =0.

Then
m®u) + [©_K(t,s)u(s)ds = f(t) = 0,t € (—,al.
Hence, by virtue of (5) we have
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fa m(t)|u(t)|2dt + 2 fa f H(t,s)u(s)dsu(t)dt = 0.

Taking into account (7) and (8) from (9) we get

fa m(t)|u(t)|*dt + z%fa i (Du(t) J_OO<P (s)u(s)dsdt = 0.

a 001 a
| m@uora+y [ lo@uor=o.
- i=1 "7%

Then [* @:(Ou(®)dt=0, (i=12,..).

Therefore, u(t) = 0, t € (—oo, a]. The theorem is proved.
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ON A CLASS OF NONLINEAR FREDHOLM INTEGRAL EQUATIONS
OF THE THIRD KIND ON THE SEGMENT
Asanov A., Asanov R. A.
Institute of Mathematics of NAS of KR, Bishkek, Kyrgyzstan
International University of Central Asia (IUCA), Tokmok, Kyrgyzstan

On the basis of the new approach it is shown that solving a class of nonlinear Fredholm integral
equations of the third kind on the segment are equivalent to solving systems of nonlinear algebraic
equations. The questions of existence and uniqueness of the solution for these nonlinear integral
equations are studied.

Keywords: Solution, nonlinear integral equation, Fredholm, third kind, equivalence, system of
nonlinear algebraic equations.

>KaHBI bIKMAHBbIH HCTU3UWHAC KCCUHAUACTHU YUYHUY TYpAOry CDpe,Z[FOJ'IBM,HYH CBI3BIKTYY 5MEC
HUHTCrpajlJiblIKk TCHACMCIICPANH 6I/Ip KJIaCChl YUYH YbIIapbUIbIIITAPBIH YbII'apyy CBI3BIKTYY 5MEC
anreOpanbIK TEHJAEMENIep CUCTEMAChIH Yblrapyyra 3KBUBAJEHTTYYJYK dKEHIUTH KOpPCOTYNIreH. by
CBI3BIKTYY 5MCC UHTCTPAJIABIK TCHACMEIICP YUYH YbIIapbLJIBIIIITAPbL 6ap SKCHAUT'U XXaHa KaJIIr'bI3bITI'bI
JKOHYHJOr'y MacelICjiep HU3WIIJACHCT.

Ypyumyy coz0ep: UbITapbulbllll, CHI3BIKTYY 9MEC UHTETPAIILIK TeHAeMe, OpeAronspm, ydIyHUY
TYPAOrY, SKBUBAJIEHTTYYIYK, CHI3BIKTYY IMEC are0palibik TeHIEMeTIEP CUCTEMACHI.

Ha ocHoBe HOBOro nmoaxoJa IOKa3aHO, YTO PCIICHHUA I OAHOI'0 KJiacca HEJIMHENHBIX
HHTCTPpAJIbHBIX ypaBHeHI/Iﬁ (DpeI[FOJIBMa TPETHEI0 poAaa Ha OTPE3KEC I3KBUBAJICHTHBI K PCIICHUIO
CUCTEM HEJIMHEHHBIX airedpanyeckux ypaBHeHUH. W3ydaroTcst BONpOCHI CYIIECTBOBaHUS U
CANMHCTBCHHOCTHU PCIICHUA JIA OTUX HEJIMHENHBIX HWHTETrpaJIbHBIX ypaBHeHI/II\/'I.

Knrouesvie cnosa: Penienne, HeNMMHEWHOE UHTETpAJIbHOE ypaBHEHUE, PpearonbM, TpETUH pof,

OKBHUBAJICHTHOCTH, CHUCTCMaA HEJIMHEWHBIX anre6pa1/1quI<I/IX ypaBHeHHfI.

Consider the nonlinear integral equation of the third kind

p(Out) = [ T, a(Dbi(s) Ki(s,u(s))ds + (), ¢ € [a,b], (1)
where p(a)=0, p(t),a;(t), b;(t) and f(t) are known continuous functions on [a, b],

K(t,u) is known continuous functions on [a,b] X R,i = 1,2,...,n, u(t) is the
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desired continuous function on [a, b].

Many questions for integral equations were investigated in [1 — 12]. In particular,
regularizing operators according to M.M.Lavrentiev were constructed in [3] to solve
linear integral Fredholm equations of the first kind. In [5-6], uniqueness theorems were
proved for systems of nonlinear Volterra integral equations of the third kind and for
systems of linear integral Fredholm equations of the third kind and regularizing
operators according to M.M.Lavrentiev were constructed.

In this paper, based on the approach proposed in [7], the questions of the existence
and uniqueness of a solution for one class of nonlinear Fredholm integral equations of
the third kind on the segment are investigated.

Everywhere we will assume that

p(t) =21 i), pi(a) =0, p;(t) € Cla,b], i = 1,2,..,m. ()
Let
c; = f‘f b;(s)K;(s,u(s))ds,i = 1,2, ...,n. (3)
Then from (1) we get
p(u(t) = Xj_1 ¢a;(t) + f(t),t € [a,b] , (4)
where c; are unknown constants, j = 1,2, ..., n. Assuming t=a, we have from (4)
i=1¢aj(a) + f(a) = 0. (5)

Subtracting (5) from (4) we have
p(Ou®) = X ¢la;(®) — ;@] + [f(®) — fF(@)],t € [a,b). ()

Assume the following conditions are met:

a) For all k=12,..m and for all Lj=12,..,n, a ()€
Cla,b] ,a;m(t)b;(t) € Ly(a,b), where
a;(t) = (ai,k—l(t) — ai,k—l(a)) /Pr(t), a;o(t) = a;(t),t € [a,b] , (7)

a;,(a) = 11_{2 a; . (t);
b) For all k=1,2,...mand forall j =1,2,...,n
F,(t) € Cla,b] ,E,(t)b;(t) € Li(a,b), where

Fi(t) = 2207 Fn@ "y — £(8),¢ € [a,b] , Fi (@) = lim Fie(8). )
pr(t) t-a
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Further, by virtue of (2), (7) and (8), to determine the unknown constants c,, c,, ..., ¢,

from (6), we obtain the following system

j=1¢a;(@) + f(a) =0,
{27:1 ¢ (@) + Fe(@) = 0,k =12, .., m — 1 ®)
Taking into account (9) from (6) we have
u(t) = Yo ¢jajm(t) + Ep(0),t € [a, b] . (10)
Substituting (10) into (3) we get
c; = f: b;(s)K; (s, 21 Gt (s) + Fm(s)) ds,i =1,2,..,n. (11)

Thus, we have a system of nonlinear algebraic equations (9) and (11), which defines
¢, i=12,..,n
Theorem. Let the conditions (2), a) and b) be satisfied. Then:
1. If the system of nonlinear algebraic equations (9) and (11) has no solutions, then
the integral equation (1) has no solutions in the space Cl[a, b] ;
2. If the system of nonlinear algebraic equations (9) and (11) has a unique solution
1, Cy, ..., Cy, thentheintegral equation (1) has a unique solution in the space C[a, b].
This solution is determined by the formula (10);
3. If the system of nonlinear algebraic equations (9) and (11) have a finite number r of
solutions ¢y, Ca -, Cnk, Where k=1,2,...,r, then the integral equation (1) in the
space C[a,b] have a finite number r of solutions u, (t), u,(t), ..., u,(t) defined by
the formula:
Uk ()= Xj=1 G x@m(t) + Fp(t),t € [a,b], k=1,2,....1. (12)
Proof.
1. Itis evident that if systems (9) and (11) have no solutions, then the integral equation
(1) has no solutions in the space C[a, b] .
2. Let systems (9) and (11) have a unique solution. Then the integral equation (1) has
a unique solution in the space C[a, b] . This solution is determined by the formula (10),
where ¢y, ¢y, ..., ¢, 1S the only solution of the system (9) and (11).
3. Let the system of nonlinear algebraic equations (9) and (11) have a finite number r

of solutions ¢, x, ¢z, ..., Cnk, Wherek=1,2,...,r. Then by virtue of (10) for the integral
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equation (1) in the space C[a, b] there are r solutions defined by the formula (12). The
theorem has been proved.

Example. Consider the integral equations (1), where a =0,b =1,
n=2p@) =t a,(t) =t+1,b(t) =t,a,(t) =t?+3,b,(t) = at?
K (tu) =u, K(tw) =u? f(t)=t3+p, a,f,y — parameters, a # 0, that is,
consider the equation

t2u(t) = fol[(t + Dsu(s) + a(t? + 3)s?u?(s)]ds + pt3 + v, te[0;1]. (13)
Let's introduce the following notation

€, = fol su(s)ds,

c, = fol s?u?(s)ds. (4
Taking into account (14), we have from (13)
t2u(t) = ¢ (t + 1) + cpa(t? + 3) + pt3 +y, te[0; 1]. (15)
Substituting t=0 from (15) we get
c; +3ac, +y =0. (16)

Subtracting (16) from (15) we get
t2u(t) = cit + cyat? + B3, te[0; 1], that is,
tu(t) = ¢; + c,at + ft?, te[0; 1]. (17)
Assuming t=0, from (17) we have
c, =0. (18)
Taking into account (18), we get from (17)
u(t) = c,a + Bt, te[0;1]. (19)
Substituting (19) into (14) we have
c, = fols(cza + Bs)ds,
c, = f()l s?(cya + Bs)?ds.
From here we have

1 1
ci =-ac, +-
1= ;%6 35;

1

1 1 (20)
cy = gazczz +-coap +E'82'

Then, solving the system of equations (16), (18) and (20), we obtain
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( ¢ =0,

— _2%B
€2 = 3a’
4 =Y (21)
2 3a’
1 1 1
\C2 = gazczz +-caf + Eﬁz.

Then the following cases take place:

74

1.

2.

If « # 0,y # 23, then the system of equations (21) has no solution. Therefore,
integral equations (13) have no solutions in the space €[0,1] .

If « + 0,y =2, 8 = 0, then the system of equations (21) has a unique solution
c; = 0,c, = 0. Therefore, the integral equation (13) in the space C[0,1] has a
unique solution:

u(t) =0,t € [0;1].

. Ifa#0, y=28, 8= —%5, then the system of equations (21) has a solution

¢, =0,c, = % Therefore, integral equations (13) in the space C[0,1] have a
unique solution:

u(t) == (2-30),t €[0;1].

4, Ifa#0, y=2B, B # —%5, then the system of equations (21) has no solution.

Therefore, integral equations (13) have no solutions in the space C[0,1].
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ON REDUCING THE ANALYTICAL SYSTEM OF VOLTERRA INTEGRAL
EQUATIONS WITH A REGULAR SINGULAR POINT TO A LINEAR FORM

Baizakov A.B., Bekturova A.T.
Institute of Mathematics of NAS of KR, Bishkek, Kyrgyzstan
Institute of Modern Information Technologies in Education, Bishkek, Kyrgyzstan

Volterra integral equations with a singular point appear in the study of the theory of wave
propagation in media with memory and are considered from various points of view in works. In this
paper, we consider a nonlinear system of Volterra integral equations in an unbounded domain.

An analytical transformation has been constructed, with the help of which the nonlinear Volterra
integral equations with a regular singular point are reduced to a linear system.

Keywords: Volterra integral equation, singular point, vanishing solution, formal solutions, majorant
method, implicit function theorem.

Osreue uekuTu Oap BosbTeppa HMHTETpalIbIK TEHAEMENIEPU 3C TYTyMIYyy 4Yeupenae
TOJIKYHJIYH Tapajyy TEOpPHUSCHIH U3UJ166/16 Maiiaa 00J0T jkaHa KeNTereH aBTopjop TapaObIHAH ap
KaHJall Ke3 KapamTapjaaH kKapajar. byn sMmrekrte Ou3 uekcus aiimakTa BosbTeppa HMHTErpasiibIk
TCHACMCIICPUHUH CBI3BIKTYY OMCEC CUCTEMACHLIH Kapall YpIradbI3. AHAITUTUKAIBIK O3repTyIn TY3YY
KypyJraH ’aHa aHbIH >kKapJaMbl MEHEH PEryJIsiplyy ©3reue 4eKUTH 0ap ChI3bIKTYY sMec Bonbreppa
HHTErpaliblK TCHACMEIICPHU CBIBBIKTYY CUCTEMAra KCJITUPUIITCH.

Ypynmmyy cesoep: Bonbreppa MHTErpajiblK TEHJIEMECH, ©3TOUe UYEKUT, JKOK OO0NIyN KeTyydy
YBITapbUIBII, (OPMAJITYY YbITapbUIBILI, MaXKOPAHT YCYITy, alKbIH 3MeC (QYHKLHUIAP TEOPEMAChI.

WuTerpanbHble ypaBHeHUs BoibTeppa ¢ 0c000# TOUKOH MOSABIAIOTCS MIPU U3YUEHUU TEOPUH
pacrnpoCTpaHCHU BOJIH B CpE€aax € MaMATBIO U paCCMOTPECHEI C PA3JIMYHBIX TOUCK 3PECHUA MHOT MU
aBTOpaMHu. B HaCTOSIIJ_[eﬁ pa60Te paccMaTpruBacCTCA HeJIMHENHAasl CUCTeEMAa HUHTCTrpaJIbHBIX ypaBHeHI/Iﬁ
Bonbreppa B HeorpannueHHo# obsactu. [locTpoeHo aHaIuTHUECKOE MPeodpa3zoBaHme, ¢ MOMOIIBIO
KOTOpPOTO HeJIMHEHWHbIe WHTerpaibHble ypaBHEHUs BoabTeppa ¢ peryisipHoil ocoOoil TOUKOMH
CBOIATCS K JUHEUHON CUCTEME,

Knrouesvie cnosa: WHTerpanbHoe ypaBHeHHE BonbTeppa, ocobasi Touka, Hcue3arolee

peI_HCHI/IC, (I)OpMaJ'IBHBIe peI_I_IeHI/I}I, METO/L Ma)KOpaHT, TCOpCMa O HCABHBIX (byHKLII/ISIX.
Introduction

Volterra integral equations with a singular point appear in the study of the
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theory of wave propagation in media with memory and are considered from various
points of view in works [1-14, 18-24]. In this paper, we consider a nonlinear system
of Volterra integral equations in an unbounded domain. The asymptotic structure of
its solutions for large values of the argument is studied.

Consider the system
tu=A fjwu(s)ds + fiool((t, s,u)ds, T < t < +oo, (1)
where K = (hjk), (j, k = 1,n) are power series in integer powers t, s, u,, ..., u,, and
in u starting from terms not lower than the second dimension,K(¢t,s,0) = 0.

Our goal is to construct an analytical transformation with the help of which a
nonlinear Volterra integral equations with a regular singular point is reduced to a
linear system [33-34]. Let's demand that

1) all elementary divisors of the matrix A are simple andA = diag(A4,...,4,),
Rel, <0 (k=1,2,...n);

2) the matrix A does not have eigenvalues, that differ from each other by
positive integers.

Note that, similarly to [9,18], it can be shown that the corresponding linear

system of equations

tz(t) = A [ z(s)ds, )
has a general solution of the form
z(t) = t47EC, (3)

where C is an arbitrary column vector.
Theorem. Let conditions 1) and 2) be satisfied. Then there is an analytical
transformation
U =2+ Yplzz B (D)2P (D), (4)

where P, (t) are analytical functions, such that with its help the original system (1)
can be reduced to linear form (2).

To prove this, we will use the approach proposed in [15,25]. First, we prove
that under our assumptions, there are some formal, generally speaking, divergent

power series that satisfy our system (1). Next, we will prove the convergence of the
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found series.
The existence of formal series.
Note that the matrix E—< p,A — E; >~1 A, due to condition 2), is not degenerate
forall |p| = 2.
Let us make the substitution (4) into (1), and we will keep in mind that the

P, (t) functions are formal power series. Substituting series (4) into (1), we obtain
linear systems of Volterra integral equations for the functionsP, (t)

tP,()zP(8) = A [ Py()zP(s)ds + [, hy(t,s, B (5)) 2P (s)ds (5)
where £, is a polynomial with respect to P, |r| < |p| coefficients depending on s,
the function £, (¢, s, B.) at [p| < 2 does not depend on P,
Lemma. If f(¢t) is a function holomorphicf (t) = ij’:ofjt‘f with T < t < 4o, then
the following relation holds:

[1 f($)zP (s)ds = F()zP (1), (6)
where F(t) the function is holomorphic atT < t < 4o, i.e. having a decomposition
of the form

F(O~Y7 Ft™/, at t » 4o .
Indeed, differentiating (6) with respect to t, taking into account (3)
f()zP(t) = F'(£)zP(t) + % <p,A—E; > F(t)zP(¢t),
or, shortening byz? (t)
tF'(t) + (p, A — E})F(t) = tf (¢), (7)

where a = (p, 4 — 1). Equation (7) is a Fuchs type equation [28]. Then it follows
from Fuchs’ theorem that the solution to equation (7) is some analytical function

F(t) =X7, Ft™ T <t<+o,
Also note that from condition 2) it follows that

"1pj(4 — E;) # 4; + k foreveryone |p| = X7 p; = 2and k > 0,i =
1,2,...,n.
Let us assume that from equations (5) we have defined B., |r| < |p|, as functions

that are holomorphic for T < t < 4o . According to the previous equation (5)
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forP,(t) we can write in the form
tP,zP = A ffoo P,(5)zP (s)ds + Q,(s)zP, (8)
where Q,, is a holomorphic function forT <t < 4+ ,Q,(t) = Xi=1 Qplt"‘ :
Let us show that equation (8) is formally satisfied by the power series
Py(t) = Xiizg Porct %, (9)
In fact, we have
AL} (Bieco Pores ™) 2P (s)ds = B, (t)z (1), (10)
where B, () = t ™ Yoo bprt ™ by = (K p,A— E; > +k + 1) APy, k = 0,1,2.
Then from (8) taking into account (10) and condition 2) we can determine all the

coefficients of series (9)

-1

A
P,=E- ’
pO < <p,A_E1>) Qpl
Po = \E ! B k=12
pk_( _<p,7L—E1>+k+1) (ka+1): = L4,..

A
<p,A—E;>+k+1

since the matrix is (E — ) is non-degenerate for all |p| > 2.

Proof of convergence.

So, series (9) formally satisfies equation (8). Let us prove that power series (9)
convergesat T < t < +o.

Note that, due to conditions 1), 2), there exists B>0 such that ||A|| > Bfor all where

A
<p,A—E;>+k+1

_ -1
k=12, ... the matrix A = (E — ) k=012,...

Consider now the equation
BV = Q(b), (11)
where Q(t) is the majorant of the functionQ(t). It is clear that equation (11) has a

formal solution
1 = 0 = -
V=20(t) = Tio Pt ™", (12)
and Py, are positive constants and

|Por| < Py (13)
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Equation (11) by the theorem on implicit functions [14] has a unique holomorphic
solutionV =V (t)atT <t < +x.

and it coincides with the formal solution (12). Hence, by virtue of (13), the
convergence of series (9) for T <t < 4+oo . Then, by virtue of condition 2), series

(4) convergesinT; <t < 4.
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ON THE METHOD OF STUDYING THE ASYMPTOTIC STABILITY OF
SOLUTIONS OF A LINEAR VOLTERRA INTEGRO-DIFFERENTIAL
EQUATION OF THE SEVENTH ORDER ON THE SEMI-AXIS

Iskandarov S.
Institute of Mathematics of NAS of KR

The methodology to determine sufficient conditions of asymptotic stability on the semi-axis of
solutions to a linear seventh-order Volterra-type integro-differential equation is proposed. For this, a
non-standard method of reducing equations to a system, a method of squaring equations, Volterra's
equation transformation me-thod, the method of cutting functions, the method of integral inequalities
are developed and Sylvester's criterion and the Lyusternik-Sobolev lemma are applied.

Keywords: linear seventh-order Volterra integro-differential equation, asymptotic stability of
solutions, a non-standard reducing to a system, squaring equations, cutting functions, Sylvester's
criterion, Lyusternik-Sobolev lemma.

KetHum TapTUOTETH CHI3BIKTYY BonbTeppa THOMHAETHM HHTErpo-auddepeHIuaibK
TCHACMCHHH JXAapbIM OKTO ACUMIITOTHKAJIBIK TYPYMAYYJIYI'YHYH XKCTHIITYY HIAPTTAPBIH AHBIKTOO
YCYJIAYry CyHymITanar. byn ydyH TEHIEMEHM CHCTeMara CTaHAAPTTBIK 3MEC KEINTHUPYY YCYiy,
TeHJAEMENEPIN KBaIpaTKa KeTepyy ycyiy, B. BoabTeppaHblH TeHIEMeNnepiu 3ropTyn Ty3YY yCyay,
Kecyyuy QyHKIMsIIap yCyiny, MHTeTpajiblk 6apabapChI3bIKTap yCyay OHYKTYpyieT, CHIIbBECTpANH
Kputepuiin xana JlrocrepHuk-Co0OoNeBANH JeMMachl KOJIAOHYJIAT.

Ypynmmyy ce30ep: Bonbreppa THOMHIETH CBHI3BIKTYY >KETHMHYM TapTUIITETH HHTETPO-
nn@(bepeﬂunanz[m( TCHACMC, YbIrapbUIbIIITAPALIH ACUMIITOTUKAIBIK TYPYMAYYIYTY, TCHACMCHU
cucTeMara CTaHJapTThIK dMeC KEITHPYY, TeHJIEMEHHM KBajpaTKa KeTepyy, Kecyydy (yHKiusuiap,
CunwBectpaus kputepuitn, Jlroctepauk-CoOoneBINH IEMMACH.

[IpennaraeTcs MeTOAMKA ONPENETICHUS JOCTATOYHBIX  YCIOBHM  aCUMITOTHYECKON
YCTOMYMBOCTH Ha TIOJYOCH pEHIeHUH JMHEHMHOro uHTEerpo-aud@depeHnaIbHoro ypaBHEHUS
CCAbMOTI'0 MopdaKa THUIIA BonLTeppa. I[J'IH 9TOIr'0 pa3sBUBANOTCA HeCTaH,HapTHBIﬁ METOA CBCACHUA K
CHUCTEMC, MCTOA BO3BCIACHUA ypaBHeHI/Iﬁ B KBaJpar, MCTOL HpCO6pa3OBaHI/I$I ypaBHCHI/Iﬁ B.
Bonbreppa, Meron cpespiBaromux (yHKIUNA, METOJ HHTETPAbHBIX HEPABEHCTB, MPUMEHSIOTCS
kputepuii CunbBectpa u temma Jlroctepauka-Cobosnesa.

Kniouegvie cnoea: nuHeilHOE BOJBTEPpPOBAa HHTETpO-AuddepeHnaIbHOe YpaBHEHHUE

CCAbMOI'0 mopsdgaka, aCUMIITOTHYCCKAA YCTOﬁqHBOCTB pemeHI/Iﬁ, HCCTAHAApPTHOC CBCIACHUC K
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CUCTeME, BO3BEJICHHE YypaBHEHHUIl B KBaJpar, cpes3biBaromue (yHKIuu, kpurepuir CuibBectpa,

nemMma Jlrocrepuuka-Cobonena.

All functions involved are continuous, and the relationships hold under t >
to, t =T =ty I = [ty,©); "IDE" stands for integro-differential equation, and "DE"
stands for differential equation. As for the asymptotic stability of solutions to a linear
seventh-order Volterra integro-differential equation (IDE), it refers to the tendency of
all solutions and their derivatives up to the sixth order, inclusive, to approach zero.
"AS" stands for asymptotic stability.

PROBLEM. To establish sufficient conditions for the AS of solutions to a

linear seventh-order Volterra-type IDE of the form:

x () + 5o [ 200 + [ 6, Dx® @dr| = FO),t 2 8. (1)
To solve this problem, a methodology is proposed based on the following ideas:
the non-standard method of reducing equations to a system [1-4], the method of
squaring equations [5, p. 28], Volterra's equation transformation method [6, pp. 194-
217], the method of integral inequalities [7], the application of the generalized
Sylvester's criterion [8, p. 137], and the Lyusternik-Sobolev lemma [9, pp. 393-394; 3]
In the seventh-order IDE (1), we will make the following non-standard
substitution:
xO(E) + Tk=o @ex (&) = W)y (0), (2)
where q, (k = 0,1,2,3,4) - are certain auxiliary parameters, 0 < W (t) is some weight
function, y(t) is a new unknown function.
Note that substitution (2) is an analogue of non-standard substitutions found in
works [1-4].
Differentiating substitution (2), we obtain:
xO ) + qux® () + qzx® () + qx" () + q1.x" () + qox (1)
=W'(®)y() + W)y @),
from which, due to (2), we obtain

x©(t) = (qF — q3)x®(t) + (9394 — q2)x () + (92q4 — q1)x () +
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+(q194 — 90)x (t) + qoqax(t) + W.()y(t) + W)y (1), (3)
where W,(t) = W'(t) — q, W (t).
Furthermore, from (3) and (2), it follows
xD () = (g7 — g2)xO @) + (q3q4 — 92)xP () + (9294 — q)x"(©) +
+(q192 — qo)x (1) + qoqax (1) + W/ (D)y(®) + WD)y () + W D)y (t) +
+W ()Y (t) = (a5 — q) W@y (1) — qux® (&) — qsx"(£) — q2x"(t) —
—q1%'(t) = ox(O)] + (9394 — 2)x® () + (4294 — q)*"(t) +
+(q194 — 4o0)x (1) + qoqax () + W ()y(t) + W)y () + W )y (t) +
+W (@)Y () = (24392 — G2 — qD)xP (@) + (q5 — 4305 + 4294 — q)x ' (t) +
+(9293 — 9592 + 9194 — q0)x (t) + (9193 — 95q1 + qoqu)x (£) +
+(qoqs — q2q0)x(t) + [W. () + (a3 — g )W (D)]y (D) +
+HW.() + W D]y () + W)y (D). (4)
Now, substitute (2)-(4) into the IDE (1):
(29394 — @2 — @)x@ (t) + (43 — 9303 + 9292 — q)x ' (8) +
+(9293 — 9492 + 4194 — 90)x (t) + (9193 — G391 + 9oqa)x () +
+(qoqs — q5q90)x(t) + [W, (1) + (45 — )W (D]y () +
HW.() + W D]y () + W)y (t) + asg(D)[(qF — g3)x®(t) +
+(q394 — 92)%"(8) + (4294 — )% () + (9104 — Qo)X (t) + Goqax(t) +
+W.()y(t) + W)y (D] + as()[—qax® (1) — g3x" () — q2x"(t) —
—q1x (t) — qox(t) + W)y ()] + a,(®)x® () + as(t)x"(t) + a,()x"(t) +

+a, (O)x'(t) + ag(H)x (1) + f {QtDx(® + At Dx () + Qx(t, T)x (1) +

+Q3(t, DX (1) + Qu(t, Dx™ (1) + Q5(t, D[~ qax ™ (7) — q3x"(7) -
—q2x" (1) = q1x'(T) = qox(¥) + W(D)y()] + Qs (t, D[(45 — 92)x® () +
+(q304 — 42)%"(T) + (4294 — )% () + (4194 — 90)x () + Goqax(7) +
+W.(Dy(@) + W@y (D]x @ (@)}dr = f(t),t = to. ©)
Let's introduce the notations:
be(t) = ag(t) — qq + 2W' () (W ()™ (coefficient y'(t));
bs(t) = as(t) + ag(OW.(OW (D)™ + g% — g3 + W/ (OW ()™
(coefficient y(t));
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by(t) = [as(t) — qaas(t) + (g5 — q3)as(t) + 2q3q4 — g2 — g3 ] (W (£) ™
(coefficient x®) (t));

bs(t) = [as(t) — q3as(t) + (9394 — 42)a6(t) + q5 — q3q% + 4294 — @] W ()™
(coefficient x"(t));

by (t) = [ay(t) — qzas(t) + (4292 — q1)a6(t) + 4293 — 9592 + 1G4 —
qQol(W()™*

(coefficient x'(¢t));

by (t) = [a,(t) — q1a5(t) + (9194 — Qo) as(t) + G193 — q5q1 + qoqa](W ()™
(coefficient x'(t));

bo(t) = [ao(t) — qoas(t) + qoq4as(t) + qoqs — gZqo](W ()"

(coefficient x(t));

Po(t, 1) = (W (@) Qo (t, 7) — qoQs(t, T) + q0q4Q6(t, T)] (kernel with x(7));
Pi(t, 1) = W) Q1(t,T) — 1Q5(t,T) + (9194 — G0) Q6 (¢, T)]

(kernel with x'(1));

P,(t, 1) = W()7HQ2(t, ) — q2Q5(t, ) + (3294 — 91) Q6 (£, T)]

(kernel with x"(1));

Py(t,7) = W) [Q3(t,T) — q3Q5(t, 7) + (93G4 — 92) Q6 (t, T)]

(kernel with x"(1));

Py(t,T) = W (@) H[Qa(t, T) — q40Q5(t, T) + (g5 — 93) Q6 (t, )]

(kernel with x® (1));

Ps(t, 1) = W) Qs (t, DIW (2) + Qs (t, W, ()] (kernel with y(7));

K(t, 1) = (W) 1Q4(t, )W (1) (kernel with y'(1));

F(t) = (W) 1f(t) (new free term).

Dividing both sides of relation (5) by W(t) considering the introduced
notations, and combining the obtained, we get a second-order IDE for y(t) with DE
(2) we obtain the following system:

xB(t) + Y=o ex @) =W (@)Y (D),
Y'() + bs()y'(t) + bs(D)y () + Tik=o b ()x X (t) + (6)
+ fti)[ZLo P(t, D)x®) (1) + Ps(t, D)y (r) + K(t, D)y (D)]dt = F (1), t = t,,
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equivalent to the given seventh-order IDE (1).

To finalize the solution to the problem stated above, it remains to further develop
the methods for investigating the asymptotic stability of solutions to linear fourth and
fifth-order Volterra-type integro-differential equations on the half-axis as outlined in
[3, 4]. it remains to show that for any solution (x(t), y(t)) first, square the first equation
of system (6), then integrate over the interval from ¢, until ¢, then multiply the second
equation of system (6) by y'(t), integrate over the interval from t, until ¢, for the kernel
K(t, t) and the free term F(t) apply the method of cutting functions, and finally, sum
up the identities obtained for both equations. Then we will have the final identity for
system (6). To this identity, we apply the method of integral inequalities from [7]. In
this process, we use the generalized Sylvester's criterion, the Cauchy-Bunyakovsky
inequality, and finally, the Lyusternik-Sobolev lemma.

The results of the investigation of system (6) will be presented in another work
by the author.

Noted that method of investigation of asymptotic stability from [3] was used for
IDE of fifth order in article [10].

The work was carried out within the framework of the project of the Institute of
Mathematics of the National Academy of Sciences of the Kyrgyz Republic.
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HEXAGONAL REGULARIZATION PHENOMENON FOR SYSTEM
OF DIFFERENTIAL EQUATIONS DESCRIBING REPELLING POINTS

ON A SQUARE

Tagaeva S.B.
Institute of Mathematics of NAS of KR

The central part of arrangement of many repelling pointwise electrical charges in very viscous media
within a square described by the system of ordinary differential equations with discontinuous right
hand parts forms a regular hexagonal lattice. The constant of numerosity is about 100.

Keywords: mathematical model, repelling, ordinary differential equation, system of equations,
phenomenon, constant of numerosity

OH >kakTapbl Y3ryJl OONTrOH KaguMKd JH(GPEpEeHIIUANIBIK TEHIEMENEep CUCTEMAachl MCHEH
CYPOTTOJINOH YapUYbIHBIH HUMH/IE 6TO WIIIIKEKTYY YOMPO© KONTOIreH TYPTYYUYy YEKUTTHK DIIEKTP
3apsiiapbIHBIH JKalranryycyHyH OopOopayk 0eiyry Tyypa aitel Oypuryy Topay Ty3eT. Kemue
TypyKTyycy 60imxon mereH 100.

YpyHTTYYy co3/10p: MaTEeMaTHUKAJIBIK MOJEN, TYPTYIIYY, KaauMku AuddepeHnanabik TeHIeME,
TEeHJIEMETIEP CUCTEMAChI, KyOyJIyIll, KOImue TYPpYKTYYCy.

L[eHTpaJ'IBHaSI YaCTb PacCIOJIOKCHUS OOJIBIIIOr0 KOJIMYECTBA OTTAJIKUBAIOIIUXCA TOYCYHBIX
QJICKTPUYCCKUX 3apsA0B B OYCHDb BSI3KOU cpeac BHYTPU KBaAparTa, OIIMCBIBACMOI'O CHUCTEMOH
OOBIKHOBEHHBIX AW PepeHInanbHbIX YpPaBHEHUH C pa3pbIBHBIMH IPAaBBIMU YacTIMM, 00pazyeT
MIPaBWJIbHYIO IIECTUYTOJIbHYIO peteTKy. KoHcTanTa MHOKeCTBEHHOCTH — okoJio 100.

KiroueBrie CJIOBaA: MareMaTn4dcCcKada MOJCIIb, OTTAaJIKUBAaHUC, OOBIKHOBEHHOE

,Z[I/I(I)(I)CpCHI_II/IaJ'IBHOC YpaBHCHHEC, CUCTEMA ypaBHCHHﬁ, ABJICHHUEC, KOHCTaHTAa MHOXCCTBCHHOCTHU

Introduction

Some observations, numerical experiments since [1], also [2] yielded

Hypothesis. A random process for sufficiently large number of components in a
compact media propelled by outer energy may be self-organizing.

We consider distributions of continuous electrical (similar, repelling) charges on

conductors. Such items were considered in many papers. Also, theorems on uniqueness
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of such distributions were proven. For instance, continuous charges on surfaces were
considered in [3], ones on lines were done in [4]. We found that such distributions have
other properties, including absence of uniqueness. For example, two charges have three
stable arrangements within a regular triangle.

We [5] put a general problem to investigate arrangements of discrete electrical
charges, considered motion of a charge under sum of all repelling forces from other
charges within the interior of a domain and along its boundary. We [6] proved existence
of solution of task for two moving charges on an axis; in [7] we also did existence of
solution for one immovable charge and one moving charge on a half-axis. We [8] also
proved existence of solution of a similar task for two immovable charges and one
moving charge on a segment. We [9] considered an arbitrary number of charges on a
segment.

Denote R:=(—o0,20), R+:=[0,20), S2:=/0,1] % [0,1]. Let the time teR-.

1. Description of the problem

We consider n > 2 points moving on the square S,. Denote their coordinates as
zi(t)={xi(t), yi(t)}, i=0..n. Their initial positions (all are distinct) are given:

{xi(0), yi(0)}={xio, Yio}, iI=0..n. (1)

They are mutually repelling by the Coulomb law.

Suppose that the media of S, is very viscous. Then forces of inertia can be
neglected and a force pushes a body in the media as well as it is immobile each moment.
Also, suppose that the velocity of a body in the media is proportional to the force.
Denote
F, =

-3/2
= Biaclic(®) = %0, 3e(®) = 310} (1 (©) = 2:(0)” + (e = 3(®)7)
We obtain the following system of ordinary differential equations of the first order

(the coefficient is 1) with initial conditions (1):

Fy if {x;(t),y, ()} isin the interior of Sy;
projection of F; on the side of S,
if {xi(t),y,(t)}isin the side of Sy;
0if {x;(t), yi(t)}is in the corner of Sy;

(' (0, yi' (O} = teR, )
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2. System of difference equations

We wrote the following program in pascal, corresponding to (1)-(2):
sides of Sy are 700 pixels; #N means number of points; initial values are chosen
randomly:

PROGRAM tagaeva_square;
USES CRT, graph;
var a,b,hxy,vx,vy,dx,dy,dxy,dxyl,hxyl,z,z2,xj,yj,dxy2,dxyd,xsw,ysw: double;
1,J,nxy,it,nt,np,ihand,n_time,ik: longint;
var drv, mode,f,n: integer;
X,y:array[1..800] of double;
xn,yn:array[1..800] of integer;
begin {main}
drv:=0; mode:=VgaHi;
InitGraph(drv,mode,'c:\tp\bgi');
randomize;
SetTextStyle(0,0,2);
OutTextXY (30,20, Tagaeva, 2023. Repelling #N +charges on +square');
OutTextXY(100,40,'(Wait a little)");
2:=700.; z2:=2/2.0; a:=25.; b:=0.01,
np:=10; {nt:=500*n_time;} hxy:=0.5; hxyl:=hxy;
{INPUT}
nt:=1000; nxy:=#N;
for ik:=1 to nxy do begin x[ik]:=z*(random*0.8+0.1);
y[ik]:=z*(random*0.7+0.1);
xn[ik]:=round(x[ik]); yn[ik]:=round(y[ik]);
Setcolor(green); circle(xn[ik]+80,yn[ik]+70,2);
end;
for it:=0 to nt do
begin {it} if it>np then hxy:=2.0*hxy1,
if it>2*np then hxy:=4.0*hxy1,
for i:=1to nxy do
begin {i=ix}
vx:=a/x[i]-a/(z-x[i]); vy:=aly[i]-a/(z-y[i]);
for j:=1 to nxy do

92 Herald of Institute of Mathematics of NAS of KR, 2023, No. 2



begin if j<>i then begin
xj:=x[l; yi:=yll;
dxy2:=sqr(x[i]-xj)+sar(y[i]-yj)+1.;
dxyl:=z/(dxy2*sqrt(dxy?2)); {if dxyl<sqr(z)/nxy*0.5 then} begin
dx:=(x[i]-xj)*dxy1; dy:=(y[i]-yj)*dxy1;
VX:=vx+dx; vy:=vy+dy; end;
end; end;
X[i]:=x[i]+vx*hxy; if x[i]>z*(1.-b) then x[i]:=z*(1-b);
if X[i]<b*z then x[i]:=b*z;
yli]:=y[i]+vy*hxy; if y[i]>z*(1.-b) then y[i]:=z*(1.-b);
if y[i]<b*z then y[i]:=b*z;
end {i=ix};
{SW} xsw:=x[1]; ysw:=y[1]; for i:=1 to nxy-1 do
begin x[i]:=x[i+1]; y[i]:=y[i+1] end;
X[nxy]:=xsw; y[nxy]:=ysw; {end SW}
for ik:=1 to nxy do begin xn[ik]:=round(x[ik]);
yn[ik]:=round(y[ik]) end;
{for ik:=1 to nxy do write(xn[ik]:5,yn[ik]:5); writeln;
readin;}
end {it};
Setcolor(white);
repeat
for ik:=1 to nxy do begin
{circle(xn[ik]+80,yn[ik]+70,6);} circle(xn[ik]+80,yn[ik]+70,3);
circle(xn[ik]+80,yn[ik]+70,2) end;
delay(100);
until keypressed; end.

3. Experiments with the system of difference equations

The more is#N, the more points are situated on sides of S . It corresponds to the known

fact that all charges are situated at the surface of the charged conductor. Since #N>100

there arise regular hexagonal lattices (each charge has each charge has six neighbors at

approximately equal distances in the central part of S».

4. Conclusion
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The fourth example of implementation of effect of numerosity in irgdo-type
processes [9] is found in the paper. It also is an example of the law of the transfor-
mation of quantity into quality. This phenomenon can be connected with the real
processes of crystallization.
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NON-OSCILLATING SOLUTIONS OF VECTOR-MATRIX DYNAMICAL
SYSTEMS WITH DOMINANCE

Zheentaeva Zh. K.
Kyrgyz-Uzbek International University named after B.Sydykov

Supra, the author proved existence of positive solutions of initial value problems for
dynamical systems: scalar differential equations with small delay of argument and corresponding
difference equations. In the paper conditions for existence of solutions without zeros for 2-vector
differential equations with small delay of argument and corresponding systems of difference
equations are found.

Keywords: dynamical system, solution, differential equation with delay, difference equation,
initial value problem.

Mypaa aBTOp TOMOHKYJ®H JTMHAMUKAJIBIK CUCTEMajap Y4YH OallTarkbl MacelelepInH OH
YbITapbUIBIIITAPBIHBIH  KAIIOOCYH JaIuJIacam. CKaJApAbIK, APryMCHTHHHWH KCUWUIYYCY KHYMUHC
60roH nuddepeHIHANIBIK TEHAeMeIep MCHEH Jal KeJITeH aibipMa TeHaeMernepu. by makanana 2-
BEKTOPAYK apryMEHTUHUH KEUUTYYCYy KHMuuHEe O0NToH AuddepeHinaniblKk TeHIeMelep MEHEH 1al
KCJII'CH aﬁBIpMa TCHACMCIICPU CUCTCMAJIAPBI YUYH HOJIAOPY KOK UbIT'apbUIBIIITAPBIHBIH KAIIOOCYHYH
[IaPTTapbl TAOBLIJIBL.

Ypynmmyy ce3z0ep: IHMHAMHKalBIK CHCTE€Ma, YbITAPbUIBILI, KEUYUTYY4y apryMeHTTYY
nuddepeHInaNAbIK TEHAEME, ailbipMa TeHIeMECH, OallITalKbl Macele.

Panee ABTOp JOKa3aja CyII€CTBOBAHUC ITOJOXKUTCIbHBIX peHIGHI/Iﬁ HaYaJIbHBIX 3aJa4 dJId
JUHAMHUYECKUX CHCTEM: CKaJSIPHBIX AU(QepeHLnaIbHbIX YPaBHEHUH C MaJlbIM 3ara3/ibIBaHUEM
apryMeHTa M COOTBETCTBYIOIIMX pA3HOCTHBIX YpaBHEHUH. B cTaTee HalIeHBl YCIOBUS
CYIIECTBOBaHUA pelIeHUi Oe3 Hysel A 2-BeKTOPHBIX AU(QepeHInanbHbIX YpaBHEHUH ¢ MaIbIM
3amna3gblIBaHUECM apryMCHTa U COOTBCTCTBYIOIIUX CUCTEM PA3HOCTHBIX ypaBHeHI/II\/'I.

Kniouesvie cnosa: ANHAMHUYCCKasA CUCTEMaA, PCIICHHC, ):[I/I(l)(bepeHLII/IaJILHOC YpaBHCEHHUE C
3amnasblBatOIuM apryMmeHTOM, Pa3HOCTHOC YPABHCHUC, HaYaJIbHAs 3a/iava.

Keywords: finite-difference equation; differential equation with retarded argument; system of
equations; special solution; initial problem; asymptotic.

1. Introduction

Formerly, in order to conduct the in-depth study of differential equations with
delay, the author proposed the method of splitting the solution space reducing such
equations to the systems of operator-difference equations. Using this method, the
author assumed new conditions, i.e. the absolute domains for coefficients sufficient for

the existence of special (slowly changing) solutions, and proved the presence of
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approximating and asymptotically approximating properties in them, as well as the
asymptotic one-dimensional space of solutions of the initial problems for linear scalar
differential equations with small delay of argument and the corresponding difference
equation systems (special solutions correspond, to the solutions with a slowly changing
first component and a relatively small second component). For the purposes of the
single-point representation of the obtained results and other data related to the theory
of dynamic systems (the distance between the solution values tends to zero alongside
the unlimited increase in argument), throughout this research paper the author uses the
concept of the asymptotic equivalence of solutions for dynamic systems, as it was
introduced by the author in their previous papers.

In the paper conditions for existence of solutions without zeros for 2-vector
differential equations with small delay of argument and corresponding systems of
difference equations are found.

In order to provide solution of the initial problem for a linear differential equation
with a limited retarded argument, some sources, including the book [1] and research
papers [2] and [3], discuss the conditions when there exists such one-dimensional sub-
space of solutions (referred to as special), so that any solution tends to increase its
argument towards one of the special solutions. The review of such academic sources is
given in the research paper [4].

The book [5], it is illustrated that using the differential equations with small
argument retardation and the technique of splitting the solution space, it is possible to
enable their transformation into the systems of operator-difference equations with
preservation of their specifics. Thus, the new conditions ensuring the existence of
special (slowly changing) solutions are obtained, their possession of approximating and
asymptotically approximating properties is defined, as well as the asymptotic one-
dimensional solution space of initial problems for linear scalar differential equations
with small argument retardation and corresponding difference system of equations
(special solutions correspond to the solutions with a slowly changing first component,

and a relatively small second component).
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In [6] existence of positive solutions of initial value problems for dynamical
systems: scalar differential equations with small delay of argument and corresponding
difference equations is proven.

Section 2 introduces the required definitions and denotations.

Section 3 presents the theorem on existence of special solutions of systems of
difference equations.

Section 4 presents the newly found conditions for 2-vector delay-differential
equations.

2. Denotations and definitions
Denote: No ={0,1,2,3,...}, N={1,2,3,...}, R=(—00,20),R+=[0,2),R++=(0,20), I, -

nxn as identity matrix, neN.

C™®D is the space of functions u: D—R™ continuous with the derivatives till the
order k; D is the domain in R, 0 eD,m eN,k eNo; C*™®D is the sub-space of functions
meeting the condition u(0)=0 eR™. m=1 and k=0 shall be neglected.

For the purposes of the uniform representation of problems with continuous and
discrete time, it shall be assumed that the argument of the desired function t belongs to
quite an ordered set A, possessing its smallest element (herein referred to as 0), but still
not possessing any largest element. Normally, A=R. or A=N, are employed.

This paper discusses the initial problems only. Assuming that the initial problem
always has some solution, then the solution is the only and global one, and, thus, it
covers the entire set A; so, then the space of solutions of any particular dynamic system
with the entry condition ¢ may be regarded as the operator W(t, p): Ax®@—Z, with @
being the topological space of the initial conditions, and Z being the topological space
of the solution values. In the case of A=R. let us assume that W(t,¢) is continuous with
respect to t.

Definition 1.If the operator W(t,¢) is linear and (¥t € A)(W(t,¢0)=0) then

the solution W(t, ) is said to be non-oscillating.
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Definition 2. If the space Z can be split: Z=Z; & Z, in such a way that Z,-
components of a solution has a “slight effect” on Z;-components then the equation is
said to be “with dominance” (of Z; on Zy).

3. System of difference equations with dominance

Consider the system of difference equations

Xn+1 1+ay:, A12.n A13n Xn
Yn+1 | = Az1n 1+ay1, azn || Yn|,n=012,.. (1)
Zn+1 az1n A32.n A33n /) \Zn

with the initial condition

Xo X0,0
()’o) = ()’0,0) (2)
Zy Z0,0

where x,,y, R and z, are elements of a Banach space B, a;;, are corresponding
numbers of R or linear operators. Denote d: = sup{||a;»||: i,j, n}-

Define the norm max in the space R?xB.

Theorem 1. I1fd<3-18=0.17157...

then there exist such numbers w, - € R+ that the assertions

{Xo00, Y0.0}#0, [1zool|<W[[{X00, Yoo }I (3)
imply that the solution {X,, Yn,Z,} of the IVP (1)-(2) meets the condition
(Ph eN)([I1{Xn, Yo HI 27-"1{Xo, Yo HI=0; [1Znl|<W][{Xn, Yn }])- (4)

Proof. Let||{Xo0, Xo0}|=1.
For brevity of writing, we will consider pass from n=0 to n=L1.
Without loss of generality, Xo=1, |Yo|<'1. Estimate
X12>1- Xo -au| Xo —|asz] - |Yo|-|as|| | |Zo||=1-1-d-1-d -1-d -w=1-(2+w)d.
Hence, [[{Xy, Y1 }{|= (1-(2+w)d) [{Xo, Yo }[ -
If (1-(2+w)d) 27 then [[{Xy, Y1 }|[= 72 [[{Xo, Yo }I.
Estimate
[Z11[<[az] Xo +[asz| - [Yo |+][ass||| [Zof|sd -1+d -1+d -w=(2+w)d.
If (1-(2+w)d) >~ and (2+w)d <wz_ then
121 |lswan- <w[[{Xo, Yo }|.

99| Herald of Institute of Mathematics of NAS of KR, 2023, No. 2



Consider the system ((1- (2+w)d) =n-) A (2+w)d =wn_).
Hence, (1- (2+w)d)w = (2+w)d.
We obtain the equation d-w?+(3d-1)w+2d=0.
The discriminant D=(3d-1)?-8d2=d?- 6d+1=1-d(6—d) > 1— (3— 18) (63— V8))=
=1-(3-18) (3+ 8)=0.
Let w*:=(1-3d—Vv/(d>-6d+1))/(2d).
We have (1-3d)?- (d*-6d+1)=1-6d+9d? —d?+ 6d -1=8d>>0. Hence, w* >0.
Let . *:=1-(2+w™*)d.
The inequality 1— (2+w*)d >0 is equivalent to
1-2d —(1-3d—VD)/2 >0; 2—4d —1+3d+vD >0; 1—-d+vD >0.
Moreover, the inequality 1— (2+w*)d > v2—1 (exact estimation) can be proven:
2— V2 > (2+w*)d is equivalent to
2— V2> 2d +(1-3d—VD)/2; 4-2V2 > 4d +1-3d—VD;
3-d >2v2-vD;d <3 - V8+vD.
Theorem is proven.
Theorem 2. 1fd<0.166 then (3) imply (vheN)({Xn, Yn, Z, } #0)
P ro o f. Direct calculation yields w*(0.166)<0.98 <1. By Theorem 1,
[{Xn, Yo, Zao HI=I{Xa, Yo, 034{0, 0, Zn }| 2 [[{Xn, Yn, O}I-HKO, 0, Zs }I|=
=[{%n, Yo HIAIZa 112 [1{Xn, Yo HI=W[[{Xn, Yn }|=0.02]|{Xx, Yn }||>0.

4. 2-vector delay-differential equation

Let us consider an equation:

w (t)=P@®)w(t-h) (heR+s), teRy (5)
where w(t) is the unknown 2-vector-function, and P(t) is the given bounded
continuous 2x2-matrix-function respectively, with the initial condition:

w(t)= o(t), te [-h,0], (6)
where ¢ (t) is the given continuous 2-vector-function.
It is well-known that the initial value problem (5)-(6) is equivalent to the

following system of equations for functions U,(t) eC2M[-h,0], n eNo:
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Uo(®) = So(9 D)(®):= ¢ (0) + [, P(s + h)p () ds;

Ups1(8) = Su(Un (D) (0): = Un(0) + [5, P(s + nh + h)Up(s) ds,neNq. (7)

In [7], the author proposed the following method: let us consider the space
C2W[-h,0]=R?xC2V[-h,0] as Cartesian product of space of functions-constants equal
to R?, and the space 2=C*2W[-h,0], namely Un(t)=Xn+Yn(t).

Let us denote that P,(7) = P(z+ nh + h).

Consequently, the shift operators equal to the value of h in (7) shall be given in

the following way:
Une1F+Zns1(8) = S (tn + 22 ) (©) =ty + 2, (0) + [, Po(8) (n + 2a(5)) ds =
= 1y + [°, Pu(8) (tn + 2,(8)) ds + [ B () (tty, + 2, (5)) ds =
= (S, Pu(s) ds + I )ty + [, Pu($)za(s) ds + [ Pu(s) ds uy + (®)
+fy Pu(5)z(5) ds.
Let us denote (a 2x2-matrix) a, = [, P.(s)ds+ I, (vector functional)
boz() = [, P(s)z(s) ds, (2x2-matrix-function) c,(¢) := [} P,(s)ds,

(operator of the function) d,z()(t) := | Ot P,(s)z(s) ds. (9)
Then, the system in (8) is modified as follows:
Unt1 = Anln + bnzy (),
Zn+1 (1) = cn(Ouy+dnz, ()(£),n €Ny (10)

P11, () Plz,n(t)) and u, = (xn

Presenting P, (t) = ( ) we obtain a system

P21n(t)  P22n(t) Yn
of type (1):
) =G0 + P ds (1) + 10 Pa)za(s) ds

Znna (8 = [y Pu(s) ds () + 5 Pu()z(s) ds.

As a consequence of Theorem 2;
Theorem 3.1f1) 4= max{sup{|pi;»(O)|: t R} }: i,j = 1,2}his sufficiently

small;
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2) ¢(0)=0 and sup{||p(t) — @(0)||: t e[—h, 0]} is sufficiently small

then the solution of the initial value problem (7)-(8) is non-oscillating.
Conclusion

A new class of matrix-functions “with dominance” is distinguished. Some
elements of the main diagonal are close to one, others are small in norm. Such matrix-
functions provide category of dynamical systems (difference equations and equivalent
delay-differential equations) with non-oscillating solutions.
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NONLINEAR MODEL OF UNEVEN ECONOMIC GROWTH OF REGIONS
OF THE KYRGYZ REPUBLIC

IBiibosunov B.I., 2Choroev K., *Kydyrmaeva S.S.
1KSU named after I. Arabaev

23 J. Balasagyn KNU

During the years of independence, the unevenness (asymmetry) of economic development of
the regions of the Kyrgyz Republic has increased, the gap between regions in the most important
indicators of regional production, income levels and poverty, and the quality of life of the population
IS increasing. Smoothing out economic asymmetry is one of the most important problems of public
administration. We have proposed a nonlinear model based on production functions such as VES -
functions (VES -variable elasticity substitution production function).

Keywords: uneven development, nonlinear model, region, VES-production function.

OreMeHAYYAYK KbuigapeiHaa Keipre3 PecmyOnuKkachIHBIH PErHOHIOPYHYH SKOHOMHUKAJIBIK
OHYI'YYCYHYH Oupjeli 3MecTHrd (acCUMETPHsUTYyJayry) ecTy, pEeTHOHAYK OHIYPYLITYH,
KHUPCIICIICPANH KaHa JKAKBIPYBUIBIKTBIH ACHID3JIMHUH, KAJIKTBIH KAIOO0 CAaIllaTbhIHBIH 5H MAaHUIIYY
KOPCOTKYUTOPY OoroH4Ya PEruoHAOPAYH OPTOCYHAArbl QAXKBIPBIM ©CYII JKaTar. OKOHOMUKAIIBIK
ACUMMETPHSHBI TEKIINII060 MAMJICKETTHK OallkapyyHyH MaaHUJYY MpoOJieManapbIHBIH OUpH OO0y
cananar. buz VES-pyHKmmsiaps! CeIsIKTyy OHIYpYI QYHKIMSUTAphIHA HETH3/IEITEH ChI3BIKTYY IMeEC
MOZACI AN CYHYII KbUIABIK.

Ypynmmyy ce30ep: Terus amec ©HYTYY, ChI3BIKTYY 3MeC MOAEeNb, aitmak, VES - eHypymTyk
byHKIMS.

B roap! He3aBUCUMOCTH HEPABHOMEPHOCTH (aCUMETPHUSI) IKOHOMUYECKOTO Pa3BUTHUS PETHOHOB
KP BO3pOCiia, YBCIMYHUBACTCA PA3PLIB MCKAY PCruUOHaAMH 110 Ba)XXHEHIINM ITOKa3aTelIIM
PEruoOHaJIbHOTO MPOU3BOJACTBA, YPOBHA HOOXOOOB U 6CIIHOCTI/I, KayecCcTBa XHU3Hb HACCIICHUA.
CrinaxxuBanyue >KOHOMHYECKOU ACUMMCTPUU  ABJIACTCA OAHHM U3 BaKHEHIITNX HpO6J’IeM
rOoCy/lapCTBEHHOIO  ympaBieHus. Hamu mnpennokeHa  HenuHeilHas Mojaenbs Ha  Oase
NpOM3BOACTBeHHBIX QyHKIMA Tuma VES —¢yukuuit (VES — variable elasticity substitution
production function).

Kniouesvle cnosa: HepaBHOMEpPHOCTb pAa3BHUTHS, HEJIUMHEWHass MOJENb, peruoH, VES —

MIPOU3BO/ICTBEHHAS (DYHKIIHAL.
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Introduction

Solving the problems of sustainable economic growth of the regions of the Kyrgyz
Republic in new conditions requires the development of appropriate forecasting and
analytical tools that would allow the authorities of the country's region to carry out
scientifically based forecasts of the region's development, taking into account the
requirements of annual forecasts of the socio-economic development of the country as
a whole. The core of such tools should be an economic and mathematical model of
economic development in the region, which would make it possible in the medium and
long term to assess the limits of growth of gross output and gross regional product
depending on investment efforts, effective demand, demographic factors,
environmental behavior, as well as others. aspects of sustainable growth. The factor of
socio-economic asymmetry in regional development significantly complicates the
process of modeling economic growth and makes the conclusions obtained in the
fundamental theories and models of economic growth untenable.

In macroeconomic studies of the structure of the economy at the regional level,
one can use the single-sector model of R. Solow. In this model, the regional economic
system is considered as a single unstructured whole, producing one universal product
that can be both consumed and invested. The three-sector model reflects the
reproduction process in more detail. The basic model when considering the structure
of the economy by sector in general and employment in particular is the theory of three
sectors, developed by K. Clark, and over time supplemented by D. Bell, E. Toffler and
W. Rostow. This model is still relevant today, but requires new high-quality content.
Its essence lies in changing the share of the primary, secondary, tertiary sectors in gross
domestic production.

Three-sector model

To develop a three-sector model, we will take the Solow model as the base model.
As an optimality criterion, we consider the maximum production of consumer goods
per employee in the production sector.

The production subsystem of the economy can be divided into three sectors. The

first sector is the material (zero) sector, which produces objects of labor. This sector
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includes the mining industry, electric power industry, agricultural production,
construction materials industry, freight transport, office communications, and trade.
The second sector is the capital-creating sector (the first) — the sector produces means
of labor: machines, equipment, industrial buildings, etc. The third sector is the
consumer (second) sector, which produces consumer goods. This sector includes civil
construction, agricultural processing (light and food industries), passenger transport,
civil communications, and trade in consumer goods.

Let us assume that general production assets (GPA) are assigned to each sector.
Investment and labor can move freely between sectors. Then you can accept the
following conditions:

- the technological structure is considered constant and is specified using
nonlinear-homogeneous neoclassical production functions X; = F(K;,L;) i=0,1,2.

- the total number of employees L (in the production sector) changes with a

constant growth rate v. Then v in discrete time has the form (t-year number)

_ L(t+1)-L(0)
L

upon transition to continuous time, it takes the form of a differential equation

% =L, L(0) =L° itssolutionis L = L%"¢,

- there is no investment lag.

- the wear coefficients of GPA u; and direct material costs «; sectors are

constant.

- the economy is closed, i.e. foreign trade is not considered.

From assumptions (3, 4) it follows that the change in the general income of the i-
th sector over the year consists of two parts: depreciation (—K;) and growth due to
gross capital investments (I;), that is, K;(t+ 1) — K;(t) = —w;K; + I;(t), i=
0,1,2 or in continuous form: K;(t + At) — K;(t) = [—w; K;(t) + I;(t)]At at At — 0.

We obtain a differential equation for the GPA sectors:

dK;
dt

GPA and the number of employees in sectors (Kj,L;) are instantaneous indicators,

= —w;K; + I, K;(0) = K7,
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I.e. their value can be measured at any point in time. Sector output and investment (X;,
;) are flow type indicators, i.e. their values accumulate over the year starting at time t.
Three-sector economic model:
L = LPe" is the number of employees;

Lo + Ly + L, = L is distribution of employees by industry;

dK;
dt

X;=F(K;, L;) i=0,1,2isoutput by sector;

= —w;K; + 1;, K;(0) = K is dynamics of funds by sector;

X; = I, + I; + I, — distribution of products of the capital-creating sector;
X, = apXy + a1 X, + a, X, is distribution of products of the material sector.
The model is dynamic and includes linear dynamic elements:
dK; B
dt dt
It is nonlinear, since sector outputs are specified by nonlinear production

= _MiKi + Il', vL.

functions X; = F(K;, L;) and is multiphase, since its state is represented by three
variables K, K, K, interconnected through balances. The emergence of the economic
system appears in the balance sheets, i.e. the presence of such general properties that
are not inherent in the individual elements that make it up: each sector produces as
much product as other sectors and consumers need and for as long as the resources are
sufficient.

The endogenous (determined by the model) variables are the GPA and sector
outputs. Exogenous (specified from outside the model) variables are the growth rate of
the employed v, the depreciation coefficients of GPA, the coefficients of direct material
costs, the initial value of the number of employees, and their initial distribution.

Management is carried out by distributing labor (L, + L, +L, = L) and
investment (X, = I, + I; + I,) resources.

When constructing the PF, certain difficulties arose that are characteristic of the
economy of Kyrgyzstan. The use of the neoclassical CES production function for
analysis does not always allow us to assert that the elasticity values of labor substitution
with capital o are constant, since the cost of fixed and working capital strongly depends

on the volume of investment, which is associated with capital and determines its
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dynamics. It should also be noted that the adoption of additional assumptions justifying
the possibility of using CES production functions of these types in the long run reduces
the accuracy of the resulting estimates.

Recently, in studies of the place of CES-production functions, VES-functions
(VES-variable elasticity substitution production function) have been used, which take
into account changes in the elasticity of labor substitution with capital ¢ in a certain
period. Various options are used to represent this production function analytically.

Calculations are made based on statistics from 2010 to 2022 [2]. X, is production
material costs. X; is the indicator “Accumulation” minus “Production of consumer
goods”. X, is “Non-productive consumption”. Numbers K; is were determined
according to the indicators “Fixed production assets by industry”. Numbers L; were
determined by the indicators “Distribution of the population employed in the economy
by industry”.

The resulting function looks as:

Xo = 13,24e008t K37 [0 e~ 112K
Xy = 17,3201t g PO [ )44 e =232k

X2 — 32,1180’17tK(§)'47Lg'53€_2’17k

ak
Valueo =1+ —akl’—p’

where a = 1,24; b = 0,27.

Approximation characteristics: s? = 0,32;dw = 1,37; v = 3,094; R? = 0,864
show that the obtained parameter estimates are statistically significant.

Analysis of the obtained parameter values shows that the constructed production
function of the VES-function type by sector makes it possible to obtain a more accurate
approximation from 65 to 85% of the values of the final product of the economic
system and the modified production function g(k) to the corresponding initial data.
The elasticity coefficients of output for fixed assets in three sectors show a downward
trend. The elasticity coefficient for labor resources increases slightly. And total
elasticity shows that output increases more slowly than resource inputs.

The values of the standard deviation for the constructed production function of
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the VES-function type are less than for the previously developed CES-functions. This
allows us to conclude that the proposed VES function provides a more “stable”
approximation of the calculated values of Y and the modified production function g (k).

It can be noted that the proposed and implemented algorithm for constructing a ¢-
homogeneous VES-production function that meets the requirements for neoclassical
production functions allows the specified function to construct with a sufficiently high
accuracy of approximation of the parameters characterizing the functioning of the
economic system.

To solve socio-economic problems and for the optimal distribution of available
resources, the state needs to make adjustments using various mechanisms for regulating
the distribution of resources or through direct participation in the economic process.
The task of improving the well-being of the population should be a priority, so
managing structural changes requires special research. Managing structural imbalances

makes it possible to increase labor productivity and capital productivity.
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ISSUES OF NATURAL RESOURCE MANAGEMENT AND
AGRICULTURAL FORECASTING IN THE KYRGYZ REPUBLIC

Dzhumabaev K.1, Toktorov K. K.2, Jumabaev A. K.3
YInstitute of Mathematics of NAS of KR
2Osh State University of the Kyrgyz Republic
3J. Alyshbaev Institute of Economics of NAS of KR

The purpose of the paper is the theoretical and methodological justification of the socio-
economic and environmental aspects of the rational use of natural resources of Kyrgyzstan, the
development of practical recommendations. In the article based on the analysis and evaluation of the
rational use of natural resources identified factors associated with climate change, degradation of
agricultural land, pastures, increasing population, increased foreign integration, the degree of food
security, the level of food consumption, the state of export-import operations, and the impact of these
factors on poverty and public health.

The subject and object of the paper is a set of organizational and economic problems
associated with the rational use of natural resources. The authors focus on developing specific
proposals for the economic and rational use of natural resources. The forecast until 2035 shows that
for the growth of agricultural products, a set of measures is necessary related to the effective
management of natural resources, technical equipment, and financing of agriculture in terms of
improving the variety of seeds of agricultural crops and breeding breeds in agriculture.

Keywords. Ecology, social sector, agricultural sector, foreign trade, food security, quality,
standards, water, pastures, optimization, modernization, innovation, training, persons with

disabilities, resources, export potential, forecast.

MaxkananblH MakcaTbl — KBIprbI3CTaHIBIH KapaThUIBILI PECYPCTAPBIH  CapaMiKaJyy
naiiananyyHy »kaHa aiibul yap0a NPOJYKIHMSACHIH OHIYPYYHY OOJDKOJIOOHY TEOPHSUIBIK >KaHa
METOAOJOTHSIIBIK JKAKTaH HETU3JEM, MPAaKTHKAIbIK CYHYLITApIbl MINTEN 4YbIryy. JKapaTpuiblin
pecCypCTapbelH capaMkalyy NaiianaHyyHy TajJJOOHYH »aHa 0aajJOOHYyH HETHM3MHJE Makajaja
KJIMMATTBIH ©3TepYLIYHe, albll yapba KEepJIepHUHMH, XAWbITTap/blH JAETPaJalusChiHA, KaJIKTBIH
CaHbIHBIH OCYUIYHO, TBIIIKbI HHTErPALMSAHBIH  KYYOILIYHO, a3bIK-TYJIYK KOOICY3AYT'YHYH
Jlapa)xacblHa, a3bIK-TYJYK KEPEKTOO NEHIIIMHE, SKCIOPTTYK-UMIIOPTTYK ONepalusIapIbH abasbl

JKaHa 6y.]'[ (baKTOpJ'IOp)IYH JKAKbIPYbUIBIKKA JKaHa KAJIKTBIH ACH COOJIYI'YHA TUHTHU3TeH TaaCupu.
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MakananblH IpeaIMeTH aHa OOBEKTH OOJyH >KapaTbUIbI PECYPCTApPBbIH CapaMKalayy
naijagaHyy MeEHEeH OallJlaHBIIIKAaH YIOWITYPYyUyJyK JKaHa OJKOHOMHUKAJIBIK KeHIreHIepayH
KBIMBIH/BICHl CaHajaT. ABTOpJIOP apaThUIBIL PECYpCTapblH YHOMIYY JKaHa palHOHAILyy
naigananyy OOroHYa KOHKPETTYY CYHYIITApbl WINTEN 4YbIryyra KeHyJ OypymikaH. 2035-xbuira
YeWHH JKYPIy3YJI'eH MaTeMaTUKaJblK MOJEN[ee aibll 4apba eHIYPYLIYHYH ecylly Y4YYH
KapaTbUIBII PEeCypCTapblH HATHIKAIYy Oalkapyyra, TEXHUKAIBIK jKaKTaH jka0ayyra jkaHa aibul
yapOachlH KapXKbUIOOro OaiyIaHBITYy MIN-YapajapAblH KOMIUIEKCTYY aTKapyyHy Tajarl
KbUIBIHAPBIH KOPCOTYII Typar.

Ypynmmyy cez0ep. Dxonorus, COUUaIIbIK CEKTOP, arpapAbIK CEKTOP, THILIKbI COOA, a3bIK-
TYJIYK KOONCY3IyTy, camar, CTaHgapTTap, Cyy, »ailblT, ONTUMAJAAIITBHIPYY, MOJEpPHM3ALMS,
MHHOBAIM, KaapiapAbl Aasplo0, MYMKYHUYJYTy UYEKTEIIeH ajamjaap, pecypcrap, SKCIOPTTYK
MOTEHIM AN, 0OJHKOMOJT.

Llenbio CTaThy SIBJISAETCS TEOPETUYECKOE U METOA0JIOTNYECKOE 0OOCHOBAHUE PALIMOHATIBHOIO
MCIOJIb30BAaHUsl IPUPOIHBIX PECYPCOB U MPOrHO3UPOBAHME MIPOU3BOJICTBA CEJILCKOXO3SHCTBEHHON
npoaykuuu Keipreizcrana, pazpadboTka mpakTHUECKUX peKOMeHaluil. B craTbe Ha OCHOBE aHaIu3a
Y OLIEHKH PallMOHAJILHOTO UCIIOIb30BaHUS PUPOIHBIX PECYPCOB BBISBICHBI (DAKTOPHI, CBA3aHHBIE C
U3MEHEHHEM KJMMarta, Jerpajaluedl CelIbCKOXO3AHCTBEHHBIX YroJuil, mnacTOuil, pocToM
YHCJIEHHOCTH HACEJICHUs, YCHUJICHHEM BHEIIHEH HWHTEerpaluu, CTENeHbIO MPOJOBOILCTBEHHON
0€30MacHOCTH, YPOBHEM MOTPEOJIEHUSI MPOJOBOJIBCTBUSA, COCTOSIHME 3KCHOPTHO-MMIIOPTHBIX
orepalui U BIUsHUE 3TUX (PAaKTOPOB HAa OETHOCTH, U 37J0POBbE HACEIECHUS.

[TpeameroM M 0OOBEKTOM CTAaTbU SIBIISIETCSI COBOKYITHOCTh OPraHU3allMOHHO-3KOHOMUYECKHX
npoOsieM, CBSI3aHHBIX C palMOHAIbHBIM HCIOJNB30BAaHUEM MPHUPOJHBIX PECYpPCOB. ABTOpPbI
aKLUEHTUPYIOT BHUMaHUE Ha pa3pabOTKe KOHKPETHBIX MPEIOKEHUH 10 HKOHOMHOMY U
palMOHAJIbHOMY  HCIIOJIB30BAaHMIO IPUPOAHBIX pecypcoB. lIpoBeneHHOe MareMaTudeckoe
MozenupoBanue 10 2035 roga mokasslBaeT, 4TO JUIsl pOCTa MPOU3BOJICTBA CEJIbCKOXO35MCTBEHHON
MPOJIYKIIMK HEOOXOJUM KOMIUIEKC Mep, CBA3aHHBIX C 3()(EKTHUBHBIM YIPABIEHUEM NPUPOIHBIMU
pecypcamu, TEXHHYECKHUM OCHAlleHHeM M ()MHAHCUPOBAHUEM CEJIbCKOT0 XO3sCTBa B 4YacTu
YAY4IIEHUS] Pa3HOOOpasusi CEMsIH CEIbCKOXO3SIMCTBEHHBIX KYJIbTYp M CEJIEKIIMOHHBIX MOPOJ B
CEJIbCKOE X035 CTBO.

Kniouegvie cnosa. xonorusi, COMAIBHBIA CEKTOP, arpapHbIii CEKTOp, BHEIIHSS TOPTOBII,
MIPOJIOBOJILCTBEHHAs] 0€30MacHOCTh, KayecTBO, CTaHAApPThl, BOJA, NACTOMIA, ONTHMHU3ALINS,
MOJIEpHU3AIMS, MHHOBALlUM, OOY4YEHHE, JIIOJU C OrPAaHMYEHHBIMH BO3MOXKHOCTSIMH, PECYPCHI,

3KCHOpTHBIfI MOTCHIHAJI, ITPOTHO3.

At present, the environmental, social and economic development of society is
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already evidently occurring with a gross imbalance and imbalance in the biosphere.
Strengthening of foreign trade relations puts requirements of rational use of natural
resources, ensuring food and environmental safety, social responsibility, as well as
ensuring competitiveness of food products exported to the world market on a new level.
At the same time, the level of methodologies and practical developments and
mechanisms for the rational use of natural resources developed to date, taking into
account the environmental, social and economic situation is not yet fully able to
effectively address environmental issues and the use of natural resources of the
country.

With expansion of integration of the country into the world economic system,
diversity of social production the problem of food security of the country and
production of ecologically clean agrarian production corresponding to international
quality and standards becomes more and more acute.

In this aspect, research aimed at further development of crop and livestock
sectors, more effective use of land and water resources of Kyrgyzstan are of great
relevance.

The subject and object of the paper is the totality of resource potential related to
the development of agricultural production. The authors focus on the development of
the state program "Prospects of rational use of natural resources of agricultural
production in conditions of integration of Kyrgyzstan".

Currently, state regulation of the processes of rational use of food resources and
protection of land and water and biosphere should be based on the application of
organizational and economic mechanisms related to food resources, population and
foreign trade.

Of particular importance are studies on the development and implementation of
soil-protective and innovative activities, cultivation of crops and livestock and poultry,
taking into account different soil and climate and location of the branches of
agricultural production.

At the same time the assessment of realities and prospects plays in solving the

problems of satisfying the population's demand for food products in terms of quality,
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ensuring food security of the country, improving the socio-economic and
environmental situation of society, as well as transportation, trade, service, customs
control, etc.

In order to successfully ensure the socio-economic and environmental aspects of
the rational use of natural resources of agricultural production, it is necessary to
consistently and timely identify trends and determine the prospects of its development.
With the rational use of natural resources of agrarian production is closely related, the
state of the social sphere, the environmental well-being of sectors of the economy.

As a result of the study theoretical and methodological foundations of the
essence and content of the rational use of natural resources of agricultural production
in terms of foreign trade integration are substantiated, the author's point of view on the
definition of the main factors is given and the prospects of agricultural production are
determined. The use of theoretical and practical recommendations can allow creating
conditions for increasing the potential of agricultural production, increasing the volume
of export-oriented agricultural commodity products, improving foreign trade turnover,
increasing control over the observance of environmental purity of produced goods,
improving the welfare of society, reducing poverty and migration outflows of the rural
population.

The methodological basis of the study were the scientific works of domestic and
foreign scientists on the interaction of society with the natural environment and rational
use, the classification of natural resources, the problems of production, evaluation and
optimization of agricultural production, economics of nature management and
government regulation reflecting the objective regularities of this process. Wide use
was made of normative-methodological developments, statistical data and literary
sources and Internet sources.

In the process of research methods of system analysis, economic-statistical,
monographic, comparative methods, etc. were used.

Many aspects of ecological-economic and social direction were addressed in the
activities of international organizations such as the UN, WHO, GEF, FAQ, etc., within

the framework of relevant programs, conventions, declarations, as well as the reports
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of conferences, seminars, symposiums, trainings and discussions.

An important condition for solving socio-economic and environmental aspects
in the rational use of natural resources of agrarian production under conditions of
strengthening foreign trade relations, is to accelerate the pace of innovation and
optimization of the development of agricultural sectors, transfer the economy of
agricultural production to the intensive way, the rational use of productive capacity and
labor resources, saving material and other resources and ensuring food security of the
country and the build-up of the ob
The study showed that the uneven denationalization and privatization of state property,
the distribution of natural and productive resources, the lack of methodological
approaches, taking into account the resource potential and socio-economic situation of
the country, as well as the inconsistency of agricultural reform did not ensure stable
growth of the agricultural economy and poverty reduction in rural areas. As a result of
the agrarian reform, the number of small-scale peasant (farmer) farms sharply
increased, and the number of large-scale commaodity farms significantly decreased. In
Kyrgyzstan, from 1991 to the present transition to market relations, the growth rate of
gross domestic product to the previous year decreased, if in 1991 it was 92.1%, in 2021
it was 91.4%. The share of commodity production of agricultural products from the
level of gross domestic production has sharply decreased from 35.3% in 1991 to 13.5%
in 2021 [2].

Insufficient growth rates of gross domestic product, relatively low crop yields and
animal productivity, high population growth rate of Kyrgyzstan does not fully allow to
ensure food production in the size that fully meets the growing needs of the population.

Further sustainable growth of the agricultural economy of Kyrgyzstan is closely
linked to the further rational use of natural resources of agricultural production,
ensuring food and environmental security, increasing the rate of production of export-
oriented agricultural products and improving the social condition of the population.

Kyrgyzstan has significant resource and economic potential for economic and
social development. The total area of land in Kyrgyzstan is 19,994.9 thousand hectares,
including 10,607.7 thousand hectares of agricultural land, of which 1,287.4 thousand
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hectares of arable land and 9,174.3 thousand hectares of hayfields and pastures [6].

However, the transformation and use of agricultural lands takes place against the
background of the destruction of ecology, the balance of the biosphere, the accelerated
development of anthropogenic processes, such as soil erosion, reduction of humus
content, waterlogging, degradation, pollution of productive lands, unreasonable land
allocation for non-agricultural needs, the continued growth of lands unhappy with
irrigation and meliorative conditions. This has a direct negative impact on the
development of agricultural production and improvement of the efficiency of the
agrarian sector of the economy. At the same time, Kyrgyzstan has not yet developed
environmental insurance of the use of natural resources of the agrarian sector of the
economy. We support the opinion of the authors Naminov K.A., Yablunovsky M.Y.,
Nadbitov N.K. that "... environmental insurance as an element of environmental and
economic innovation development system can act as a financial tool for
implementation of environmental policy of the enterprise, as well as a tool to strengthen
environmental control, which ultimately will promote sustainable economic
development and ensure the implementation of the economic, environmental, social
policy of government agencies" [3].
Yes ecological insurance can provide reduction of risk events in the use of natural
resources, especially the agrarian sector of the economy.
Since land and water resources are the main content of natural resources, and they are
limited in scale and volume. this in turn raises the problem of rational resource use, in
particular the agricultural sector. In Kyrgyzstan, the agricultural sector of the economy
Is the main source of food supply for the population and the creation of jobs not only
for the villagers, but also in the industrial centers of the republic that process
agricultural raw materials. However, the volume of production and sales of agricultural
products and marketability remains low. Thus, in 2019, the turnover of grain, tobacco,
oilseeds, potatoes, slaughtered animals and poultry, raw milk and wool (by physical
weight) ranges from 59.8 to 82.0 percent.

Of these, about 721 thousand hectares are occupied by arable land subject to

water erosion. One of the extremely negative factors contributing to water erosion is
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the presence of terrain slopes. There are about 614 thousand hectares of such lands out
of the total arable area [6].

One of the reasons is that in recent years there has been a decrease in natural fertility,
soil washing out and gully formation, soil degradation due to erosion, salinization and
technical awarding, and measures for creation of field belts, plantations in gullies, on
river banks and water bodies, foreseen for wind and water erosion have tendency to
decrease due to lack of financial means and establishment of farms (peasant farms)
452.3 thousand farms [2].

Virtually most of the existing peasant (farm) households do not participate in the
prevention of environmental violations. As a result of irrational use of natural resources
of Kyrgyzstan, lack of organizational and economic mechanisms, specialization of
organization of production and market of produced agricultural products, produced
agricultural products are often lost and spoiled at the place of production, and in many
cases do not reach consumers because of low volume, low quality, lack of necessary
market information base, infrastructure and trade and logistics centers.

At present, one of the most important strategic tasks is the rational use of water
resources in the Kyrgyz Republic, which is a priority in the national economy. This is
associated primarily with an increase in population and reduction of agricultural land,
a consistent decline in water resources, in particular irrigation water.

In the "Screenshot from CABAR.asia conference" Prof. Hojimukhammad Umarov,
PhD in Economics from Tajikistan notes that, "In Tajikistan, water scarcity and
drought issues are less manifest, that *We need to consider Central Asia as a whole,
from glaciers to deserts, because a significant part of the flow disappears in these
deserts. We need to create a joint commission, include geologists and hydrologists,
make calculations and see how much water we lose to infiltration, to evaporation in
those numerous reservoirs. Besides, in the countries located below, air temperature is
much higher in summer" [4]. In our opinion, it is possible to agree partially that this
question should be considered jointly by the commission, to include there geologists
and hydrologists. In our opinion, during consideration besides participation of

geologists and hydrologists, but other experienced specialists, experts and it is
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necessary to consider world experience of distribution, payment for using water supply,
as well as geographical location, social economic condition of states and ecological
consequences of countries participating in using water and glaciers.

In 5 years, Central Asia will enter a state of chronic, constant water shortage. This
forecast was voiced on November 16 by the chief economist of the Eurasian
Development Bank, Evgeny Vinokurov, at a round table on sustainable development
in Almaty [5].

Table 1. Forecast of the main indicators of growth of gross agricultural output in the

Kyrgyz Republic until 2035.

Trend equation | Approximation | Determination | 2032
coefficient R2 | Forecast

Gross y = 3260*t>- A=7.09 R2=0.86 1132700
product in 18950*t+207490
agriculture
(million
soms)
Volume of | y =35220*x%%% | A=8.89 R2=0.6 40978
investment
(Total)
Number of |y=-407.81/x+ | A=1.17 R2=0.54 20734
tractors 20755
combines y=5*x+2354 | A=0.9 R2=0.93 2454
Number of |y= A=12 R2=0.52 4.8
patent 212.85*0.827*
applications
Investments | y =32575* In(t) | A=12 R2=0.52 34845
in agricul- | + 250867
ture (inclu-
ding  pro-
cessing)
(million
soms)
Issued loa- | y=2572*In(t) - | A=15 R2=0.52 7444
ns for agri- | 262
culture from
all sources

As can be seen from the table, 5 variables are correlated with the main indicator, with
gross agricultural output, R2 for all values above 0.50, respectively, the selected
indicators are significant. The forecast until 2035 shows that for the growth of
agricultural products, a set of measures is necessary related to the effective

management of natural resources, technical equipment, and financing of agriculture in
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terms of improving the variety of seeds of agricultural crops and breeding breeds in
agriculture.

According to the land cadastre, there are 1170.4 thousand hectares of saline lands,
including 398.6 thousand hectares of slightly saline, 399.1 thousand hectares of
medium saline, 301.1 thousand hectares of strongly saline and 70.8 thousand hectares
of saline lands. Along with saline lands, the area of waterlogged lands increases due to
inactivity of collector-drainage networks. According to data from the land cadastre, the
area of land subject to water and wind erosion on the territory of Kyrgyzstan is about
5 million hectares or 45.7% of the total area of agricultural land [8].

The current practice of small-scale farming leads to the destruction of soil fertility due
to non-compliance with agro-meliorative technology. Breach of environmental
disadvantage in the use of land resources was considered by the Government of
Kyrgyzstan. [7] noted that, the fertility of arable land is decreasing every year. It is
noted that, "...the main reasons for deterioration of irrigated lands are insufficient
natural drainability of the territory, the initial absence or destruction of collector-
drainage network, large losses of irrigation water during filtration in irrigation canals,
non-normalized irrigation regime".

At the same time, the non-observance of agricultural practices and crop rotation
by numerous small peasant (private) farms has led to the destruction of soil fertility.
Salinization and waterlogging of irrigated agriculture takes place. The ameliorative
condition of irrigated agriculture has significantly deteriorated, and the level of state
support for water production on irrigated lands has decreased. Formation of a large
layer of small economic entities-water users has led to disorganization of irrigation
systems operation, destruction of on-farm network. Soil fertility decreases due to the
removal of nutrients by plants, failure to apply fertilizers also leads to a decrease in
their fertility.

In recent years, the development of agriculture based on the use of the most fertile soils
of the southwest (Osh, Jalal-Abad and Batken provinces) has been sharply constrained
by the practical reduction of irrigation water resources, at the same time the scale of

pasture degradation has increased due to the lack of science-based approaches to
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pasture resources use, which leads to destruction of the ecological state and balance of
the biosphere.

Due to the low educational level of managers and employees of peasant (private)
farms, mineral fertilizers are used without taking into account the content of humus in
the soil, as well as in gross violation of sanitary norms. In some farms, pesticides and
toxic chemicals are stored in warehouses that do not meet typical standards. Irrational
or deliberate use of pesticides and toxic chemicals in agricultural production leads to
accumulation of their residual amounts in soil, water and agricultural products. It is
known that agricultural food products obtained with gross violations of the norms of
pesticides, toxic chemicals and mineral fertilizers in field farming, the use of banned
drugs and vaccines in animal husbandry can affect public health.

According to [6], the application of mineral fertilizers for individual crops in
2019 amounted to 291.9 in terms of active substance, while this figure in 2015 was -
333.7 thousand quintals. Application of organic fertilizers decreased compared to 2015
by 157.6 thousand tons and amounted to 258.0 thousand tons. There is no accurate
accounting of the application of mineral fertilizers, pesticides, pesticides, drugs,
vaccines by peasant (private) farms. Consequently, reducing the level of organic
fertilizers can affect the reduction of productivity of fields, and the excessive use of
mineral fertilizers directly affects the quality and environmental cleanliness of
agricultural products and the health of the population.

In Kyrgyzstan in 2019 a total of 1,553.4 thousand people were registered as sick,
some of them were diagnosed with infectious and parasitic diseases - 93, injuries and
poisonings - 87.4 thousand people, complications of pregnancy, childbirth and
postnatal period - 50.5 thousand people, diseases of blood, blood forming organs and
some violations involving immune mechanism - 50.6 thousand people, congenital
anomalies (malformations of development) - 6.3 thousand people. It should be noted,
the total number of persons with disabilities first recognized with disabilities has
increased from 2015 to 2019 from 10.9 to 11.0 thousand people. Overall, from 2000 to
2018 has doubled, amounting to 186.7 thousand people, respectively, in 2018 [6].

At present, it is necessary to further expand the sown areas, it is necessary to
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optimize their structure in favor of high-yield crop varieties that require higher rates of
fertilizers, moisture and a high level of protection against weeds and plant pests. Of
particular importance are intensification factors that increase the productivity of
cultivated plants by increasing the genetic potential by breeding methods and
optimization of environmental conditions. Simultaneously with strengthening of the
fodder base it is necessary to intensify animal breeding on the basis of improving the
structure, modernization of production processes, qualitative composition of cattle and
poultry, improving of selection and breeding work.

An important role in the development of sectors of agriculture creating modern
material and technical conditions, modernization of agricultural production belongs to
the banking sector, as well as various production services in the field of rural
construction, water, land reclamation, irrigation works, electrification, mechanization
and chemicalization of production, repair and industrial-technical service (tech-
service) of agricultural machinery and equipment. A special place is occupied by
personnel training, clustering of agricultural sectors, digitalization, especially
providing them with investment support, creation of transport, road and economic,
trade and logistics infrastructure and services.

To achieve the intended goal, we consider expedient the coordinated and
voluntary enlargement of farms (peasant farms) on the basis of one agricultural
cooperative or association not less than 400-500 hectares of irrigated arable land, to
ensure and observe the agrotechnical measures for cultivation of crops and the content
of livestock breeding. Especially the observance of crop rotation requirements in the
cultivation of all crops, regardless of species and varieties from a scientific point of
view is mandatory. In this regard, in the branch of agriculture it is necessary to fully
master the science-based systems of farming and livestock breeding, the introduction
of innovative technology. It is necessary to introduce proven high-yield crop varieties,
integrated mechanization of cultivation and harvesting, rational use of organic and
mineral fertilizers, increased use of biological means of crop protection from weeds,
pests and diseases, timely varietal change and variety renewal based on industrial

organization of seed production in the field. Achieve rational use of irrigation water
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through transformation of less intensive lands into more intensive ones, namely
conversion of part of rainfed cropland and low productive pastures into irrigated
cropland, perennial plantations, cultivated pastures and irrigated hayfields.

In [1] the authors note that "...the fundamental principle of state regulation of
foreign economic activity is the principle of excluding unwarranted intervention of the
state and its bodies in this activity, causing damage to its participants in the economy
of the whole country. The economic policy of the state should be directed on perfection
of a normative-legal base of regulation of foreign economic activity and strengthening
of the control over foreign economic operations™. We agree that "Economic policy of
the state should be directed on perfection of normative-legal base of regulation of
foreign economic activity and strengthening of the control over foreign economic
operations", really development of new normative-legal acts on rational use of natural
resources providing quality of made production, to increase export potential of the
country and to provide receipt of foreign currency means to the state treasury.

As noted above, during the years of reform in the agricultural sector of the
economy through the unequal denationalization and privatization of state property
growth rates of gross domestic product decreased, significantly reduced the share of
commodity production of agricultural products from the level of gross domestic
product. All this contributed to the emergence of poverty, an increase in the number
of people with disabilities, poor families, children left without parental care and other
socially vulnerable citizens caused by low incomes and unemployment of a significant
part, especially the increased migration outflow of the population in rural areas.

The issues of socio-economic and environmental problems of rational use of
natural resources of agricultural production in the context of integration has a multi-
stage nature. This is achieved through intergovernmental agreement, the adoption of
regulatory and legal documents, through the optimization and rationalization of
country specialization, improvement of the Customs Code of Kyrgyzstan, as well as
through the expansion of its import substitution of food products in the context of
international integration.

The use of theoretical and practical recommendations can allow to create
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conditions for building the capacity of agricultural products, increasing the volume of
export-oriented agricultural commodity products, improving external turnover,
strengthening control over the environmental purity of the products produced,
improving the welfare of society, reducing poverty and migration outflows of the rural
population.

Timely regulation of the rational use of natural resources can ensure the stable
growth of the national economy, increase labor employment, improve the living
standards of the rural population, reduce poverty, reduce labor migration, and most
importantly will continuously and consistently provide industry with raw materials.

In our opinion, the development of the agrarian sector of the economy is
achieved through the enlargement of small peasant (farm) farms, shops for processing
agricultural products and sewing of consumer goods and their modernization, creating
conditions for the introduction of clustering of production, the country can produce
brand products of Kyrgyzstan (environmentally friendly), which can become
competitive in the world market.

It is necessary to develop a state program "Prospects for the rational use of
natural resources of agricultural production in the context of integration of
Kyrgyzstan", taking into account the geographical location (lack of access to the sea)
and the availability of resource potential of the agricultural sector of the economy,
which should provide for the further effective development of the national economy.
The essence of which is the intensification and specialization of production with the
rational use of natural and economic resources, the introduction of innovation in
agriculture.

All this requires the development of mutually beneficial contracts and
agreements between neighboring states and the EAEU states. It is necessary to take
into account the availability and reserves of natural resources, the economic potential
of Kyrgyzstan in particular the development of industries, agriculture, financial, social
sectors, and transport, road and trade and logistics infrastructure and services. In our
opinion, the development of road maps, development of infrastructure of economic

sectors and digitalization of it, i.e. only by creating the appropriate infrastructure,
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determining the prospects for development of economic sectors, making the road map
and appropriate state support can provide a stable growth of the agricultural economy
of the country.
Through the modernization and timely use of innovative technology in agricultural
production can achieve full satisfaction of the needs of the population in the food. For
this purpose, we consider it necessary, to enlarge small shops for processing
agricultural products, to increase the number of modernized large processing
enterprises, to introduce waste-free technology everywhere, to increase the production
of meat and dairy products, production of soft drinks, mineral water, various fruit
juices, ice cream and other food, to provide the population with high quality food
products.

Allocation in the State Budget of Kyrgyzstan a separate line "Protection of flora
and fauna objects and their habitat", including agricultural land and irrigation water
will contribute to the development of agricultural production and ecology. Financial
support in the form of insurance by the state can ensure the reduction of risk events in
the use of natural resources, especially the agricultural sector of the economy.

In order to ensure the quality of agricultural production, to strengthen the
laboratory base for assessing the quality of agricultural products and feed. To improve
the methodological basis for the training of specialists and staff. Systematically
conduct training on the rational use of natural resources in agricultural production,
production technology, compliance with international standards of quality of goods
produced agricultural products, compliance with regulations, environmental and
sanitary norms, as well as the rules of sale and control of goods produced agricultural
products in the foreign market.

REFERENCES:

1. Kavardakov V.Y., Semenenko I.A. Export potential of cattle breeding as a factor
in increasing the foreign economic activity of the agro-industrial complex of
Russia. Economics and ecology of territorial formations. 2019, Vol.3, No. 4, P.6-
14,

124 Herald of Institute of Mathematics of NAS of KR, 2023, No. 2



. Kyrgyzstan in figures. Official publication. National Statistical Committee of the
Kyrgyz Republic. B., 1992, 2020. P.95.

. Naminova K.A., Yablunovsky M.Y., Nadbitov N.K. Ecological and economic
innovation development of Russia through the system of ecological insurance.
Fundamental Research. - 2015. — No. 2-7. - P. 1450-1454; URL.:
https://fundamental-research.ru/ru/article/view?id=37171 (date of reference:
07.09.2021).

. "Screenshot from CABAR.asia conference" 27.07.2021.

. Tazabek.KG https://www.tazabek.kg» Cenbckoe x03s811CcTBO

. Statistical Yearbook of the Kyrgyz Republic National Statistical Committee of the
Kyrgyz Republic, - B., 2020, pp. 135, 151, 271, 280.

. Decree of the Government of the Kyrgyz Republic of December 19, 2016, No.
549-r "On approval of the National Report on the State of the Environment of the
Kyrgyz Republic for 2011-2014."

. http://kabar.kg ' news ' iatc-kabar-eroziia-i-degradatcii. Kabar IAC: Soil erosion

and degradation in the KR - ways to solve the problem. 04.07.2018.

The work was carried out within the framework of the project of the Institute of
Mathematics of the National Academy of Sciences of the Kyrgyz Republic
Received: November 14, 2023
Revised: December 12, 2023
Accepted: January 15, 2024
Information about the authors

Dzhumabaev Kalil. Doctor of Economics, Professor, Leading researcher at the Institute of

Mathematics of the National Academy of Sciences of the Kyrgyz Republic, (+996) 0553 30 43 77, e-

mail dkalil@mail.ru

Toktorov Kubanch Kydyrmamatovich. Doctor of Economics, Associate Professor, Vice-

Rector of Osh State University of the Kyrgyz Republic,

https://orcid.org/0000-0002-7584-5273, (+996) 0553 83 64 20, e-mail toktorovk70@mail.ru
Jumabaev Alymkyl Kalilovich. Candidate of economic sciences, doctoral student at the J.

Alyshbaev Institute of Economics, National Academy of Sciences of the Kyrgyz Republic, (+996)
553 01 11 30, alymk86@mail.ru

125 Herald of Institute of Mathematics of NAS of KR, 2023, No. 2


file:///C:/Users/дом/Desktop/Tazabek.KG%20https:/www.tazabek.kg ›%20Сельское%20хозяйств
file:///C:/Users/дом/Desktop/Tazabek.KG%20https:/www.tazabek.kg ›%20Сельское%20хозяйств
mailto:dkalil@mail.ru
mailto:toktorovk70@mail.ru
mailto:alymk86@mail.ru

Mathematical and instrumental methods of economics
91G05

EXAMPLES OF THE APPLICATION OF PARABOLIC INTERPOLATION
OF MORTALITY TABLES FOR FRACTIONAL AGES

Nazarbaev F.T., Bakberdieva M.B.
J. Balasagyn Kyrgyz National University

In this article we will consider the use of parabolic interpolation of mortality tables for fractional
ages, and its application in problems of actuarial mathematics. Let's consider ways to use parabolic
interpolation to solve problems related to life insurance and determining net premiums.

Key words: actuarial mathematics, mortality table, interpolation of mortality tables, mortality
tables for fractional ages, insurance.

BYJ'I Makajazga 0oIuoK KalTap Y4YH eJIYM Ta6J’II/II_IaCBIH napa60nanbn< HHTCPIIOJIANNAIIOO,
JKaHa ajlapAbl aKTyapAblK MATCMATHKACBIH MACCJICCHHAC KOJAOHYYCY KapaliraH. Hapa6onanbn<
HHTEPHOIAIUSAIIOOHNYH OMYP KaMCBHI3JI00I0 KaHa HETTO IIPEMHUsUIapAbl aHBIKTOOAO0 KOJIOHYIYIIY
KOPCOTYJITOH.

Ypynmmyy cesoep: axmyapovik mamemamuka, eaym mabauyacvl, OIYM MAOIUYACHIH
UHMEPNONIAYUAILOO0, OOUOK Hcaul YUYH OyM mabauyanapvl, oMypoy Kamcbl30aHObIPYy.

B nmanHO# cTaThe MBI pacCMOTPUM NPUMEHEHHE MapaboIMuecKol MHTEPHOJSIUN TaOJIHIL
CMCPTHOCTHU IJIA }1p06HBIX BO3pacToOB, W €ro NMpUMMCHCHUC B 3aJadyax aKTyapHOfI MaTeMaTHuKHU.
PaCCMOTpeHH CIIOCOOBI NPpUMCHCHUA napa60m/1quI<0171 HUHTCpHoJANUA IJid PCUICHUA 3alady,
CBA3aHHLBIX CO CTPAXOBAHHUEM KU3HU U OIPEACIICHUECM HETTO HpeMHfI.

Knrouesvie cnosa: akmyapHas mamemamukda, maéﬂuubz cmepniHocmu, UHRmMepnoaAaAyusl

ma6ﬂuu cmepmHocmu, ma6flu14bl cmepmuocmu ons 0p06Hle 603pacmos, cmpaxoeaHue SCU3HU.

1. Introduction

Mortality tables provided by the National Statistical Committee of the Kyrgyz
Republic [1] play an important role in demographic studies, insurance, pensions and
other areas. But situations often arise where it is necessary to determine mortality for
fractional ages; in such cases, interpolation methods are used.

Here are the main designations and definitions.

Py 1S the probability that a person aged x years will live to age (x + t).
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+q, 15 the probability that a person aged x will die before the age of (x + t).

s(x) is a survival function.
v is a discount factor.

Definition 1. An interpolation formula for determining the survival function
for fractional ages determined by the formula

s?(x+t) = (1 —1t)s?(x) + ts?(x + 1), (1)

where 0 <t < 1,x € Z™, is said to be the parabolic interpolation.

In the works [2], [3] by the first author, it was shown how to determine various
indicators of mortality tables for the case of parabolic interpolation.

But, it should be noted that there are a large number of interpolation methods,
which are given in works [4]-[7] that describe examples of the use of mortality tables.

We will show the application of the method of parabolic interpolation of
mortality tables for fractional ages.

2. Application of parabolic interpolation

s(x) is known from the KR mortality table [1], for integer values of x. Parabolic
interpolation is a decreasing function. Moreover, the parabolic interpolation of the
function has an upward convexity, which suggests that parabolic interpolation is the
only interpolation currently used that has an upward convexity. From the graph of the
survival function of the data taken for 2023, one can notice that there is just an upward

convexity.

0 20 40 60 80 100 120

figure 1. Survival function graph.
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Based on the data from [1], we will plot the function p,

The probability of living to the next age is x+1
years.

SN O MO ONL OSSO MEO O NN OSSNSO MO O N WO S
- o =3) o o

=]
H H A A NN NN STOOO O OORNNRNOGDOO OO S

Figure 2. Probability of surviving to (x + 1) years.
Figure 2 shows that the probability of survival is low in the first year of life
(po = 98.6%), which corresponds to high infant mortality under one year, reaching
1.5%.

Using parabolic interpolation formulas, we will solve several tasks.
Task 1. Calculate a) s (18 + i), b) 2p35,C) 1q4s.

12 3 )
Solution. From the mortality table [1] we know

s(18) = 0,97918; s(19) = 0,97864,
p3s = 0,9984; p,s = 0,9971.

a) s (18 + %) _ J52(18) - 1—12(52(18) —52(19)) =,/0,95871 = 0,97913.

b) 2pss = \]1 —2(1-p2) =+/0,99782 = 0,99891.
3

C) 15 =1— \/1 —=(1-pZ) =1-4/0,9985 = 0,00072.
4

Task 2. Calculate the net premium of an insurance policy in the amount of
250 000 for survival to 65 years 3 months, for a person aged 25 years 6 months. If

the market interest rate is 8.5% per annum.

Solution. Let us calculate the probability of survival of a person aged 25% years to
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1
65 L years.

S (65 %) _0,78582
303 25y (25 %) " 0,97474

= 0,80618

Now let's calculate the net Premium

39~

3 1
e . 397 . o . —_— . e
A=P . -v>7'2 393p251 250000 (1,085) 0,80618 =7871,18

N

4 2
Answer: 7871,18.

3. Conclusion
In this work, we observe how the parabolic interpolation method [2]-[3] can be
used to solve problems of actuarial mathematics and when calculating indicators for
life insurance problems.
Also, this interpolation method can be used in training specialists in the field of

actuarial mathematics, insurance and statistics.
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MATHEMATICAL MODEL FOR TEXTURE PRESENTATION OF COLORS
Bekeshev D.D.}, Pankov P.S.?
1Jogorku Kenesh of Kyrgyz Republic
2Institute of Mathematics of NAS of KR

The authors propose developing of list of colors with corresponding mathematical descriptions
of relief textures. Such textures can be implemented on 3D-printers. They can be used for preparing
“colored” pictures and production of stickers on corresponding things for blind men.

Keywords: color, texture, mathematical model, blind

ABTOpIOp penbepTUK TEKCTypajdapJblH THEIIENYYy MaTeMaTHKaJlbIK CYPOTTOJNIYIly MEHEH
TYCTOPAYH THU3MECHH HWIITEN WYBITyyHY CYHYII KbUIbIIAT. MpbIHZal TekcTypaisapasl 3D-
MIPUHTEPJIEPAC UIIKE amblpyyra OoNOT. AnapAbl COKypiap YUYH «TYCTYY» CYPOTTOpIy Hasplroo
JKaHa TUCHICIIYY HEpCCICPIre CTUKECPIICPAN KACOO YUYH KOJIIOHCO 00JI0T.

Ypyummyy cezdep: Tyc, TEKCTypa, MaTEMaTUKAJIBIK MOJIEb, COKYP

ABTOpBI Ipe/uIaraloT pa3zpaboTaTh NEpeyeHb I[BETOB C COOTBETCTBYIOIIMMHU MaTeMaTH4ec-
KHMH OIHUCAHUSAMHU pelibeHBIX TeKCTYyp. Takue TeKCTYpbl MOKHO peaian3oBaTh Ha 3D-mpuHTEpax.
X MOXHO HCIIOIB30BaTh AJIsL U3TOTOBJICHUA «HOBCTHBIX» KAPTUHOK MW HU3TOTOBJICHHSA HAKJICCK Ha
COOTBCTCTBYIOIIME BCIIU AJIA CIICTIBIX.

Kmoqeeble cloea. 11BET, TCKCTypa, MaTeMaTudeckasa MoA€CIb, CJ'ICHOfI
Introduction

There exist various devices informing persons on seeing colors, for instance [1]. We
put problem to promote immediate sensation of imitation of color.

We consider texture as filling areas with repeating elements. Relief texture for
blind people can be implemented on 3D-printers [2].

A review of the literature shows that there is no standard for the texture repre-
sentation of colors.

None information on this subject was found in Internet. For example, [3] pro-
poses textured walk-way for blind people: stripes and dots colored yellow for other

people.
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[4] describes many relief images in details but does not mention colors.
We propose to develop such standard and to apply it.
Project of mathematical model for colors
1) White color (the universal color for background): largedotsO O O O O
O 00O
2) Black color (absence of colors; sky in night): little dots - - - - -
3) Grey color (between white color and black color): medium dots e e e o o
4) Red color (danger, attention, blood; a color being closer to red causes immediate
sensation of warmth on skin): barbed trianglesAAAAAA
5) Yellow color (sunshine): squares
6) Green color (plants, leaves): oblique crosses x x x x x
7) Blue color (sky without clouds): signs of heart
8) Violet color (close to blue color): thombs ¢ ¢ 0 ¢ ¢

9) Brown color (indefinite color): asterisks * * * * *

Our proposals
Modern computer technology makes it possible to achieve the goal:
To enable all blind people in Kyrgyzstan to feel the colors of some household items
and all the colors in specially made paintings and to use the names of colors in
communication,
1) Develop a standard for the textural image of colors;
2) Develop software for a 3D-printer;
3) Provide all blind people in Kyrgyzstan with a set of stickers and pictures with
appropriate instructions for use by relatives;

4) Provide organizations where blind people work with printers with such software.

References
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BASIC COMPLEXES IN MATHEMATICAL CATEGORIES, EFFECTS

AND PHENOMENA

Kenenbaeva G.M.

J.Balasagyn Kyrgyz National University

Supra, the notion of category of equations was introduced by the author with assistance of the
notion “predicate” on the base of the principle of preservation of solution while transformations.
History of mathematics is presented as successful treating of phenomena arising both in mathematics
and in life; phenomena as consequences of effects is proposed. A notion of a basic complex of notions
and relations as a core of any branch of mathematics instead of equivalent systems of axioms is
introduced. Both well-known and found and distinguished by the author and her colleagues effects
and phenomena are surveyed.

Keywords: category, phenomenon, effect, axiom, computer, experiment.

Mypna aBTop, €3repTYY/I6p/1e UbIrapbUIbIIITH CAKTOO NPUHUMOMHUH HETU3UHIE “TIpeAUKAT”
TY-WIYHYTYHYH JKapAaMbl MCHCH TCHACMCIICPpAUH KAaTCTOPUACBIHBIH TYIIYHYT'YH KHPIHU3I'CH.
MareMa-THKaHBIH TapbIXbl MaTeMaTHKaJa Ja, TYpMyIlITa Ja naijaa OoylroH KyOyaymTapiabl yraa
Kapoo KaTapel OepwireH; TaacUpJEepAUH HaTbIKachl KaTapbl KOPYHYILUTOp CyHYIITajar.
Akcuomanap-iblH 3KBUBAJICHTTYY CHCTEMaJapblHbIH OpJyHa MaTeMaTHKaHbIH KaHJalIblp Oup
TapMarbIHbIH ©630T'yY KaTapbl TYIIYHYKTOPAYH KaHa MaMUJICJIICPAUH HETU3TI' KOMIIJICKCH KOHYHIOT'Y
TYIIYHYK KUPIrU3ujcT. BGJIFI/IJ'IYY Aa, aBTOP KaHa aHbIH KCCHUIITCIITCPU Tapa6LIHaH TaObLITaH KaHa
aiibIp-Mananras 3dexrrep, KyOynymTap U3nIIeHET.

Ypynmmyy cezoep: kareropusi, Kyoymyi, 3¢ deKT, akcuoma, KOMIBIOTEP, TAKPHIOA.

Panee aBTOpOM OBLIO BBEIEHO MOHSATHE KAaTETOPUU YpPaBHEHHH C MOMOIIbIO TOHSATHUS
“mpeaMKaT’ Ha OCHOBE NPUHIUIA COXpAaHEHMs pelleHus npu mnpeodpaszoBanusax. Mcropus
MAaTEMaTUKN NPCACTABJICHA KaK IMOCICAOBATCIBHOC UCCIICOBAHUC HBHCHHﬁ, BO3HUKAKOIIUX KaK B
MaT€MAaTHUKE, TaK U B JKM3HH, SIBJICHHA KaK ITOCJIICACTBHA 3(1)(1)6KTOB. BBOHHTCSI MOHsTHE 0a30BOr0
KOMILJIEKCA ITOHSITHUHN U OTHOIIIEHUHN KaK Aapa JIF000M oTpacyii MaTEMaTUK BMECTO SKBUBAJICHTHBIX
CHUCTEM aKCHUOM. Hpe,[[CTaBJ'ICH 0630p KaK U3BCCTHBIX, TAK U 06Hapy>KeHHBIX 1 BBIACIICHHBIX aBTOPOM
u ee Koyieramu 3((heKToB U SBJICHUU.

Kniouesvie cnosa: xareropus, siBienue, 3pQPexr, akcuoma, KOMIbIOTEP, IKCIIEPUMEHT.
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1. Introduction

Investigations in the category of topological spaces in Kyrgyzstan were initiated
by A.A.Borubaev [1]. We [2] introduced the notion of the category of equations was
with assistance of the notion “predicate” on the base of the principle of preservation of
solution while transformations; elements of the category of equations and its
subcategories were constructed on the base of well-known categories.

We proposed framework definitions of effect and phenomenon in mathematics
[3]. We proposed to consider phenomena as consequences of effects.

Below we present some items of its history is as successful treating of
phenomena arising in mathematics and life. We introduce a notion of a basic complex
of notions and relations as a core of any branch of mathematics instead of equivalent
systems of axioms.

Methodic of systematic search of new effects and phenomena by means of
computer experiments is proposed.

Section 2 contains survey of known categories.

Section 3 contains some items of history of mathematics.

Section 4 presents a framework definition of a basic complex.

We distinguished "effect of analyticity*; we separated "effect of self-organizing”
and "synergetic effect"; we found "irg66 effect" and "effect of numerosity" within the
general effect of self-organizing; we and other authors found some new phenomena as
consequences of these effects.

Examples of basic complexes, both well-known and these effects and
phenomena as their consequences are given in Section 5.

Some items of this paper were delivered at the VII World Congress of Turkic
World Mathematicians at city of Turkestan, October 2023.

2. Survey of known categories
2.1) The basic category Set of sets. Ob(Set) are sets; Mor(Set) are functions.
2.2) The category Func of functions (synonyms in various branches of ma-

thematics: maps, operators, transformations). It is mentioned in publications but we did
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not find its formal description. Ob(Func) = Mor(Set), Mor(Func) are trans-formations
of functions.

2.3) The category Top of topological spaces. Ob(Top) are topological spaces,
Mor(Top) are continuous functions.

We proposed 2.4) Category of equations Equa. Ob(Equa) contains tuples
{Non-empty sets X, Y, predicate P(x) on X, transformation B :X—>Y}.

If (FxeX)(P(x)A(y=B(x)) thenye&Y is said to be a solution of the equation {X,
Y, P, B}. Particularly, if B is the identity operator I, then we obtain the equation
“P(x) "only. Mor(Equa) are such transformations of tuples {X, Y, P, B} that solutions
(or their absence) preserve.

2.5) We also defined some subcategories of Equa: the category Equa-Func of
equations for functions; The category Equa-Par of equations with parameters; the
category Equa-Func-Par of equations for functions with parameters.

3. Approaches to history of mathematics

There are a lot of surveys of the history of mathematics and its branches from
various standpoints. Some publications state facts without critics and generalizations.

M.Kline since [4] presents mathematics as a series of attempts to strictly describe
and uniformly substantiate arising facts, ideas...

A.A.Borubaev since [5] presents developing of topology as successful
implementation of idea of continuity in systems of axioms.

A.A.Borubaev, P.S.Pankov [6] described developing of the idea of space.

A.A.Chekeev noted that in actual investigations in any branch of mathematics
they use not any system of axioms but a set of interrelated "well-known, evident"
concepts, statements and facts. Unfortunately, he did not publish it in time.

4. Framework definitions

Notions "effect” and "phenomenon” were used widely including mathematics
but we had not could find any definitions for them. We proposed framework definition
for "phenomenon” and noted that in history of mathematics, firstly phenomena and
paradoxes appeared in mathematics itself or in life and further researchers tried to
explain them or to create any theory. We also noted that various phenomena were not
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logically connected but had same origin ("effect").

Consider a theorem in general as an implication of conditions A = B, or, more
concrete, if there is a general class X of objects xand Ac X,Bc XthenAcBor (x
A) = (x € B). To prove sufficiency of A for B one is to construct an example without
both A and B. An (interesting, nonpresumable, single) way of violating B is said to be
a phenomenon.

If P is a property (or some properties) of elements x € X having a property E
such that a logical proof (E A C) = P (where C is any additional condition) is too
complicated and the property P was discovered not by a logical way but by meeting
paradoxes, by experiments in physics and chemistry or by computational experiments
in mathematics then E is said to be an effect.

Careful analysis of Euclid's Elements in XVIII century demonstrated that they
were not an axiomatic system of geometry, many theorems were proven by "common
sense". A complete axiomatic system was developed at the end of XIX century but it
turned out to be too complicated and is not used actually.

In the end of XIX century it turned out that Cantor's theory of sets is
controversial. To "complete" this theory, various proposals have been made including
attempts to overcome "saying about itself" such as Russell's theory of definite
descriptions. But they were too complicated, were critiqued and their multitude itself
testifies absence of generally accepted theory of sets.

The notion of a real number is not axiomatic actually. Definitions by Dedekind,
by decimal system, by continuous fractions involve actual infinity and cannot be
applied immediately. Many authors of text-books prefer to list necessary properties.

Topological space may be defined through open sets and dually through closed
sets; by neighborhoods and dually by "exteriors", etc.

Mathematics of origami have interesting results but does not have any system of
axioms.

To get around such difficulties the notion “category” was introduced. But it

contains non-formal notion ‘“class”.
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Hence, some branches of mathematics have not such generally accepted systems.
By developing A.A.Chekeev’s idea we introduce the notion of a basic complex
of notions and relations as an actual core of any branch of mathematics instead of
equivalent systems of axioms.
5. Some basic complexes and effects in mathematics

5.1. Effect of infinity. Probably, the notion of infinity in science and first para-

dox on this the-me was discovered by Zenon, V century B.C.: Achilles and Turtle. The
phenomenon "A part of an infinite object can be equivalent to itself" was discovered
by Galileo, XVI century; hints in the notion “homoeomeria” (similar-to-part) were
made by Anaxagorus, V c. B.C. This phenomenon refuted the intuitively evident
statement fixed as Euclid's fifth axiom "the whole is greater than the part”. The further
development of mathematics was significantly connected with attempts to overcome
such paradoxes. At last, P.Cohen (1963) demonstrated that (by our term) a suitable
basic complex involving infinity is impossible. As "positive" consequence of
homoeomeria we mention the phenomenon of fractals (B. Mandelbrot, 1975).

5.2. Continuity and smoothness. The idea of continuity yields "some tasks for

functions have solutions for continuous ones". Its initial version was proved by K.
Weierstrass. Consequences of these properties were obtained in various branches of
mathematics. Most of them are "predicable, obvious" such as "superposition of con-
tinuous/smooth functions is continuous/smooth"”. Hence, they are not “effects" in our
terminology. Because of uncertainty of notions "real number" and "continuity* there
were numerous attempts to derive any kind of smoothness from continuity in XVIII-
XIX centuries. They were stopped by Weierstrass’s example (1895) of a continuous
function that is differentiable nowhere. Such hopes resumed for "analyticity" (see
below).

5.3. Effect of singular perturbations. To explain the physical phenomenon of

boundary layer in flow of a slightly viscous fluid near a solid boundary L.Prandtl
(1905) discovered the effect of singular perturbations. One of mathematical imple-
mentations: the effect of parameter 0 <& <<1 by the highest derivative in a differential

or integro-differential equation. Some authors discovered phenomena of interior
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boundary layer. We searched consequences of the effect of singular perturbations
systematically, and we found the phenomenon of singular (lengthening as ¢tends to 0)
cycle, the phenomenon of the deepening boundary layer and other ones.

5.4. Effect of analyticity: some tasks being non-correct for continuous and even

infinitely differentiable functions became correct for analytical ones, on the base of
following results (phenomena): K.S.Alybaev: existence of level lines for singularly
perturbed ordinary differential equations; P.S.Pankov and T.M.Imanaliev: conver-
gence of the grid method for partial differential equations out of the domain covered
by characteristics; L.Askar kyzy, under our leadership: correctness of the final value
problem for the heat equation; correctness of some integral equations of the first kind;
correctness of the initial value problem for the Laplace elliptical equation. These
results were firstly groped by numerical experiments.

5.5. Effect of higher dimensions. It is well-known that passing from 1D (num-

bers) to 2D (2x2-matrices) yielded many phenomena: non-commutability of multi-
plication; zero product of non-zero factors etc. Passing to next dimensions yields pos-
sibilities of new combinations of eigenvalues of matrices. Passing from 2D to 3D in
the theory of non-linear differential equations yielded an unexpected phenomenon of
strange attractors. Passing from 3D to 4D P.S.Pankov and S.B.Tagaeva discovered and
implemented "mechanical strange attractor" as a round bowl with odd number of
symmetrically arranged bulbs on the edge and a little ball moving within the bowl
under gravitation.

5.6. Effect of self-organizing. We found the first mention of concrete implem-

entation of it in literature: irg6d (in Kyrgyzstan, some centuries ago): "random vib-
ration of “many” balls of different sizes of same material in a wide symmetrical ves-
sel yields migration of the biggest one to the center of their surface." We implemen-
ted computer simulation [7]. Further, this phenomenon, named “Brazil nut effect
(BNE), was re-discovered in other regions. Probably, the first publication was [8],
implementation (independent of ours) was [9].

The second one was "Rayleigh-Bénard convection cells" (1900). We proposed

to use this term: “irgdo effect” for all self-organizing processes with finite number of
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components; we called the necessity of “many” as “numerosity effect”, we did an
approximate lower boundary for “many” providing a phenomenon as ‘“numerosity
constant”. We propose to use the term “synergetic effect” for self-organizing processes
in continuous media.
6. Conclusion

We hope that this paper would promote discovering new effects and phenome-
na in various branches of mathematics and its applications by computational expe-
riments and other methods, and numerosity constants would be found for any real and

virtual processes, that there exist many specific 4D-phenomena to be discovered.
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COMPUTER PROGRAMS FOR MATHEMATICAL COMPETITIONS

AND EXAMINATIONS

Pankov P.S.
Institute of Mathematics of NAS of KR

The Institute participates in conducting mathematical competitions for Youngers, employees
of the Institute teach Youngers to write original computer programs for examinations in mathematics.
Both well-known and elaborated in the Institute definitions, methods and techniques for this purpose
are described in the paper.

Keywords: computer, program, mathematics, competition, examination

NHCTUTYT CTyAEHTTEp YYYH MAaTeMaTUKaJIbIK MEJNACIITEPAA OTKepyyre karsimar, HHc-
TUTYTTYH KbI3MaTKEpJIepH CTYIEHTTEpAH MaTeMaThka OOIOHYa CBhIHAKTAapAbl YYyH OpHUTHHAI-
OyyIIyTy 0ap KOMITBIOTEPIUK MpOorpaMMaliapibl jka3yyra YHpeTym KypeT. byn makcar yuyH Oen-
runyy Aa, MHCTUTYTTa OMAOH YbIrapbUIraH Ja aHbIKTOOJIOP, YCYJJap ’KaHa bIKMaJap Makajiaaa
JKas3pLIar.

YpyHmmyy CQS@Qp: KOMIIBKOTEP, IIpOrpaMma, MaTcMaTuKa, MEJIACHI, CbIHAK

WMHCTATYT y4acTBYET B IPOBEICHHHM MATEMATHYECKUX COPEBHOBAHUMU U CTYAECHTOB, CO-
TpyZHUKM HMHCTHTyTa ydaT CTYJEHTOB NHCATh OPUTMHAIBHBIE KOMIIBIOTEPHBIE MPOTPaMMBbI IS
HK3aMEHOB 10 MaTeMaTHKe. B cTaTbe omMcaHbl Kak IIMPOKO M3BECTHHIE, TaK U pa3paboTaHHBIC B
HNHcTutyTe onpenenenus, METOAbI U IIPUEMBI.

Knroueswie crosa. KOMIIBIOTED, IIpOorpamMma, MaTeMaTrukKa, COPpEBHOBAHUEC, SK3aMCH

Introduction

The Institute participates in conducting mathematical competitions for Youngers,
employees of the Institute teach Youngers to write original computer programs for
examinations in mathematics. Both well-known and elaborated in the Institute
definitions, methods and techniques to develop complex multimedia interactive soft to
teach and to check understanding, knowledge and skills in mathematics, real
knowledge of languages are described in the paper. Various types of tasks: interactive,
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“measuring imagery”, “Socrates-type”, “guess 10 correct”, “from outside”, “answer as
action”, necessary-collective are described.

Denote jury or teacher as Elder, contestant or examinee as Younger, competition or
examination as Testing.

We hope that implementation of such soft would be an interesting and useful
training for Youngers in programming. They will be able to check their work
immediately, with their friends, younger sisters and brothers.

Some items of this paper were delivered at the VII World Congress of Turkic
World Mathematicians at city of Turkestan, October 2023.

Remark. Nowadays Youngers use artificial intellect during Testing and it is
almost impossible to prevent it. Hence, more complex tasks must be checked by
authors through Artificial Intellect. If Artificial Intellect can solve a task then it cannot
be given.

1. Desired features of softs (briefly)

1.1. Testing and Study modes (Soft is a kind of text-book).
1.2. Several languages.
1.3. Tuning by Elder for various Testings.
1.4. Availability of Tasks.
1.5. Generativity: Task does not exist before Testing.
1.6. Uniqueness: all Youngers are given different Tasks.
1.7. Complete secrecy: nobody including authors of Tasks and Elders know right
answers until end of Testing.
1.8. Various types of Tasks and presentation of Tasks with multimedia.
1.9. Younger’s respond in various forms (not “multiple choice”).

2. Desired features of softs - explanations
2.1. Soft must have Testing and Study modes. In Study mode Younger inputs initial
data for a task, solves a task and compares their result with the true one. i.e. Soft is a
kind of text-book too.
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2.2. Texts in Soft must be written in several languages (with Younger’s option to switch
in Study mode: Soft is a kind of dictionary). This will promote Bologna process and
wide using of Soft.

2.3. Setting option for Elder: select a language; select a scope of tasks for Testing from
the general list of tasks; set time; is it possible to retry if the answer is wrong?; are
marks shown immediately (current examinations) or after Testing? Replenishing with
new tasks, to involve creative teachers and Youngers into mutual work.

Forming a file with Younger’s name, marks, date, time and other information in
ciphered form. Remote participation in Testing (on-line or off-line with sending this
file to Elder.

2.4. Availability of Tasks. We introduced the term Independent learning [1].

If possible: do not require special knowledge; do not use special terms and denotations
(or give simple examples with them) although the condition of Task becomes longer;
reduce dependence on language (graphical form is preferable); admit partial and
approximate answers (with corresponding reduction of score).

Example 1. NOT “Find the sum of arithmetic sequence with first term 3, common
difference 2 and last term 301~

BUT “Find the sum 3+5+7+...+301 (4+6+8+...+14=54)".

Example 2. NOT “Find lim{7k/(k+6) | k—>oc}”

BUT “Given a1=5/13; a,=6/15; a;=7/17 ... Find aioo With accuracy 0.001”.

Example 3. NOT “Calculate 4 °x2dx” BUT “Calculate the area under ...

(graph with formula y=x?) exactly or approximately”.

2.5. Parameterized tasks or Generativity. Task does not exist before Testing and is
generated randomly (not only numerical data, content of task may vary too, under
demand  of same difficulty level”).

General Example 4. min / max; increasing function / decreasing function;

rectangular / equilateral trapezium;

various types of equations (x2+px=g, X>4+q=pXx, X+p=q/X).

As a consequence,

2.6. Uniqueness: all Youngers are given sufficiently different Tasks, and
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2.7. Complete secrecy is guaranteed.

Socrates’ method [2] provides the following

Hypothesis. By using suitable tasks and questions, proposing to con-duct
experiments the teacher can drive a Younger (or, more effectively, a group of
Youngers) at independent discovery of many facts of elementary mathematics, of
discrete mathematics, some facts of analysis and of physics.

Such tasks will be marked*. They also provide Availability.

2.8. Various types of Tasks (text, drawing, picture, short videoclip, sound (earphones
are necessary)). The following subitems overlap.
2.8.1. Common type of tasks. Condition: text; answer: integer number. There are some
techniques to reduce various mathematical objects to definite integer numbers
including “corrected reality”: ”Let the free fall constant on surface of the Earth be
(exactly) 9.8 meter/second? ; let all atomic weights be integer numbers”; “let & =
22/7”.
2.8.2. Interactive tasks: ”if you find answer in less than 10 attempts you will get full
score” including binary or more effective search.
2.8.3. [1] ”Give approximate answer X in short time (20 seconds)” including tasks on
measuring imagery or “intellectual eye measurer”: a task with exact or almost exact
answer Xo (positive real number or other continuous object) is given, if | X/ Xo —1 |
<0.1 then the mark is A+.
2.8.4. ”Form the task having the given solution (give numbers in condition of a task)”.
2.8.5. Tasks ”from outside” with real or virtual objects to check skills too. Example 5.
The real object (a sheet with many details) must be printed before Testing. But number
of (random) combinations of details is too large to be solved before Testing.
2.8.6. Algebra. ”Solve in short time (10 seconds)”.
Example 5. 99023456 + 2000 — 99023455=
9902342 — 990232 * 999236=
2.8.7. “Guess to correct”.
Example 6. 890+56=834.
Example 7*. GAHTGAHTGAWTGAHT; UTVMIXIMWTU
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2.8.8. Real counting. Given “slightly organized” pseudo-graphic.
Example 8. S>> ||| xarxsokrk ook dokdok o deokkk
”How many asterisks are here? Write in binary system”.
2.9. Younger’s respond (integer number(s), “’real” number(s) with prescribed accuracy,
word, “Point-and-Click”, “Draw-and-Drop” actions by computer mouse).
3. Examples of arithmetical and algebraic tasks

All tasks below are supposed to be parameterized. Both traditional and our tasks
are presented.

For independent discovery:

Task 1. Sequence (2.6%).

a) "Countthesum1+3+5+ ..+ 17"

b) ”Count the sum5+7+9 + ... + 39",

c) ”Count thesum 100+ 97 +94 +91 + ... + 4”

Version for collective solution:

Task 2. Task for the second teammate:

”The sum 100 + 97 + 94 + 91 + ... < the first teammate’s respond > .

Find the last member of the sequence”.

Task 3. Inverse equation (2.6%).

a) "AX + B = 105; X = 26/5. Find any natural numbers A and B.”

b) "AX(X + B) = D; X =9 + v 5. Find any integer numbers A« 0, B, D.”

Version for collective solution:

Task 4. Task for the second teammate with numbers given by the first teammate:
a) "< A > X+ < B >=1050. Round X up to integer.
”h)"<A>X(X+B)=<D >,
Round up the greater root of the equation to integer.”

For an examination in a language:

Task 5. Zoology. "How many legs(paws) have a calf, a bee, two kittens, a spider,
a snake, aworm and three geese together?” Younger’s ignorance of at least one of these

words will be detected.
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4. Conclusion
We hope that these methods and examples would make competitions in mathe-
matics more interesting and useful.
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CONTROLLED MOTION AND VISIBILITY OF STRETCHED OBJECTS

IN VIRTUAL SPACES

Pankov P.S., Zhoraev A.H.
Institute of Mathematics of NAS of KR

Kyrgyz-Uzbek International University named after B.Sydykov

Controlled motion in virtual topological spaces was proposed in Kyrgyzstan. Such spaces were called
and defined as kinematical ones. Algorithms of controlled motion of points in kinematical spaces
were implemented to reach any point. The second au-thor proposed controlled motion of stretched
objects in kinematical spaces to reach points. Controlled motion to see any marked point in
kinematical spaces is proposed and considered in the paper.

Key words: topological space, kinematical space, controlled motion, visibility.

KLIpFLIBCTaHI[a JJICCTCTUIIT'CH TOITOJIOI'UAJIBIK MeﬁKHH,Z[PIKT cpac 68.H_IKapBIJ'Iyy‘Iy Kbe/iMbIJ'LZ[OO
CYHYII KbUIbIHTaH. MBIH/Iaii MEUKUHJIUKTEDP KUHEMATUKAIbIK MEU-KUHIUKTEp JEI aTajraH >kKaHa
aHpIKTaIrad. KuHeMaTuKalblKk MEMKMHIMKTEPIE YEKUTKE KETYY YYYH YEKUTTH >KbULABIPYYHYH
AITOPUTMACPH HIIKC allIbIPbLITaH. ABTOp KHMHEMATUKAJIbIK MeﬁKHHI{HKTepI{e YCKUTTEPTEC KETYY
YU4YH co3yiaraH oOBb-€KTUJIEpAMH Oallkapbulyydy KbIMMBUIBIH CYHYII KbUIraH. Makanajga
OENTUJIEHIeH YEeKUTTH KOpYY YUYH OallKapbulyy4yy KbIMMbUI CYHYII KbIJIBIHAT KaHa Kapaar.

Ypynmmyy cez0ep: TOMOMOTUSIIBIK MEUKUHINK, KHHEMATUKAJIBIK MEUKUH/IHK,
OalKapbUTyydy KbIHMBLI100, KOPYHYYUYIYK.

B KBIpFBBCTaHe OBLIO MNPpEAJIOKCHO [ABUKCHHEC B BHUPTYAJBHLIX TOIIOJIOTHYCC-KUX IIPO-
CTpPAHCTBaAXx. Takue MpOCTpaHCTBA OBLIM Ha3BaHBI U OIIPCACIICHbI, KaK KHHC-MAaTHUYCCKHUC. bruu
pCaIN30BaHbl AJITOPUTMEBI YIIPABIACMOTO ABHKCHUSA TOYCK B KHHEMATHYCCKUX IMMPOCTPAHCTBAX JIA
JOCTUXKEHHS KaKOM-TH00 TOUKU. BTOpoii aBTOp Npe1oKuIl yIpaBisieMoe IBHKEHNE TPOTSHKEHHbIX
00BEKTOB B KMHEMATHUECKUX MPpOCTPAHCTBAX JIA HOCTHIKXCHUSA TOUYCK. B cratbe OpeaAJIOKCHO U
PaCCMOTPCHO YIIPABIIACMOC ABHUKCHUC, YTOOBI YBUACTH OTMCUCHHBIC TOYKH.

Knrouesvie crnosa: Tormonorndaeckoe IMPOCTPAHCTBO, KHHEMATUYCCKOC ITPOCTPAHCTBO,

YIpaBId€MOC IBMKCHUEC, BUIUMOCTD.

1. Introduction

Controlled motion in virtual topological spaces was proposed in Kyrgyzstan [1], [2].

Such spaces were called and defined as kinematical ones. Definition of a kinematical
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space M (the metric px is the minimal time of passing between points) with controlled
motion of points was introduced. Algorithms of controlled motion of points in kine-
matical spaces were implemented to reach any point. The second author proposed
controlled motion of stretched objects in kinematical spaces to reach points [3].

There are many papers on visibility in Euclidean space and its subspaces, for
example [4-8], but the only work on visibility in a non-Euclidean space [9] was found.
The author considers a hyperbolic plane with analog of square grid and identify
visibility with existence of a geodesic line. But it is suitable only for this task.

The report [10] on visibility took a bronze medal but was never published.
Controlled motion to see any marked point in kinematical spaces is proposed and
considered in the paper.

Section 2 contains definitions.

Section 3 is brief description of [10]: Given the Riemann surface of the equation
w? + (z—a)(z—h)=0. There is Person in a round car of a given radius r, 2r < |a —b |
and a point object in this space. How much time does Person need to get to see the
object? The theorem to detect such this minimal time by coordinates of an initial point
IS proven.

Section 4 contains definitions of visibility and tasks.
2. Definitions for motion of points with bounded velocity

As a codifying the ancient idea of controlled motion with bounded velocity, the
notion of kinematical space was introduced [1].
Definition 1. A computer program is said to be a presentation of a
computer kinematical space if:
P1) there is an (infinite) metrical space X of points and a set X; of display-
presentable points being sufficiently dense in X;
P2) the user can pass from any point x; in X; to any other point x, by a sequence of
adjacent points in Xy by their will;
P3) the minimal time to reach x, from x; is (approximately) equal of the minimal

time to reach x, from Xx;.
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The space X is said to be a kinematic space; the space X; is said to be a computer
kinematic space; this minimal time is said to be the kinematical distance px between
X1 and X,; a sequence of adjacent points is said to be a route.

Considered the practical task. Let there be a thing and obstacles. It is necessary
to move the thing to another place. Is possible? If yes then in what minimal time it can
be done?

Definition 2. Thereisafamily P of connected subsets of the set X (we will
call them passes); each pass has the positive length (time) and a family Q of connected
subsets of the set X (we will call them things).

(It means that a thing moves along a pass).

The space X is said to be a generalized kinematic space.

(G1) For each x e p €P there exists such qeQ that x e q.

(G2) For each x; #x, eX there exists such pass p eP that x;, X, €P and the set of lengths
of such p is bounded with a positive number below; this infimum is said to be the
generalized kinematical distance px between points x; and X..

(G3) For each g1 0, €Q there exists such pass p P that g, g2 P and the set of lengths
of such p is bounded with a positive number below; this infimum is said to be the
generalized kinematical distance px between things p; and pa.

(G4) If x1,%2 epy and X2, X3 €p2 then there exists such pass ps eP that x; , X2, X3 €ps and
length(ps) <length(p.)+ length(p.).

If (G5) For each x; #x, X there exists such pass p1, €P that length(p12) =pox (X1, X2)

then the generalized kinematical space X is said to be flat (with respect to P).
3. Visibility over Riemann surface

Without loss of generality, let a= -1, b=1, r<1, and the equation is

w =Wz2-1), w=(z-1)(z+1)).
The Riemann surface for this equation has two branch points: A=(-1;0), B=(1;0).
Let the speed of Person be 1. “Ray (P)Q” means a ray going from Q in the direction

opposite to P. Denote the circle of radius r with center at point B as OB.
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This space can be constructed as follows. Let's take two planes (assume that we
are on the first of them, at point M, located at a distance of no less than r from point B,
in the quadrant 1V).

The plane on which Person is located will be called “this sheet,” and the half of
the sheet (quadrants | and Il or quadrants 11l and IVV) on which Person is located will
be called “this half.” Accordingly, we will say “that sheet” and “that half”.

Let's make a cut on each sheet along the segment AB and glue the near side of this
sheet with the far side of that sheet, and also glue the near side of that sheet with the
far side of this sheet.

If M does not lie on the OX axis, then we will call the far region that part of that
half of this sheet, bounded by ray (M)A, segment AB and ray (M)B, which Person
does not see.

So, from each point Person can see the entire half of this sheet, that half of this
sheet without the far region, and the far region of that sheet.

From a point on the OX axis inside the segment AB, half of one sheet and the other
half of another sheet are visible. From a point on the OX axis outside the segment AB,
this entire sheet is visible and the other one is not visible.

If point M is not on the OX axis (M £0X), then the solution to the problem is given
by either point M and the corresponding point on another sheet, or two points on the
OX axis, and the angle of movement from one to the other relative to one point B should
be equal to 2.

We get the following trajectories: (M eOX)

T1) From the point M (as the first point) along a tangent to OB, around OB and
to the same segment on OX where M is located (the new point N will be on another
sheet).

(Mg0OX)

T2) From point M (as the first point) along a tangent to OB, around OB and along

a tangent back to the second point M', corresponding to M (it will be on another sheet).
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T3) From point M along a tangent to OB, to the intersection with the OX axis (this
will be the first point K), then along the tangent until OB touches, around OB to the
point N, lying on the same section of the OX axis (this will be the second point ).

We obtain the following formulas. Let the point M=(x,y), P and Q (if moving
counterclockwise) be the points of tangency of the tangents drawn from M to OB,

The distances MB=d= V((x-1)?+y?), MP=MQ= h=d? —r?), t = cos(r/d). The
lengths of the trajectories: T;= MP + arc PN = h+ r(2z—t); T,= MP + arc PQ + QM
= 2h+r (27 —2t); Ts= MP + arc PN.

Denote x;=|x—1]|. (The distance between Person and the line x=1, on the which
point B lies).

If x;<r, then both points of tangency are closer to the M than the OX axis,
otherwise one of them is closer and the other one is farther.

By symmetry, assume that x >1, then we need to move to the point P. Denote s
=MBX = cos? (x;/d), then £ PBX =t-s. T3 = h+ r(2z - (t-5)).

Theorem 1. If the starting point lies on the OX axis, then the minimum time
to see the object in any case is h+r(2z—t), otherwise it is equal to

min {2h+r(27—2t), h+r(27z — (t-5))} .
4. Definitions and tasks on visibility

Definition 3. If there exists an open set G in a kinematical 2D-space S
isometric to an open set G’ in R? and a segment 4’8’ G’ then for the preimages
the point B is seen from the point A.
T ask 1. Initial position of Person is given. What is the minimal time to inspect
all the space G?
T ask 2. What is the minimal time to see the given point?
T ask 3. What is the minimal time to see all boundary of a given set in S?
We hope that implementation of these tasks would yield new properties of

kinematical spaces.
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INTERACTIVE MATHEMATICAL TASKS WITHOUT WORDS
Pankov P., Bayalieva E.
Institute of Mathematics of NAS of KR
J.Balasagyn KNU

In frames of developing general methods for independent interactive computer presentation of various objects,
interactive mathematical tasks without any conventional denotations (words, digits) are classified and various
examples are proposed. Especially, such tasks are intended for children. A philosophical problem is put: what
notions can be presented in such a way?

Keywords: independent learning, mathematical task, interactive task, computer contest

Kommnbrorepae ko3 KapaHABICHI3 MHTEPAKTUBAMK YarbULABIPYY YUYH JKallbl yCYJIAYTYH OHYKTYPYYHYH
UYUHJE, MapTTyy Oenrunepau (cesnep, cannap) KOIIOHOOCTOH HHTEPAKTHBAYY MaTeMaTHKAJbIK Macelesep
KJaccupuKaMAIaHIbl )KaHa ap TYPAYY Macesenep CyHymTaiapl. ATan alTKaHaa, MbIHOal Macenenep oangap
yuayH apHanrad. Koronran ¢umnocodusnbik keiireil: marsl KaHAall TYOIYHYKTOPAY VIIYHIAH KON MEHEH
KepceTyyre 000T?

YpyHTTYy co31ep: Ke3 KapaHIbICh3 YHPOHYY, MATEMaTHKAJIbIK Macese, MHTePAaKTUBIYY Macele,
KOMITBIOTEPIUK MEJIIEII

B pamkax pa3paOoTku 0OIIel METOAMKH /sl He3aBHCHUMOTO WHTEPAKTHBHOIO KOMIIBIOTEPHOTO
NPE/ICTaBICHUS PAa3IMYHBIX OOBEKTOB, KJIACCU(PHUIIMPOBAHbI WHTEPAKTHBHBIE MaTeMaTHYECKHe 3a1adu Oe3
WCTIOJIb30BaHMS YCIIOBHBIX 0003HaUeHHH (CJIOB, (D) U MPEII0KEHBI pa3IndHbIe MPUMEpPHL. B ocobeHHOCTH,
TaKWe 3a/1a4d TpeaHa3HadeHsl s aerei. [locraBnena ¢uiocodekas mpodiema: Kakue MOHSATHS MOKHO
MpeICTaBUTh TaKUM 00pa3omM?

KiroueBbie ciioBa: He3aBrcHMOE 00yUueHHEe, MaTeMaTHIeCKas 3a/1a4a, MHTEPAaKTUBHAS 3a/1a4a, KOMITBIOTEPHBIN
KOHKYPC

1. Introduction

Certainly, there are many differences in language, terminology and traditions in
teaching worldwide. There are two ways: to elaborate any unified world-wide system
of conventions (which existed in Europe on the basis of Latin language in the Middle
ages, exists on the base of Arabian language in some countries and is built on the
basis of English now) or to develop less conventional teaching methods (it is the
subject of this paper).

Remark. There are also elaborated many international denotations. Ancient are
Yin-Yang, Lion or Eagle (power in all meanings), schematic human shapes, Red

color (prohibited, dangerous ...), White color (peace), Snake with something
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(medicine), Anker (related to maritime affairs). Further, Wings (related to air), Red
Cross and Crescent (medicine), Shot glass (fragile), Green (related to ecology)
appeared. There are Oblique segment (prohibited) and other road signs, numerous
computer icons, pictograms. For example, the cheerful smiley and the sad smiley can
be used in programming of tasks in Section 3.

Thus, while learning the essence of any subject one has to get to know the
system of symbols (notations) and special terms traditionally used in it. This causes
the following disadvantages:

- pupils and even some teachers confuse the content of a subject with its form, they do
not recognize real life applications of its items and cannot apply their skills and
knowledge;

- many persons of good ability are frightened of such a system and do not try to learn
at all;

- If the state (official) language of teaching or symbols used are well known by any
pupils, then those pupils have a great advantage over others.

Therefore, we suggested developing Independent Learning [1]: ways of teaching
and assessment which make minimal use of any media system not related to the content
of the subject. The purpose of this paper is distinguishing of tasks without any
conventional signs. We list well-known tasks (in our interpretation), ones published

earlier by us and some new ones.
2. Classification of tasks

We will consider “Drag-and-Drop” tasks only. The user is to choose one of
objects from “List of movable objects” and move it to the spot.
2.1. “Detect analogous, similar one.” If such relation is transitive then a new
notion arises as an element of a quotient space of objects.
2.2. “Continue the sequence”.
2.3. “Complete puzzle”.
3. Examples of tasks

We will use the only conventional denotation: “light green” as a purpose, a spot
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for purpose (we will denote such spot as (?)).
Firstly, solutions for tasks will be evident; further, the user will know this

deno-tation. Begin with tasks for children.

Three versions to input natural numbers:

heap with “ones”; the user moves one-by-one from the heap to (?);

heap with “ones” and “twos” and “fives” ...;

list of numbers including the right answer.

Task 1. Natural numbers. Target: 3..7 similar objects (™M (?))

List; **  Fkakk ko sokkkokx

Task 2. Sequences. Traditional (27 12 17 (?) ), (1 39 27 (?)) uses conventional
signs (digits). We propose *** ¥ kaxkkkksk ()

The following tasks use one or two scales in balance of in tilt (***=***)
and natural numbers as sums of weights on scales. Firstly, the green (right) cup of the
scales is up. When the scales are in balance, an approving beep sounds.

Task 3. Introducing to scales. *****=(?)

Task 4. Subtraction or solving the equation a=b+x; ******=****(7)
Task 5. Multiplication. Cat (or Apple) =***; Cat,Cat=(?)
Task 6. Division. Cat, Cat =********. Cat =(?)
Task 7. Linear equation. Cat*** =******x*. Cat =(?)
Cat,Cat* =******x** Cat =(?)
Task 8. Length. Purpose is a slightly broken line.
List: various segments, the length of one of them is close to the length of the
purpose.

Task 9. Area. Purpose is a convex polyhedron or an oval.

List: various squares, the area of one of them is close to the area of the purpose.

Task 10. “Simplest, basic figures”. Circles, squares, rectangles, thombs ...; one
of them (or some of them) is (are) without piece(s).

List: piece(s). The user is to “complete” the figure(s) with the piece(s).

Task 11. Geometrical transformations (rotation, homothety, stretching ...).

Example: Purpose: A (?)
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List: P,Q, A Tor PV, 3T

Task 12. Symmetry-1. Example: Purpose: T (?)

List: N,H,ZE

Task 13. Symmetry-2. Examples: Purposes
WTFKTWTFKTWTFKTWTFT(?)TWTFKT (transitive symmetry)
WTH||[TWT||H(?)W (mirror symmetry)

IHHX##IN(?)N
[e]l
NONI##XHHI  (rotational symmetry)

List: in these examples: shapes of letters.

Certainly, such tasks must be made of geometrical figures.

Task 14. Labyrinth. There are movable object (Avatar), Purpose and Labyrinth
among them.

Task 15. Mechanics. Asymmetrical scales.

Example: (******)-3"-(=)-6""-(?).

Remarks. We took some ideas from [2]. Authors [2] asked children how did they
invent such answers. But we advise not to ask because it is non-verbal way of thinking.
On the contrary, let both computer and you as a teacher say after proper answers:

Congratulate! You have mastered the notion ... !
4. Conclusion

We hope that such contests including on-line ones would be interesting and
useful for children and pupils. Also, invention and implementation of such tasks would
be useful for IT-students and put philosophical problems: what notions can be

presented in such a way? How to involve Al to solving such tasks?
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COMPLEX OF MATHEMATICAL MODELS FOR NOTIONS OF NATURAL
LANGUAGES

Pankov P., Karagulov A., Baktybekov A.
Institute of Mathematics of NAS of KR,
J.Balasagyn KNU

In previous works, in frames of developing methods for independent interactive computer
presentation of natural languages, mathematical models for some notions were elaborated. They are
based on “sequences of shifts”, conditions on sets and functional relations. Using of such models in
complex is proposed in the paper. Examples in Kyrgyz and English languages are given.

Keywords: language, computer presentation, mathematical model, independent presentation

MypyHKY OSMreKTepe, TaOWrblidi TWIAEPAN KOMITBIOTEpJAE K63 KapaHIbIChI3 WHTEPAKTHBINK
YareUIABIPYy YYYH OKQJINbl YCYNAYTYH OHYKTYPYYHYH WYHHAE K33 Oup TYUIYHYK YYYH
MaTEMaTHKAJIBIK MOACIICP KypyIay. AJap «KbULABIPYYIApIbIH yIaalallThIIBIKTaPhD», TONTOMAOP
YUYH HIapTTap *aHa (yHKIIMOHAIIBIK 63 apa OailaHblTap apKbulyy Kypyiaay. Makanaaa MbiHAal
MOJIETIIEPAN KOMIUIEKCTE KOJJOHYY CYHYII KbUIbIHAT. KbIprei3ua jkaHa aHIVIMCYEe MUcalgap
OepuireH.

YPYyHTTYY ce3niep: muj, KOMIbIOMEPOUK YAbLIOBIPYY, MAMEMAMUKANbIK MOOENb, KO3
Kapauowbicvl3 YaAcblioblpyy

B npenpinymux paborax, B paMkax pa3paboOTKu oOmield MeTOJWKH HE3aBUCHUMOTO
MHTEPAKTUBHOTO KOMIIBIOTEPHOTO TMPEJICTaBICHUS] €CTECTBEHHBIX S3bIKOB OBUIM IOCTPOEHBI
MaTeMaTHYeCKUe MOJIENH JJIsi HEKOTOPHIX MOHATUH. OHM OCHOBAaHBI Ha «II0CIENI0BATEIbHOCTSIX
CIIBUT'OBY», YCJOBHSAX Ha MHOXXECTBA M (PYHKIIMOHAIBHBIX COOTHOIIEHUSX. B cTarbe mpeanmoxeHo
KOMIIJIEKCHOE HCIOJb30BAHUE TakUX Mojeiel. JlaHbl mpuMmepbl Ha KbIPTBI3CKOM U aHTIIHICKOM
SI3BIKAX.

KiroueBble cioBa: A3bIK, KOMHbIOMEPHOE npeocmaegienue, Mamemamuiyeckas Mooeib,
He3asucumoe npeocmasienue

1. Introduction

At all times, travelers were forced to learn languages from inhabitants which did not
know the traveller’s native language. As it is known, M.Berlitz (1878) was the first to
develop such a method, “the immersive teaching method”. Further such method was
improved by J.Asher (1965) as “Total physical response”.

Winograd T. (1972) proposed giving commands to a robot with such words as

"table", "box", "block", "pyramid", "ball", "grasp", "moveto", "ungrasp".
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Using these ideas, the following framework definition was proposed [2]: If a
computer presentation does not depend on the user’s knowledge and skills on similar
objects then it is independent. Such presentations are more effective because the user
can learn a language inductively, and they begin thinking in it, without translation in
mind.

General methods for interactive computer presentations of natural languages were
being developed [1-7] and mathematical models for some notions were elaborated.
They are based on “sequences of shifts”, conditions on sets and functional relations.

Using of such models in complex is proposed in the paper. Examples in Kyrgyz

and English languages are given.
2. Definitions for independent presentation of notions

Definition 1. Let any notion (word of a language) be given. If an algorithm acting
at a computer: generates (randomly) a sufficiently large amount of instances covering
all essential aspects of the notion to the user, gives a command involving this notion in
each situation, perceives the user's actions and performs their results clearly on a
display, detects whether a result fits the command, then such algorithm is said to be a
computer interactive presentation of the notion.

Certainly, commands are to contain other words too. But these words must not
give any definitions or explanations of the notion.

Definition 2. If low energetic outer influences can cause sufficiently various
reactions and changing of the inner state of the object (by means of inner energy of the
object or of outer energy entering into object besides of such influences) at any time
then such (permanently unstable) object is an affectable object, or a subject, and such
outer influences are commands. A system of commands such that any subject can
achieve desired efficiently various consequences from other one is a language.

The following definitions [5-7] are improved by us.

Definition 3. Mathematical models of 1-(n+m)-complexity consist of fixed
{Fili=1..n} and movable {M;[j=1..m} sets with capacity of controlled parallel shifts

and temporal sequence of conditions of types (M; cFi), (M; N Fi =9), (M; nFi z).

162| Herald of Institute of Mathematics of NAS of KR, 2023, No. 2



Mathematical models of 2-complexity also include capacity of controlled
rotations of movable sets.

Definition 4. A transformable object is a (varying) set or union of sets, some
points of it are connected with functional relations.

Let ScD(display) < R? be initial position of the object; S(t) be the position and shape
of the object at time t.

Let S and S(t) be defined by points zy, z, ...,z €S and their images correspon-
dingly. Then S(t) is completely defined as follows: Sk(t, Z1(t), Z2(2), ..., Z«(t)). Values
Z1, Zy, ...,z are to be connected with functional relations.

Definition 5. The complexity of a mathematical model consists of: the maximal
value of k of all movable and transformable objects, of n and m, as in Definition 3.

Computer interactive presentations are built on the base of mathematical models.

Hypothesis. Any notion has a minimalistic mathematical model (a version of

minimal number of entities in Occam’s sense).
3. Examples of mathematical models

Example 3.1. The verb TAII-FIND. The environment is: 5..7 lids and the box.
There is the (hidden) apple under one of the lids.
The mathematical models of a lid (movable), of a (hidden) apple (movable) and of a
box (fixed) are involved.
The verb can be present either as a secondary one:
Bylipyk: «Kankakrap/ bl KbULIIPHIT, anManbl TAAIL aHbl yKkekke Koii!»

Order: “Move the lids, FIND the apple and put it into the box!”

(primary notions are underlined)
or as a goal-setting verb:
byiipyk: «Anmanbel TAAIIL aHbl YKOKKe KOU!»
Order: “FIND the apple and put it into the box!”
(the user is to guess what actions must be done).
The complexity is 1-(8+1).
Example 3.2. The verb BYKTO-FOLD. The environment is: the unrolled
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kinematical chain of three links and the (little) box.
The mathematical models of a kinematical chain (transformable) and of a box (fixed)
are involved.
As there is no common word for such an object, we will call it a “thing”.
byiipyk: «Hepcenu BYKTOII, anbl ykokke ko !»
Order: “FOLD the thing and put it into the box!”
The complexity is 3-(1+1).
Example 3.3. The verb CUMMETPUSAJIA-SYMMETRIZE.
Byiipyk: «CUMMETPUSIJIA !
Order: “SYMMETRIZE!”

Version a). The environment is: an “almost symmetrical” thing and the piece.

The user is to move the piece to make the thing to be symmetrical.

*EER* *A\EN *
I ENEEEERUNR
*EEE* | URU

The mathematical models of a fixed object and of a movable object are involved.
The complexity is 1-(1+1).
Version b). The environment is a symmetrical thing and two segments connected

to the thing in symmetrical points but arranged not symmetrically.

*EEE* _NEN
MO ENEEEEUNR
\mEm_ umrU\

The mathematical model of a transformable object is involved.
The user is to turn one of the segments to make the image to be symmetrical.
The complexity is 2-(2+1).

4. Conclusion

We hope that such construction of software would improve existing softs on
independent presentations of foundations of languages (Kyrgyz, English) and the

complex examination of Kyrgyz language.
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