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BORUBAEYV Altai Asylkanovich
A cademician, doctor of physical and mathematical sciences, professor

Dedicated to Academician A. A. Borubaev on occasion
of his 75th birthday

Borubaev Altai Asylkanovich is Academician of National Academy of
Sciences of Kyrgyz Republic, prominent statesman and public figure, Laureate of
the Interstate Award “Stars of the Commonwealth” of CIS, two-time winner of the
State Prize of the Kyrgyz Republic in Science and Technology, Honored Worker
of science of Kyrgyz Republic, State Councilor of the Kyrgyz Republic of the 1st
Class, Cavalier of the Order of "Manas" of the 3rd Class and of the Order of the
"Commonwealth" of the CIS Interparliamentary Assembly, the director of Institute
of Mathematics of National Academy of Sciences of Kyrgyz Republic.

Altai Borubaev is a Honored Worker of Science of the Kyrgyz Republic, two-
time winner of the State Prize in Science and Technology, Doctor of Physical and
Mathematical Sciences, Professor, the author of more than 150 scientific and
methodological works, Honorary Professor of Moscow State University named
after Lomonosov, President of the Mathematical Society of the Turkic world.
Academician of National Academy of Sciences of the Kyrgyz Republic Borubaev
Altai Asylkanovich is an outstanding scientist of Kyrgyzstan with a worldwide
reputation.

His activities are aimed at the development of science and education of the
Republic. After graduation from secondary school with a medal, A.A. Borubaev
enrolled in the Mechanical- Mathematical Faculty of the Kyrgyz State University
and graduated with honors in 1972. Subsequently, A.A. Borubaev pursued
postgraduate and doctoral studies at the Lomonosov Moscow State University,
where he was the first in Central Asia to successfully defend his Candidate (1977)
and Doctoral (1991) dissertations in "Geometry and Topology." In 1981, the young
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scientist A.A. Borubaev was awarded the Lenin Komsomol Prize of Kyrgyzstan
for his scientific works in topology.

In 1982-1984, young specialist A.A. Borubaev successfully completed a
scientific internship at Charles University in Prague, Czechoslovakia, one of the
world's oldest universities. Beginning his career at Kyrgyz State University in
1975, A.A. Borubaev advanced from lecturer to rector, got academic rank of
professor in 1992 and was elected a corresponding member of National Academy
of Sciences of the Kyrgyz Republic in 1993.

In 1992, by decree of the President of the Kyrgyz Republic, A.A. Borubaev
was appointed First Deputy Minister of Education of the Kyrgyz Republic. On his
initiative and under his leadership, the first law of sovereign Kyrgyzstan "On
Education™ was developed and adopted. New educational and scientific standards
were introduced in the field of higher education.

In 1994, A.A. Borubaev was elected the rector of the I. Arabaev Kyrgyz State
Pedagogical University. On his initiative, an educational, scientific, and production
complex was established at this institution. It included a research institute in
pedagogy, a pedagogical college, and dissertation councils. As a result, the Kyrgyz
State Pedagogical University became one of the leading universities in the republic
and a center for pedagogical research.

By decree of the President of the Kyrgyz Republic in 1995, he was awarded
the title of "Honored Worker of science of the Kyrgyz Republic.”

In 1998, A.A. Borubaev was elected the rector of the J. Balasagyn Kyrgyz
National University. He secured salary increases for faculty, primarily through
internal reserves. Under his leadership, the development of scientific and
educational projects was strengthened, and international grants were won.
Cooperation agreements were signed with leading universities abroad, including

Lomonosov Moscow State University, the University of Marseille (France), the
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University of Munich (Germany), the University of Turin (Italy), and Peking
University (China).

Academician A. A. Borubaev succeeded in solving mathematical problems
that had remained unsolvable for 40-50 years. He solved the problems of extending
topological spaces posed by the American Mathematicians B. Banashevsky and M.
Stone; the problem of embedding uniform spaces into Euclidean spaces posed by
the Russian mathematician N. V. Smirnov, and the problem of constructing an
absolute of uniform spaces posed by the Russian mathematician V. I. Ponomarev.

In 1998, A. A. Borubaev was awarded the State Prize of the Kyrgyz Republic
in Science and Technology for a series of scientific works.

In 2000, at the suggestion of scientists, the Moscow International Observatory
named a star after Academician A.A. Borubaev, "Altai," for outstanding scientific
achievements. That same year, Academician A.A. Borubaev was awarded the rank
of Honorary Professor of Lomonosov Moscow State University.

In 2000, A.A. Borubaev was unanimously elected as an Academician of the
National Academy of Sciences of the Kyrgyz Republic.

In 2000, he was elected for the second time to the Assembly of People's
Representatives of the Jogorku Kenesh of the Kyrgyz Republic (the first time was
in 1998). The deputies elected him the chairperson of the Assembly of People's
Representatives of the Jogorku Kenesh of the Kyrgyz Republic.

Under his leadership, the Assembly of People's Representatives adopted
important laws and resolutions. Under A.A. Borubaev's personal leadership, the
laws of the Kyrgyz Republic "On the National Academy of Sciences of the Kyrgyz
Republic” and "On the Education of the Kyrgyz Republic" were drafted and
adopted.

In 2001, A.A. Borubaev was awarded the Order of "Commonwealth" of the
CIS Interparliamentary Assembly.
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In 2002, A.A. Borubaev was awarded the State Prize of the Kyrgyz Republic
in Science and Technology for the second time. That same year, the US
Biographical Institute recognized A.A. Borubaev as "Person of the Year."

In 2003, he was awarded the gold medal of Charles University (Prague, Czech
Republic). That same year, by decree of the President of the Russian Federation,
A.A. Borubaev was awarded the jubilee medal "300th Anniversary of the City of
St. Petersburg.”

In 2005, by decree of the President of the Kyrgyz Republic, A.A. Borubaev
was appointed Chairman of the National Attestation Commission of the Kyrgyz
Republic. Under his leadership, new regulations for the awarding of academic
degrees, academic titles, and the operation of dissertation councils were adopted.
On his initiative, a highly effective 'Antiplagiat’ (Anti-plagiarism) program was
launched. The performance of the National Attestation Commission of the Kyrgyz
Republic has significantly improved. The quality of awarding academic degrees
and ranks has been elevated to a high level.

In 2005, the Mongolian Academy of Sciences awarded him an honorary
doctorate degree.

In 2013, Academician A.A. Borubaev was elected the Vice-President of the
National Academy of Sciences of the Kyrgyz Republic. From 2017 to the present,
he has been the Director of the Institute of Mathematics of the National Academy
of Sciences of the Kyrgyz Republic. During this period, he has made a significant
contribution to the development of both the National Academy of Sciences and the
Institute of Mathematics. In 2024, he was awarded the jubilee medal “70 Years of
the National Academy of Sciences of the Kyrgyz Republic”.

On the initiative of Academician A.A. Borubaev, the scientific journal
“Reports of the National Academy of Sciences of the Kyrgyz Republic” was
founded and has been published since 2014. Under his leadership, the first English-

language scientific journal in Kyrgyzstan, “Herald of the Institute of Mathematics
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of the NAS KR”, has been published regularly since 2018. In 2013, Academician
A.A. Borubaev was awarded the “Socrates” Order by the International Socrates
Committee for his outstanding contribution to world science. By the decision of the
Committee, his name was included in the World Register of Outstanding Scientists
of the 21st Century (London, UK). In the same year, he was awarded the Order of
Peter the Great (Russia).

In 2017, A.A. Borubaev received the Order of the "Commonwealth™ of the
CIS Interparliamentary Assembly, and in 2020, he was awarded the Gold Medal of
the World Intellectual Property Organization.

In 2021, Academician A.A. Borubaev made the first scientific discovery in
mathematics in Central Asia, which was officially recognized by the “International
Academy of Authors of Scientific Discoveries and Inventions” and the global
scientific community.

Academician A.A. Borubaev founded the first scientific school of topology
and geometry in Central Asia. He has mentored 8 Doctors of Sciences and more
than 15 Candidates of Sciences; two of his disciples have been elected
Corresponding Members of the National Academy of Sciences of the Kyrgyz
Republic. His disciples, in turn, have begun producing their own Doctors of
Sciences and have trained numerous Candidates of Sciences.

By decree of the President of the Kyrgyz Republic, A.A. Borubaev was
awarded the Order of Manas, 3rd Class.In 2022, he was awarded the Jubilee Medal
of the CIS Interparliamentary Assembly. In 2023, he was granted the rank of
Honorary Professor of Qingdao University (China).

By decree of the President of the Kyrgyz Republic in 2023, he was awarded
the jubilee medal “30 Years of the Constitution of the Kyrgyz Republic”. In 2025,
he was awarded the Jubilee Badge commemorating the 100th anniversary of the
Kara-Kyrgyz Autonomous Oblast. Academician A. A. Borubaev is the author of

16 scientific monographs and books, and more than 130 scientific articles
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published in 15 countries. He has presented scientific papers at universities in 39
countries, including Lomonosov Moscow State University, Charles University
(Prague), Sorbonne (France), Harvard (USA), Madrid (Spain), Pisa (ltaly),
Qingdao (China), Budapest (Hungary), Oxford (United Kingdom), Sofia
(Bulgaria), Ni§ (Serbia), Bangalore (India), Sakarya (Turkey), and others. Under
his leadership, more than 20 international scientific congresses and conferences
have been held in the Republic.

Academician A.A. Borubaev is the President of the Union of Scientists of
Kyrgyzstan, a member of the Presidium of the National Academy of Sciences of
the Kyrgyz Republic, and the head of the Kyrgyz Mathematical Society. He
initiated the creation of the Mathematical Society of the Turkic World, which
encompasses 14 countries. He is the Honorary President of the Mathematical
Society of the Turkic World, Chairman of the Kyrgyz-Qatari Friendship Society,
and Chairman of the Dissertation Council for the Defense of Doctoral and
Candidate's Dissertations in Mathematics. He is also a member of the editorial
boards of several international scientific journals in mathematics.

In 2022, Academician A.A. Borubaev made a scientific discovery called
"The permutability property of operations of the absolute, replenishment and
expansion of a single space™, confirmed by the International Academy of Authors
of Scientific Discoveries and Inventions (09/23/2022, Diploma No. 74-C).). For a
discovery in the field of mathematics, Academician A.A. Borubaev was awarded
the Silver Medal of Honor. P. Kapitsa (Resolution of the Presidium of the Russian
Academy of Natural Sciences No. 316 of 09/06/2022).The essence of scientific
discovery is as follows:1) the previously unknown basic properties of the
commutativity of the operation of the absolute and the most important extensions

of the uniform space are established.

2) important organic connections are found between the key concepts of the
theory of homogeneous and topological spaces.
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Plenary reports
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CERTAIN TOPOLOGIES ON SIMPLE GRAPHS
Ljubi“sa D. R. Ko"cinac?, Hakeem A. Othman?

YFaculty of Sciences and Mathematics, University of Ni's, 18000 Ni's, Serbia;
Ikocinac@gmail.com
2 Mathematics Department, Albaydha University, Albaydha, Yemen;
hakim—albdoie@yahoo.com

Dedicated to Academician A. A. Borubaev on occasion of his 75th
birthday

The paper is an overview of some recently results on relationships between graph theory
and topology. In particular, it contains results by the authors obtained in the last two-three about
four topologies (the upper approximated G-topology, P-topology, cyclic topology, and extreme
graphical topology) on the set of vertices of a simple undirected locally finite graph.

Keywords: simple graph, upper approximated topology, P-topology, cyclic topol- ogy,
extreme topology.

Byn makamana rpadTap TEOpHsCHl MEHEH TOMOJOTHSHBIH OPTOCYHAArbl OalIaHBIIIKa
OallIaHBIIITYy aKbIPKbI JKBIMBIHTHIKTAPABIH alpbIMIaapbl Kapanar. Taktanm aWTkaHna, aHaa
aBTOPJIOp Tapa6I>IHaH AKbIPKBI 3KH-YY KblJI HYUHAC J)KOHOKOH OarsITTamoaran JIOKAJIABIK YCKTYY
rpadThIH YOKYJNap TONTOMYHJAArbl TOPT TOMOJOTUS (KOTOPKY IKaKbIHAAIITHIpYydyy G-
TOIIOJIOTUSACHI, P-TOHOJ’IOFI/I}ICH, OUKIIAUK TOIOJOIUA KaHa 3KCTPEMAJIAbIK rpa(p TOHOJ’IOFI/I}ICH)
OOIOHYA aJIBIHTAH JKBIABIHTHIKT ap KCJITUPUIITCH.

Ypynmmyy ce3z0ep: xeHekell rpad, MKOTOpKY KaKbIHIAIITHIpYydy Tomoiorus, P-
TOIMOJIOTUACHI, HUKIIJIUK TOIIOJIOTHSA, SKCTPEMAJIABIK TOIIOJIOTUA.

JlanHast cTaThsl NpEIACTaBIsieT CcO0OW 0030p HEKOTOPBIX HEJABHHUX pPE3yJbTaToB,
KacCaromuxcCs B3aUMOCBA3U MCKIAY TCOpHefI Fpa(I)OB u Tonojioruei. B YaCTHOCTHU, OHA COACPIKUT
pe3yiabTaThbl, NOJYYCHHBIC aBTOpAMMU 3a IOCJICAHUC IABA-TPU roAad, O YCTBIPEX TOIOJIOTHUAX
(BerHeal’[l’IpOKCI/IMI/IPOBaHHaH G-TOHOJ’IOFI/I}I, P-TOHOJ’IOI‘I/IH, OUKIIMYECKass TOIIOJOTHUA U
9KCTpEMaJibHaA rpaq)nqecxaﬂ TOHOJ’IOI‘I/IH) Ha MHOXCECTBEC BCPIIINH mpocToro
HCOPHUECHTHUPOBAHHOT'O JIOKAJIbHO KOHCYHOI'O rpa(ba.

Knrwouegvie cnosa: mpoctoir Tpad, BepxHE anmMpOKCUMHUPOBAHHAs TOMOJOTHsS, P-
TOIMOJIOTUs, HUKINYCCKAsA TOIIOJIOIuA, SKCTpEMATIbHAA TOIIOJIOTHA.

1. Introduction

In the last few years several researchers introduced and investigated some
classes of topologies on the vertex sets or the edge set of simple graphs. Some of
the- ses topologies depend on the used neighborhood systems. In [6], Amiri et al.
presented a graphical topological space on the vertex set of a graph whose topol-
ogy is generated by the set of neighbourhoods of vertices in the graph. Sari and
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Kopuzlu [36] used the ideas from the above mentioned paper to create new
topologies on the vertex set of a simple undirected graph. Canoy and Nianga [30,
31] created certain topologies on the set of vertices via hop neighbourhoods. They
also introduced a class of topologies via some operations. In [14, 15], Faten et al.
used monophonic paths, the monophonic eccentric system, and the upper
approximation system to define several topologies in graph theory. The notion of
pathless directed topological space on the set of vertices of directed graphs was
introduced and studied in [33, 34]. The paper [26] introduced the topologies, called
compatible topologies, on the set of edges of a directed graph. Othman et al. [33]
introduced the concept of pathless fields on the vertices set and pre- sented some
applications on the human heart, and in [5] applications of graphical topologies in
radar chart methods have been presented. Othman et al. [35] used open
neighbourhood C-sets system to introduce class of topologies, called L2-
topologies. Abu-Gdairi et al. [1], by using neighbourhood systems, introduced and
investigated some topologies on graphs. Gamorez and Canoy [21] used the m-
eccentric system to define some topologies on graphs. For the extreme
neighborhood system, Ganesamoorthy and Jayanthi [23] defined the concept of
extreme outer connected geodesic graphs in graph theory. Timmanaikar et. al. [41]
introduced numerical representation method by using some topological indices and
graphical properties. Atik et al. [9] introduced some rough approximation systems.
Guler [24] used the notion of ideal collection to present and compare some
approximations. Damag et al. [16] used monophonic paths and rough
approximation system to construct the notion of rough directed topo- logical space
and studied some its applications on the human circulatory and nervous systems by
using this notion. In mathematical chemistry, Ahmed et. al.

[2] studied some topological properties on the corresponding graphs. Damag
et al. [15] defined some topologies by using the monophonic eccentric system and
employed this concept in studying the connectedness property for the diffusion and
a form of the COVID-19. We advice the reader to consult also the papers [7, 8, 10,
12, 13, 17, 22, 25, 27, 28, 29, 37, 38, 43, 44] for more details about graphical
topologies and their applications.

In this paper we give an overview of some recently obtained result by the
authors The paper provides certain topologies on the set of vertices of a simple
undirected graph: upper approximated G-topology, pathing topology, cyclic
topology, and extreme graphical topology. Sections 3, 4, 5, 6 are written on the
basis of the papers [5, 3, 4, 32], respectively.

2. Preliminaries
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In this section we give necessary information from graph theory which will
be used in the sequel. For undefined notions in graph theory, we refer the reader to
[11, 18]. All graphs in this paper are assumed to be undirected and locally finite.
Topological terminology follows the books [19, 20].

A graph G is a pair (V (G), E(G)) of a vertex set V (G)~ & and edge set
E(G)~= & If the vertices x, y €V (G) are joined by an edge ¢ € E(G) we say that x
and y are adjacent, and write V (¢) = {x, y}. The edge ¢ with V (¢) = {x} is called a
loop. If V (¢) = V (¢), then ¢ and ¢’ are called multiple edges. If a graph G is
without loops and multiple edges, then it is called a simple graph. Gxy denotes the
edge joining x and y. 6(x) denotes the degree of x that is defined as the number of
points join x. A graph G with finite sets V (G) and E(G) is called finite, and if d(x)
is finite for all x €V (G), G is called locally finite.

A complete graph K,, n > 0, (a simple graph with n vertices, where every
pair of distinct vertices is connected by a unique edge), a complete bipartite graph
Knm, N, m >0, (a simple graph with two disjoint subsets of vertices, Vi and V5,
containing n and m vertices, respectively, in which no edge has both end points in
the same subset, and every vertex in V; is connected to every vertex in V,), a cycle
graph C,, n > 2, (a simple graph with n vertices and n edges, where every vertex
has degree 2) are fundamental concepts in graph theory and will be considered in
this paper. A friendship graph F, with n > 1 is a simple graph which can be
constructed by joining n copies of the cycle graphs C; with a common vertex.

The open neighbourhood Ny of a vertex x is the set of vertices that adjacent
with x. A path is a sequence of vertices connected by edges, with each vertex
adjacent to the next in the sequence. A connected graph is a graph where there is a
path between every pair of vertices. For any two vertices
X,y € V (G), d(x, y) denotes the distance between points x and y which is the length
of a shortest path between x and y in G. Any path of length d(x, y) is called xy -
geodesic. By C[x, y] we mean the closed interval which consists of all vertices
lying on some xy - geodesic of G. A subset A € V (G) is called an geodetic in G if
C[A] =V(G), where [A]=U, ¢4 C[X, Y].

A subset A € V (G) is called an outer connected geodetic set if A is a geodetic set
in G and either A =V (G) or the subgraph induced by

V (G) / A is a connected graph. The outer connected geodetic number of G is
defined as the minimum cardinality of an outer connected geodetic set of G and is
denoted by Ggoc. A vertex x € V (G) is called an extreme vertex [42] of a graph G if
the subgraph induced by Ny is complete. For any simple graph G, the set of all
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extreme vertices is denoted by V (G)ex, and the number of extreme vertices in G is
called an extreme order of G and denoted by |Glex. If |Glex = Ggoc, then the graph. G
is called an extreme outer connected geodesic (EOCG) graph For any subset M of
a nonempty set D and for any binary relation # on D, the lower approximation (M
) and upper approximation (M ) of a set M are defined by (M ) ={x € D : yx S M
Yand 7 (M) ={x € D : 5, N M # @}, respectively, where 5= {y€ D : xny}. For any
subgraph Q of G, Atik et al., [9] defined the notions of lower 7

N, (V (Q)) and upper N(V (Q)) rough approximation k-systems given by

Nk(V (Q)) ={x € V (G) : Nu(x) € V (Q)}
N, (V(Q)=V(Q) U {x eV (G) : N(x) NV (Q) # #}.
3 Upper approximated G-topology

Let G be a simple graph. We firstly structure the neighborhood system for
elements of V (G). By using the notions of rough approximation j-neighborhood
systems (which are introduced in [9]), for any vertex x € V(G), define the upper
approximation neighborhood x of x as
x=N,Ué,,

where 9, = {y € V (G) : NxN Ny #0}. By V() we mean the upper approxi-mation
neighborhood system of a graph G, that is, v(G) ={x:x eV (G)}.
Theorem 3.1 Let G be a simple graph. The family U, = {Ux: Xx€eV(G)}

forms a base of a topology on V (G), where T, is the intersection of all upper

approximation neighborhoods containing x.
The topology whose base is described in the previous theorem is called the upper
approximated G-topology and denoted by 7. The corresponding space is denoted
by (V (G), ew)-
We now describe the upper approximated G-topologies on classical graphs.
Theorem 3.2 The following hold;

(1) (V (Kn), Tkn() is the indiscrete space for all n > 0;

(2) (V (Knm), k() IS the indiscrete space for all n, m > 0.

(3) (V (Cnh), tcnw)) is the discrete space for all n > 5.
Let us observe that the upper approximated G - topological space (V (C.), zcn(u))
of C,forn=1, 2, 3,4, 5 is indiscrete.
The following theorem characterizes discrete upper approximated G-topologies.

Theorem 3.3 Let G be a (locally finite) simple graph. Then for all
x,YEV(G),yZ X and x &Y ifand only if (V (G), 7c() is discrete.
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Recall that a topological space is called an Alexandroff space if the intersec- tion of any collection of
open sets is open.

Theorem 3.4 The upper approximated G-topological space of any (locally fi- nite)
simple graph is an Alexandroff space.
Theorem 3.5 Let G; and G, be simple graphs without isolated vertices. If G; and

G, are isomorphic, then the spaces (V (Gy), ‘@) and

(V (G) “e=w ) are homeomorphic.

Kon)
Note that the converse of this theorem need not be satisfied. The spaces V{Kom) Tknnw) and

V(Kyim), T"wm(“)) are homeomorphic (being indis- crete of the same cardinality), while the graphs Kim
and Kn:+m are not iso- morphic (since if x € Vi and y € V-, then x and y are joined in Kn+m, but not in Knm).
Theorem 3.6 Let G be any simple graph without isolated vertices. If the upper
approximated G-topological space (V(G), zew) IS a connected space, then the
graph G is connected.

Notice that the cycle graph C, is connected, but its upper approximated G-

topological space (V (Cn),Tan)) Is disconnected since it is discrete. On the other
hand, the graphs K, are K, are connected and have connected the corresponding
upper approximated G-topological spaces.

For a simple graph G define U3(G) as the subset of V (G) containing all

vertices X with I, < 3|, where o denotes the number of elements in Ux. A simple

graph G is called upper connected if the subgraph G™ of G, induced by Us(G), is
connected.
Theorem 3.7 Let G be an upper connected graph. Then the set D of all vertices in

Us(G) with degree greater than one is dense in (U3(G), “uye),
4 Pathing topology

As we mentioned a path in a graoh is a sequence of vertices connected by
edges, with each vertex adjacent to the next in the sequence; the path which starts
and ends at the same vertex is called a closed path. A vertex x in a graph G is
called a pathing vertex if there is no closed path containing all elements of N,. By
Vp (G) we denote the set of all pathing vertices in G.

For a vertex x € V (G), the set Kp (x) of all pathing vertices adjacent with X is
said to be the open pathing neighborhood of x; the closed pathing neighborhood
Kp [X] of x is the set Kp [X] = Kp (X) U {X}.

Definition 4.1 Let G be a graph. Consider the family
KVe (G) ={Kr [X]: x €V (G)}
13 I Herald of Institute of Mathematics of NAS of KR, 2025, No. 2



The P-topological space of G is a pair (V (G), TKVP<G>), where P (G) is the
topology on V (G) induced by the subbase KVp (G).

Ya
4
Vs 2
V3 Y
3

A B

Figure 1:

Example 4.2 The graph G in Figure 1A has the discrete P-topology. The
P-topology of the graph G in Figure 1B is indiscrete.
Theorem 4.3 The following statements hold for the P-topology:

(1) The P-topology of the complete graph K, is discrete forn =1, 2,

and indiscrete for all n > 2;

(2) The P-topology of a complete bipartite graph K, is discrete for
n=m=1,n=2andm=1,n=m =2, while for n, m > 2, nlnegm, | is of th3
form {@, V (Kim), V1, V2};

(3) The P-topology of the cycle graph C, is discrete for all n > 3.

Theorem 4.4 Let G be a simple graph. Then the space (V (G), wkvP (G)) is discrete

if and only if Kp [X] £Kp [y] and Kp [y] £ Kp [X] for all x,y € V (G).

Theorem 4.5 Let G be a simple graph without isolated vertex. If G is a dis-

connected graph, then the P-topological space (V (G), @) s a disconnected
space.
It was shown in [3] that the converse of this theorem is not true in general.

5 Cyclic topology

This section is written n the basis of the paper [4] and contains some results on the
C-topology on graphs.

A vertex x of a graph G is called a C-vertex if for each y € Ny there is a cycle
subgraph C,y of G such that y € V (C,y ). By V.(G) we denote the set of all C-
vertices in G.

For a vertex x € V (G), we set R¢(x) = {y € Vc(G) : y is adjacent with x}

14 I Herald of Institute of Mathematics of NAS of KR, 2025, No. 2



Rc[X] = Re(X) Ax}.
Rc(X) is called the open C-neighborhood of x, and R¢[x] is called the closed
C-neighborhood of x.
Definition 5.1 Let G be a graph. Define the family RV,(G) as follows:
RV:(G) = {R¢[X] : x €V (G)}.
Let zrvC(G) denote a topology on V (G) generated by the subbase RV(G. The pair
(V (G),7qc,) Is called the cyclic topological space of G.

We begin with certain properties of cyclic topologies in important classes of
graphs.
Theorem 5.2 The cyclic topology satisfies:

1. The cyclic topology of the complete graphs K; and K; is discrete, and
indiscrete for n > 3;

2. The cyclic topology of the complete bipartite graphs Kia, K1 and Kz is
discrete, and for n, m> 2, n # m, it is of the form {@, V (Knn), V1, V2}, where
V (Knm) = V1 U Vy;

3. The cyclic topology of the cycle graph Cs is indiscrete, and discrete on C,
for all n> 4.

Theorem 5.3 If simple graphs G; and G, without isolated vertices are iso-

morphic, then the spaces (V (G1), "™ and (V (G,), “®«©) are homeo- morphic.
Theorem 5.4 If a simple graph G without isolated vertices is disconnected, then

the cyclic topological space (V (G), "?-©) is disconnected.
The converse of this theorem is not true in general. In Figure 2 the simple graph G

is connected, while the space (V (G), “r%©) is discrete, thus discon- nected.

4
'Y
4

1 d1y

Figure 2: Disconnected space
Wa are going now to consider the cyclic topology on special class of graphs.
Let G be a simple graph. A vertex x in G adjacent to all the other vertices is called
a claw vertex. A simple graph G is called a claw graph if the vertices of V¢(G) are
not claws and not isolated vertices.
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Note that the graphic topological space (V (G),) “?«@®) of any claw graph
G is an Alexandroff space.
Theorem 5.5 Let G be a claw graph such that V(G) is a connected graph. Then
the set
D={xeV(G):ao(x)>1}

is a dense set in the space (Vc(G), 74y, (q) )-

6 Extreme topology
In this section we deal with extreme topology on undirected graphs. The sec- tionn
IS written on the basis of the paper [32].

A vertex x of a graph G is called an extreme vertex [42] if the subgraph
induced by Ny is complete.
The set of all extreme vertices of a graph G is denoted by G, and the number of
extreme vertices in G is called an extreme order of G and denoted by |G|ex.

In the class of simple graphs G = (V (G), E(G)), we use the extreme sys-
tem and the rough approximation j-neighbourhood system to define new neigh-
bourhood system for elements of V (G), called an extreme lower approximated
neighbourhood system. The relation p on V (G) is defined by:

xpy If X € Ny and x is an extreme vertex.

The extreme neighborhood p&(x) of a vertex x in V (G) is given by

pe () ={3 U{y €V (G): ypx}
and
P () = P2 () eV (G)f
denotes the collection of all extreme neighborhoods of a graph G. The operator
7 :V(G) — P(V(G)) is given by

76 (X) =0 () U pg’ (9,

where P(V (G)) is the power set of V (G) and 6s(x) = {y € V (G) : p™(X) < p™(y)}.
The collection

me(V (G)) = {me(x) : x €V (G)}
is called an extreme lower approximation neighbourhood system of G. For a

subset H V() the extreme lower approximation neig hbourhood zg(H) of H is
given by zg(H) = 0c(H) U p&(H), where 6s(H) = U,_, 0s(h). Thatis,

me(H) =U o 76 ().
Theorem 6.1 In a simple graph G, BG{”é : X € V (G)} forms a base of
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some topology on V (G), where =} is the intersection of all ns(y) involving x.
[This means that the collection ns(V (G)) is a subbase for this topology.]

The topology induced by Bg is denoted by 7, and called the extreme graph- ical

topology of G.

We are going now to describe the extreme graphical topology for some im- portant
classes of graphs.

Theorem 6.2 The extreme graphical topology satisfies the following

(1) The space (V (Kp), oy, Is indiscrete for every n > 0;

(2) The space (V (Knm), g% ) is discrete for every n, m > 1;
(3) The space (v (C,), zg_ ) Iis discrete for all n >3, while the space

V(C,), 7. ) is indiscrete;

(4) The space V(R 7e,,) for k > 4, where Py :1'—>2'— - - - — k', has the

base {{12Y (k- 1) v, fm'):3 <m <k - 2}; the spaces V(R). TBPs)and

V(P 7e,) 4re quasi-discrete;

5) The space " F)%e ) 1 51 has the base B =HOR{Om\m}:l<m<n},

where subgraphs Cs in F, are of the form {0, m, m"}; 1 <m<n;
(6) The space (V(GF,), Te, ) has the base B. ={{m,m’,m"}:1<m<n}.

Here, GF, denotes a generalized friendship graph: generalized friendship
graph GF, with n > 3 is a simple graph which can be constructed by attaching n
copies of the cycle graphs C; to a cycle graph C,.

Let us mention that the results obtained in this article ([32]) are applied to
two chemical compounds introduced by Tareq et al. in[39, 40]. The graphs which
represents the X-ray structures of these compounds both have extreme graphical
topologies which are disconnected and non-discrete.
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Plenary reports
A NEW APPROACH TO UNIVERSAL MEASURABILITY

Reznichenko E.A., Sadovnichiy Yu.V.

Department of Mathematics, Lomonosov Moscow State University, Russia

Dedicated to Academician A. A. Borubaev on occasion of his 75th
birthday

V. Fedorchuk, A. Chizogidze, and T. Banakh in 2003 and V. Bogachev in 2024 posed the
following questions: (i) is it true that P.(X) is C-embedded in P_(X); (ii) Is it true that P;(X)
is C-embedded in P, (AX) if and only if X is pseudocompact, where P_, P, and P, are the
functors of probability c-additive on the Baire c-algebra, t-additive, and Radon measures on the
space X? The answers to these questions are negative. However, if instead of probability

measures we consider the corresponding alternating measures M_, M_, and M, the situation
changes. It is proved that (i) M_(X)is C-embedded in M_(X); (ii) M (X) is C-embedded in

My (BX) ifand only if X is pseudocompact.

The question of C-embedding of measure spaces is an extension of the question of
coincidence of measure spaces, which is a development of the classical concepts of universally
measurable and universal measure zero sets. A general theorem is obtained, which leads to the

mentioned results.

Key words: measure spaces, probability measures, Radon measures, universally

measurable sets, universal measure zero sets.

2003-xputel B.®enopuyk, A.Uusornnse xana T.banau >xana 2024-xwiisl B.Borades

TeMeHKy el cypoonopay Oepumiken: (i) P (X) Cre P_(X) xuprusmiaren geren 4siHObI; (ii)
srepae X rceBgokoMnakt 0Ooico, anma Py (X) Cre P (fX) xupruswireH aereH 4bHOBI, Oy

xepae P, P, xana Py Baiip c-anre6paceinia 6-KOLUTyMUYachIHbIH, T-KOLITYMYaChIHBIH jkaHa X

7!

OOIOHYA PAJOHIYH BIKTHIMANABIK (QyHKUMsapsl? byn cypoosopro skoomrtop Ttepc. bupok,

Srepe BIKTHIMAJABIK OTYeMIepIYH OpAyHa Tuemenyy kesekrerm M_, M_ sxana Mg

T
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eITYeMIIOPYH Kapacak, keipaan esrepet. Jamminenau: (i) M_(X) M_(X) Cra kamTbuiran; (ii)
My (X)orepne mnceBmokommakt Oonronmo rana Mg(AX) Cke kamrburan. ©Omuee

MEUKUHAUKTepUH C-KUPru3yy Maceiecu 4eH MEWKUHAUKTEPUHUH Jajl KeJyycy >KeHYHAery
MAacCeJICHUH yJIaHABIChI OOJYI caHanat, ajl HOJIIYH YHUBEPCAIYY OTYOHTOH jKaHa YHUBEPCAIAYY
TONTOMJIOPYHYH KJIACCHKAJIBIK KOHIICTIIUSIAPBIHBIH OHYTYITY OOJIYN 3cenTeauHeT. ANThUIraH
HaThIbKaJIapra ajblln 0apyydy JKajlbl TeOpeMa ajlbIHaT.

Ypynmmyy ce30ep: em14ee MEUKUHIUKTEPH, BIKTBIMAIIBIK dYapanapbl, pPaJoHIYK
yapasnap, YHUBEpCaIAYyy 6JTY4OHTOH TONTOMIOP, HOJIJTYK 6JTU6MIYH YHUBEPCATIAYY TOITOMY.

B. ®enopuyk, A. Unszoruaze u T. banax B 2003 roay u B. boraues B 2024 roay 3ananu

cienyronme Bonpocsl: (i) BepHo iu, uto P (X) sBistercst C-Binoxxenusm B P_(X); (ii) BepHO Jn,
uro P, (X)sBisiercss C-BnoxkeHHbiM B P (fX) Torna u Ttojipko Torma, korma X SBISICTCS

TIICEBJIOKOMIIAKTHEIM, rie P, P, u Py ABndroTca pyHKTOpaMu BEPOSATHOCTH G-aJIMTUBHOM Ha

T
c-anreOpe bapa, T-anauTHBHONW U paJloHOBCKOW Mep Ha mpocTpaHcTBe X? OTBEThl Ha 3TU

BOIIPOCBHI OTPULATCIIBHBI. OI[HaKO, €CJIn BMCCTO BCPOATHOCTHBIX MCP MblI pPACCMOTPHUM

COOTBETCTBYIOIME 3HaKomepeMeHnsie Mepst M _, M_, u M, curyarus mensercs. JlokasaHo,
uto (i) M_(X)sBasercs C-BnoxennsiM BM_(X); (ii) M;(X) sBusercs C-BlIOXEHHBIM B

M, (fX) Torma u TONBKO TOTAA, KOraa X SBISETCS MCEBJOKOMITAKTHBIM.

Bonpoc 0 C-BnoXeHHH TPOCTPAHCTB C MEPOH SIBIISIETCS pacIIMpeHHEM BOMpOca O
COBMAJICHUU TPOCTPAHCTB C MEPOIl, KOTOPHIN MpeAcCTaBiseT COOOM pa3BUTHE KIACCHUYECKHX
MOHITUI YHUBEPCATbHO M3MEPHMBIX M YHHBEPCAIbHBIX MHOXXECTB HYyNeBOi Mmepswl. [Tomyuena
o011ast TeopeMa, MPUBOJIAIIAS K YKa3aHHBIM Pe3yJIbTaTaM.

Kniouesvie cnosa: mpocTpaHCTBa C MeEpOH, BEPOSTHOCTHBIE Mephl, Mepwl PasoHa,

YHUBCPCAJIBHO U3MCPUMBIC MHOKCCTBA, YHUBCPCAJILHBIC MHOKCCTBA HYHCBOﬁ MCPBI.

1. Introduction

This paper considers various ways of extending the concept of universally
measurable and universal measure zero sets from separable metrizable spaces to
the class of Tychonoff spaces.
Let X cR* Aset X is called universally measurable if X is p 1In a slightly more
general setting, we consider subsets of Polish spaces (=complete metric separable
spaces). Preprint submitted to Elsevier December 24, 2025 measurable for any
finite measure p on the Borel sets of the line. A set X is called universal measure-
zero if X has measure zero with respect to any continuous probability measure on
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Borel sets. The classical extension of these concepts from the class of separable
metrizable spaces to the class of Hausdorff spaces is Radon spaces and uni versally
negligible spaces. These classes of spaces are inconvenient for appli cations, since
not every compactum is a Radon space. Given Ritz’s theorem, for applications in
analysis, functional analysis, and topology, it is more convenient to consider
measures on the Baire ¢ algebra of Tychonoff spaces. In [13], the concept of
universally measurable spaces was extended from separable metrizable spaces to
the class of Ty chonoff spaces. In this case, all Hausdorff compact spaces turned
out to be universally measurable.

Further, we assume that all spaces are Tychonoff.

1.1. Measures on a Tychonoff Space

For a space X, we denote by B(X) and B,(X) the c-algebras of Borel and
Baire sets of X .

For a compact space K , let M(K) denote the dual of c(K) with the weaksx
topology, where C(K) is the Banach space of continuous functions on K with the
sup-norm. By the fundamental theorem of Ritz, the functionals p in M(X) are
identified with Borel regular measures on K. Denote U(K) by the unit ball in
M(K), M *(K) by nonnegative functionals in M(K), and
P(K) ={uzeM*(K): u(K) =1} by probability measures on K.

For a Tychonoff space X, the most important measure spaces on X are:
M, (X) by finitely adiative measures on B,(X); M_(X) — count ably additive
measures on B,(X); M_(X) — t-additive measures on B(X); M, (X)=M(X)—
Radon measures on B(X); M ,(X) — compactly sup ported measures on B(X);
M, (X) — discrete measures on B(X). These mea sure spaces are identified with
subsets of M(pX): for k e{d,5,R,7,0,a} and u € M(pBX), the inclusion xzeM, (X)
holds if the condition (M, ) is satisfied:

(M,) u is concentrated on some countable subset X ;
(M,) u is concentrated on some compact subset X ;

(M) u is concentrated on some o-compact subset X ;

(M,) |#/(K)=0 forall compact K < gX/X;

(M,) |4[(K)y=0 forall compact K = gX/X of type G, in gX;
(M,) u is arbitrary.

Note that
M, (X) =My (X), M (X)cMg(X) =M (X) =M (X) =M, (X)=M(BX).
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1.2. Generalization of universally measurable and universal measure zero Sets
For a set A c R, the classical notions of universally measurable and uni
versal measure zero sets A are topological and are characterized as M_(A) =M (A)

and M_(A) =M, (A).

For p,qe{a o, 7,R,A3,d}, the space X is called

« universally [p,q]-measurable if M (X)=M,(X);
» universally p-measurable if M_(X)=M_(X);

* universally p-measure zero if M _(X) =M, (X).

Section 2 of the paper [13] is devoted to universally [c,t]-measurable and
universally c-measurable spaces (which are called universally measurable in [13]).
Note 1. Let us formulate known results on this topic.

(i) K-Analytic (in particular, Souslin) spaces are universally c-measurable
[14, 7.14.125].

(if) A space X is universally T-measurable if and only if X is p-measurable
in BX for any measure u € P(p X ) [14, Example 7.14.22].

(ili) A paracompact space X is universally [oc,t]-measurable if and only if
X does not contain an Ulam-measurable discrete closed subset (see [24, Theorem
1.28] and [13, Section 2]). In particular, a Lindel of space is a universally [o,t]-
measurable space [13, Corollary 2.2].

(iv) For a space X, the following conditions are equivalent [4, Theorem
1.22]: (a) X is pseudocompact;

(b) X isauniversally [c,a]-measurable space.

The following assertion is a strengthening of Remark 1(ii).
Theorem 1. For a space X , the following statements are equivalent:
(i) X is universally T-measurable;
(if) X is u-measurable in B X for any measure pu € P(B X );
(iii) there exists an embedding of space X into some space Y such that X is p-
measurable in Y for any measure p € P(BY));
(iii) for any embedding of space X into any space Y, X is u-measurable in Yy for
any measure i € P(BY ).

The Rudin—Knowles theorem [20, 18] states that for a compact space X,
any Radon measure on X is discrete (i.e., M. (X)=M,(X), which is equivalent to

X being of universally R-measure zero) if and only if X is a sparse compact
space. The Rudin—Knowles theorem implies the following assertion.
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Proposition 1. A space X is of universally R-measure zero if and only if every
compact subset of X is sparse.
Proposition 2. Let p € {a,0,t}. A space X is universally of p-measure zero if and
only if X is universally p-measurable and every compact subset of X is sparse.
1.3. Functional Generalizations of universally measurable and Universally
Measure Zero Sets

Recall that a subset Y of X is C-embedded (Cx-embedded) in X if every
(bounded) continuous function on Y extends to a continuous function on X .

We consider the subfunctors
Mo (X) =M (X)nAM*(BX), U, (X)=M_ (X)nU(BX), U (X)=U_ (X)nM"(X),
P, (X) =M, (X) " P(BX)
of non-negative measures, measures in norm not exceeding one, probability
measures, respectively, of the functor M (X). For p,q € {aoc,7,R,3,d} and

Qe{M,M*, U,U", P}, X iscalled
e universally Q,,- measurable Q;,— measurable) if Q (X) is
C —embedded (C* —embedded) in Q,(X);
e universally Q, — measurable (Q, —measurable) if X is universally Q; -
measurable (Qx ,, —measurable);
e universally Q,- measure (Q, -measure) zero if X is universally Q-
measurable (Qy ,; — measurable).

Using the introduced concepts, some problems in measure theory and topology
(see [4, Question 1.21, Question 1.29], [13, Section 5, Problem 5.5], [3,2]) are
special cases of the following general question.

Problem 1. For p,q € {fo,,RB,d} and Qe{M,M*",UU"* P}, de scribe
universally [a,b]-measurable, universally Q.. — measurable, and uni versally
Qp.,) — Measurable spaces.

In [13, Section 5], the problem is posed: to describe universally P

o]

measurable and universally P_— measurable spaces. And the question arises [13,

Problem 5.5]: is it true that every space X is universally B, -measurable? In [4],

o,7]

a negative answer is given to this question.
In [3, 2], universally P’ - measurable spaces are studied, and it is proved

that if X is universally P’ -measurable space, then X and P(X) are pseu

docompact spaces. In [4, Theorem 1.9], a converse of Bogochev’s theorem was
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obtained: a space X is universally P’ -measurable if and only if P(X) s a

pseudocompact space. The question was posed: is it true that if X is
pseudocompact, then X is universally P’ —measurable? In [4, Theorem 1.9], a
negative answer was given to this question (see Examples 1.13 and 1.15 of [4,
Theorem 1.9]).

Note 2. Let us formulate known results on this topic.

(i) If X is a universally c-measurable space and the finite powers X" of X
have a countable Souslin number (in particular, X is a Souslin space), then X" isa
universally P, —measurable space for any cardinal « [13, Corollary 5.2].

(it) Any AE(0)- space is a universally P —measurable space [13, Corollary
5.3].

(iii) For a space X, the following conditions are equivalent [4, Theorem
1.22]: (a) X is pseudocompact; (b) X is a universally [c,a]-measurable space; (c)
X is auniversally P, . — measurable space.

(iii) For a space X, the following conditions are equivalent [4, Theorem
1.27]: (a) X is pseudo w-bounded; (b) X is a universally P}, — measurable space.

(iv) For a space X, the following conditions are equivalent [4, Theorem
1.9]: (@) P(x) is pseudocompact; (b) X is auniversally P —measurable space.

(v) For a space X with pregauge w1, the following conditions are equiva
lent [4, Theorem 1.28]: (a) P.(X) is pseudocompact; (b) X is a universally P, -
measurable space.

1.4. Alternating Measures

Probability measure functors have the best categorical properties. Other
measure functors are also important [19, 5, 8, 21, 6, 7, 22] and are more 5
convenient for some applications.

A subset M ofaspace X iscalled G, — dense if M intersects every nonempty
G, —set (=the intersection of countably many open sets) in X .

A continuous mapping of compact spaces f: X —Y extends to a con tinuous
mapping
M(f):M(X) = M), M(F)()(h) =u(ho f) for heC(y),

A continuous mapping of spaces f:X —Y extends to a continuous mapping
[ - pX — py of Stone-Cech extensions. Then

M (5F)(Mp(X)) = M (Y),

where pef{ao, R, [d}
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The following theorem is the main result of the paper.
Theorem 2. Let X be a space and p,qe{a,o,7,R,5,d}. The following conditions
are equivalent:

(i) X isauniversally m measurable space;

[p.al —

—measurable space;

*

[p.a]
(ili) M_(X) is G, — dense in M_(X);

(if) X isauniversally M

(iv) For a measure peM,(X) and a sequence of functions (h,), = C(8X),
there exists v e M (X) such that x(h,)=v(h,) forall n:

(v)
MM (X)) =M (Y),

for any separable metric space Y and continuous surjective mapping
f:X->Y.

From this theorem we obtain the following corollaries.
Corollary 1. If X is pseudocompact, then X is universally M - measurable.

Corollary 2. Any space is universally M,__. — measurable.

[z,0]

1.5. Probabilistic, Non-Negative, and Unit-Bounded Measures
There exists a pseudocompact locally compact space X that is neither
universally P; - measurable nor P__ — measurable [4, Example 1.15], which

answers negatively the questions in [13, 3]. As Corollaries 1 and 2 show, the
answers to these questions are affirmative if we consider alternating measures
rather than probability measures.

The following assertion follows directly from the definitions. 6
Proposition 3. Let X be a space, p,q €{a,s,7,R,5,d}, and Qe{M,M* ,UU*, P}.

*

If X is auniversally Q , - measurable space, then X is a universally Q,

measurable space.
Theorem 3. Let X be a space, p,q €{a,o,7,R,5,d}, and Q e{M* U, P}.

If X is a universally Q/,, — measurable space, then X is a universally M, . -

measurable space.
Theorem 4. Let X be a space and p,q €{a,s,7,R,f,d}.
(i) A space X is a universally B ,—measurable space if and only if X is a

p.al

universally M/, , — measurable space.

(if) A space X is a universally P measurable space if and only if X is a

+ J—
p.al

universally M/ , — measurable space.
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Problem 2. Let p,g € {f,0,7,R,3,d}. How are the following classes of spaces
related?

* universally P, , — measurable spaces;

p.al

« universally R, —measurable spaces;

* universally U measurable spaces;

[pal —

* universallyU, , — measurable spaces;

* universally M measurable spaces.

[p.a]
2. Preliminary Information, Definitions, and Notation

Let ® = {0} U N be the first countable ordinal, and «, be the first
uncountable ordinal. By space, we mean a Tychonoff space.
2.0.1. Definitions from Measure Theory

Let u be a finite (i.e., u(X ) < o) o - additive measure on the Borel ¢
algebra B(Xx) of x. Let y=u"—u  be the Hahn-Jordan decomposition. The

measure |u|=pu" +u  is called the total variation of pu. A measure u is called

Radon if for every Borel set B € X and for every € > 0, there exists a compact

K B such that |u|(B\K) < &. The support suppu of a measure p is the smallest
closed set F ¢ X for which |u|(X \ F) = 0. A measure u is called discrete if
lu/(C) = 1 for some countable C € X . A measure p 7 is called continuous if
n({x}) =0 forevery x € X . A measure p is called z- additive if

lul(UW) =sup{lpl(Uv) s v €U, |v|< o
for any family U of open subsets of X.

For a non-negative measure p, we denote
ur(A) = infiu(B) : A B € B(X)}, ux(4) = sup{u(B) : A B € B(X)}
external and internal measures of a set A c X.

A countably additive measure « on the g-algebra B(X) of Borel sets in
X is called a Borel measure. We denote the set of probability Borel measures
on X by Pp(X). Let u € Pp(X). A probability measure p is called a Radon
measure if, for every Borel set B < X and for every ¢ > 0, there exists a
compact K < B such that 4(B \ K) < &. We denote the set of probability
7 -additive measures on X by P, (X). Note that P(X) c P, (X).

LetY be aspace and X cY . The set Py(X) is naturally embedded in
Po(Y ), and a measure u € Py(X) corresponds to a measure i € Py(Y ) such
that z (B) =w(B N Y ) for B € B(Y ). We assume that P,(X) cPyp(Y ). IfY

is compact, then P(X) c P, (X) cP(Y).
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Proposition 4 ([1]). Let Y be a compact spaceand X < Y. Thenw(X )=
w(P(x)) =w(P, (x))and
P(X) ={ueP(Y): n(X) =1} P, (X)={peP(Y): x (Xx)=1}.
The embedding of P(x)and P. (X ) into P(Y) is a topological embedding.
Let X be aspace. Then
M, (X) ={tu—qv: v €R(X), 0=tq},
M, (X)={tu:ruePk(x) 0<t},
U, (X) ={tut+qv:uv €PK(X ), 0<tqg <1}
for k €{d,f,R,7,0,a}. The space U, (X ) is the unit ball in M, (X ). The spaces
U.(X) and M, (X) for k € {8,R,7} were studied in the works [19,5,8,21,6,7,22].
2.0.2. Definitions from Topology

If X isaspace and M c X , then we denote by M * the closure of M in
X . If the context makes it clear which X is meant, we write M instead of M *.

A space X is said to have a countable Suslin number if every disjoint family
of open sets in X is at most countable.

A space X is called m-bounded if M is compact for every countable M
c X . Aspace X is called totally countably compact if for every infinite L ¢ X ,
there exists a countable M c L such that M is compact (see [25]).

A space X is called pseudo-ew-bounded if for every sequence (U,), of open

nonempty open sets, there exists a compact subset K c X such that U,NK # @ for
all n (see [17, 10, 16]).

A space X is called almost pseudo m-bounded (almost pseudo-w-boun ded)
if, for any sequence (Un)n of open nonempty open sets, there exists a subsequence

(nk)k and a compact subset K < X such that U, NK# & for all k [10, Definition
3.8], [11, Definition 1.4.5].

A subset G cX of X iscalleda G; - setifitis the intersection of countably
many open sets.

A subset S X of X is called G; - dense in X if S intersects every

nonempty G; - set. A space X is pseudocompact if and only if X is G;- dense in

the Stone—Cech extension of B X .

A space X is called realcompact if X embeds closedly in the product of
lines RA. A Hewitt realcompactification vX of X is a real complete extension of
X such that X is dense in vX and X is C- embedded in vX (see [9, section
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3.11]). The Hewitt extension v X is naturally embedded in the Stone—Cech
extension

BX:pevX cBX ifandonlyif every G;-set G X containing p intersects

X . The space X is pseudocompact if and only if vX = pX. The space X is real
complete if and only if vX = X (see [?]) section 3.11] EngelkingBookRu.

A subset F c X is called a null set if F = f™(0) for some continuous

functionon X .

A space X is called perfectly x - normal if the closure of every open set is a
null set.
3. Proofs. Let us describe the main steps of the proof.

Proposition 5. Let L,be a locally convex linear space L with the weak topology.
Then, for a dense subset M c L,,, the following conditions are equivalent:

(1) Mis c*- embedded in L, ;

(2) M is C- embedded in L, ;

(3) Mis G,- dense in L,.
Proof. We show that L, is perfectly x-normal. Let L, be the completion of L,.
Then L, is linearly homeomorphic to a power of the line R* [15, Corollary

3.12.43]. The space R* is perfectly x- normal [23]. Since L, isdensein L,, L, is
perfectly x- normal. (ii) follows from (i) and Lemma 9.9.35, Theorem 6.1.5,
Proposition 6.1.6, Theorem 6.1.7, Lemma 8.4.5, and Theorem 9.9.36 from [12].
Proof of Theorem 2. We assume that p # q.

Proposition 5 implies the equivalence of items (i), (ii), and (iii) of Theorem 2.

(iv)e(v) is easily verified.

(iii)e(v) We show that M (Y) has a countable pseudocharacter. If q = a,
thenM (X) c M_(X)and M_(X) are G;- dense in M(8 X ). Consequently, X is
pseudocompact. Then Y is a metric compact set and M, (Y)= M(Y) has a countable
network. If g # a, then M (Y)) c M_(Y) has a countable network.

Since M (X) is G;- dense in M,(X), it follows that M(f)( M, (X)) is G;-
dense in M(Bf)(M,(X))cM,(Y). Consequently,

M(B)(Mp(X ))=M(BH(M,(X)) = My (Y).
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(iv)e(iii) Assume the contrary, M, (X)) is not Go - dense in M (X). Let
GcM,(X) M, (X) be anon-empty zero set and 4 € G. Then there will be sequence
of functions (h,),c C(8X) such that F = N,h*(h, (1) c G. Since F c
M,(X)\M  (X'), then condition (iv) is violated.

Theorem 4 follows from the fact that P, (X ) is C-embedded (c*-embedded)
in P, (X)) ifand only if My (X ) is C- embedded (c*- embedded) in M (X).
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In this article, we prove that projective symmetric and projective recurrent equiaffine
manifolds whose projective curvature tensor does not satisfy condition (7) do not admit
conformal Fedosov structures. This result generalizes our earlier non-existence theorems for
symmetric and recurrent (pseudo) -Riemannian spaces.
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projective symmetric space, equiaffine space.

byn oawmrekre mnpoekuusnabik udApuauk TeHzopy (7) mapTThl KaHaaTTaHAbIpOaraH
MPOSKIMSITBIK CUMMETPUSITYY JKaHa MPOEKIUSIIBIK PEKYPPEHTTYY dKBUADUHINK KOJIIEKTOPIOP
KOoHpOpMIbIK Den0COB CTPYKTypaiapblHa KON OEpOECTUTHH JaNuaAehHOn3. Byn >KbIMBIHTHIK
CUMMETPUSITYY KaHa PEKYPPEeHTTHUK (TiceBn0) PumMaHABIK MEHKHMHAMKTED YUYYH MYPYHKY KOK
00J1yy TeopeMallapbIH JKaJTbUTANT.

Aukvly  cez0ep owcana ce3 atikauimapel: KOHGOPMIBIK DenocoB CTPYKTYpachl,
NPOEKUMSIIBIK ~ PEKYPPEHTTHUK MEMKUHAMK, MPOEKUMSUIBIK CHUMMETPHUSUIBIK  MEWKHH]UK,
9KBUA(PHUHIUK MEUKUH]IUK.

B aT10i1 cratbe MBI N0Ka3blBa€M, 4YTO NPOEKTHBHBIE CUMMETPUYHBIE M TPOEKTHUBHBIE
peKyppeHTHbIe paBHOA(QPUHHBIE MHOTOOOpa3usi, MPOEKTUBHBIN TEH30p KPUBU3HBI KOTOPBIX HE
YIIOBJIETBOPSIET YCIOBUIO (7), HE AOMYCKalOT KOHQOPMHBIX CTPYKTYp DPenocoBa. DTOT pe3yapTaT
o0oOmiaer Hamu Oojee paHHUE TEOPEMbl O HECYIIECTBOBAHUHU JUISI CHMMETPHUYHBIX U
PEKYPPEHTHBIX (IICEBJ0)-PUMaHOBBIX IIPOCTPAHCTB.

Knwouesvie cnosa u ¢paszvi: xondopmuas crtpykrypa DemocoBa, MNPOEKTUBHOE
PEKYPPEHTHOE MPOCTPAHCTBO, MPOCKTUBHOE CHUMMETPUYHOE MPOCTPAHCTBO, paBHOAh(HUHHOE
MPOCTPAHCTBO.

1. Introduction
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In this paper, we study projective symmetric and projective recur-rent
equiaffine manifolds equipped with conformal Fedosov struc-tures. We prove that,
apart from projective spaces whose projec-tive curvature tensor does not satisfy
condition (7) do not admit conformal Fedosov structures. In particular, this
generalizes the results obtained for symmetric and recurrent (pseudo-
)Riemannian spaces [10].

2. Conformal Fedosov Spaces

For a conformally symplectic manifold [12], one considers a local
equivalence class of symplectic forms, defined up to multiplication by a nonzero
scalar. This setting naturally connects projective dif-ferential geometry with the
theory of Fedosov manifolds and leads to the concept of a conformally Fedosov
manifold.

More precisely, a conformally symplectic manifold M of dimen-sion n >4 is
equipped with a nondegenerate 2-form J for which there exists a closed 1-form a
satisfying

dJ =2anl. (1)
iIs injective. Consequently, whenever (1) holds, the 1-form a is uniquely
determined. The form a is referred to as the Lee form [7].
If dim M > 6, the identity d2J = O further implies that
danJ=0.
In local coordinates, equation (1) can be written in the form
Viigik) = afigikg

where square brackets denote alternation over the enclosed indices without
normalization.

A projective structure [14] on a manifold M is defined as an equivalence
class of torsion-free affine connections. Two connections V and v are said to be
projectively equivalent if there exists

a 1-form v, such that

A~

V.0 = VY aPb — Va@b — Vp@a.
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For an antisymmetric tensor J , this transformation law implies

V(@)= V (adb)e — 3v(adb)e.
In particular, if J is projectively invariant, the above condition reduces to
V (adb)c= V (adb)c — 3v(adb)c.
for some 1-form .
Combining this condition with (1) leads to the following defini-tion, cf. [4].

Definition 1. A conformally Fedosov manifold
(M, [J], V] is a conformally symplectic manifold (M, [J ]) such that, for a skew-
symmetric representative J € [J ], there exists a 1-form a with components a;
satisfying Vidi = Jdiay-
This nonlinear system is equivalent to the linear system

v, 1 =a's) —als! 2

where JU denote the components of the inverse matrix of (Jj) and &, is the

Kronecker delta. This formulation is preferable, asit is linear in the unknowns i
and a;. By eliminating the 1-form a, one obtains a closed first-order linear system
for JU, which is particularly well suited for further analysis.

The study of equations of this type has been addressed, for example, in [1, 2].

3. Integrability Conditions of the Fun-damental Equations and their
Differ-ential Prolongations

Let (M, V) be an n-dimensional equiaffine manifold A,. We denote covariant
differentiation with respect to the affine connection V by a comma “, ”. Assume
that n >4 is even.

Suppose that there exists a conformal Fedosov structure J on the equiaffine
space A, satisfying equations (2).

We take the covariant derivative of (2) with respect to the vari-able x' and
then alternate the resulting expression with respect to the indices k and I. Using the
Ricci identities for an affine connection, we obtain

JU Kkl —J0 1k = -39 Rlakl — J*Rlakl,
where R, are components of the Riemann curvature tensor, we

obtain the following integrability condition of equation (2)
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~J9R,, —J"“R, =a/5! —a/s —a,6) +a)s],

©)

where a, =a'.

Covariantly differentiating this expression with respect to the variable x™, we
obtain

-J ajvm R;m -J iavm Roj;kl -J “ R(ixm,m

i i A i i <i i i i i
—J aRakI,m - alm5k _a|m5k _akm5| +akm5I 1

(4)
where a'yn = @' xm.
Substituting the derivatives of J from (2) into (4), we obtain the following
conditions:
39 Ry =3 m Ry —JR]

okl,m

—J“Rlyn =als —als —a,d! +als,
where ali, = a' k.
Substituting the derivatives of J from (2) into (4), we obtain the following
conditions:
a'Ryg —a'Riy —0a2"Riy + 3,2 Rly = I "Rl n =3 “Rlym =
=a, 6! —a}6, —a,,6 +a} .
These conditions are referred to as the first differential prolongation
of the integrability conditions (3) for equations (2).
4. Projective symmetric and projective recurrent conformal Fedosov
spaces

Symmetric and recurrent spaces are characterized by conditions on the first
covariant derivative of the curvature tensor:

VR=0 and VR=¢ @R,
where ¢ is a nonvanishing 1-form.

Symmetric and recurrent spaces play an important role in dif-ferential
geometry and its applications. Symmetric spaces were independently introduced in
the 1920s by P. A. Shirokov [11] and E’. Cartan [3]. Recurrent spaces were
introduced by Ruse [13]. These spaces have been studied extensively; see, for
example, [6] and [9, pp. 117].

The above classes of spaces have been generalized in various ways. One of
them is projectively symmetric and projectively re-current spaces A,, characterized
by terms on the first derivative of projective curvature tensor:

VW=0 and VW=¢p Q@ W.

where ¢ is a non vanishing linear form.
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As is known, (pseudo-)Riemannian projectively symmetric and projectively
recurrent spaces are symmetric and recurrent, respec-tively, see [5], [9]. For spaces
with affine connection (include equiaffine spaces) this is not true, as confirmed by
examples constructed in the work [8].

Let us consider two classes of spaces with affine connection whose
characteristics correspond to tensor conditions:

h h h ~ h ~
Rix =2 Qyy + 9, 0y — 6, vy,

(6)

h h h h
Wijk =a Qijk +5J a)ik _5k a)”

(7)
where a", Qij, wik, @™jj are certain tensors.

It is easy to establish that spaces A, satisfying (6) satisfy con-ditions (7), but
the converse apparently does not hold. Obviously, when a" is vanishing, spaces A,
are projective Euclidean. There-fore, these spaces A, satisfying conditions (6) and
(7) naturally generalize projectively Euclidean spaces. Naturally, there are many
more spaces that do not satisfy these conditions.

Let us prove the following theorem:

Theorem 2. Let A, be an n-dimensional projective symmetric or projective
recurrent equiaffine space A, which does not satisfy the condition (7). Then A,
does not admit a conformal Fedosov structure.

Proof. Let there exist a conformal Fedosov structure J in a projective
symmetric or projective recurrent equiaffine space A, which satisfying equations
(1). Next, we assume that in A, does not satisfy the conditions (7).

The equiaffine space A, is characterized by symmetric the Ricci tensor Ric,
and the Weyl projective curvature tensor W in equiaffine space defined in the
following formula

1

Wijr;( = Ri?k _ﬁ(gjh Rik _51? Rij )’

where R} and Rik(: R = Rki) are components of the Riemann curvature tensor
and the Ricci tensor. Note that the projective curvature tensor is traceless and
satisfies the conditions W =0 and W, =0.

Since for projective symmetric spaces A,:W;, =0, and for projective recurrent
spaces A, W, =W, ¢ =0.

therefore from first differential prolongation (5) we obtain
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VYA VYA i i i i
a kal _ankI _5ma‘aWakI +5maaWakl -

=a, o) —als —a, o' +a) s, ©)
where @] is a certain new tensor.

Therefore, from equation (8), by contracting over indices j and
k, we obtain:

a‘W! —a‘W! =(n-2)a; +a’s.
Using the Bianchi Rj +Rj; +Rg; =0, and also W, +W; +W,; =0,
from above, it is easy to derive:
(n-2)a), =a" W, - a%o. 9)
On the other hand, by contracting (8) over indices j and m:
(n—2)a“W), =a, —a, +a’d, —a’s,.
Using equation (9), we eliminate the tensor a, :
(n—2)%a“W), = (@Ww,, —a“w,,)+o. $.+5,‘ ém, (10)
where a are vectors.
Since aa a“W, —a“W, =a“W}, from (10) we get:
AW =5 a+ 5 a, (11)

(3 4 (3 4
Symmetrizing (11) respective indices k and | gives: 5;(a|+ a|)+ a‘,‘(ak+ akj =0.

Clearly, a, —-a,, and formula (11) has the following form:

a“WOLK, = 5; ;| — 5|i ;k . (12)
After substitution (12) to (8) obtain
a'W,, —aW,, =6} bl & —bg, 6! +b.5, (13)

where by, is a certain tensor.

(13) Recall that a'=0 and that dimension » > 4. Then it is straight forward to
check that there exist non-collinear covectors «; and f;, and a vector b, such

that aa’=pa“=0 and ab”=p40"=1,
k
Contracting equation (13) with b , We obtain
bl =b“b. a, +a bb' - aabﬂb‘;mé,i - ozab’BWr;’ﬁ1 a (14)
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k
After contraction (13) with %1 we get

bjy = Dbl By + B, 015" = 8,070, 6 — B,b Wiy (15)
Subtracting (15) from (14), and after slight modifications we derive
b“b! (o, - p)+a'a,, +b'b, +c, 5 =0

(16)
where 3,,,b,,C, are a tensors. (16)

If a vector C, is nonvanishing, then there exists a vector c™ such that
C"c, =1. By contracting (16) with c™, we see that rank (&) <3.
This contradicts n > 4, so C,=0 and formula (16) are simplified, and by
contracting with &' such that &' (- B) =1 it follows that

b“b! =a'A +b'B_,

where A and B, are covectors.

Then (14) simplifies to

b, =a'Q, +b'w, +c 5,

where Q., @, and C, are tensors.

From equation (13) we eliminate by, and obtain

alzl —a'zl, =b' (e, 6 -0,6))-bi(e,0 -0,6)+2, (55 -56)), a7)

where
Zi =W =8 oy + 6, o;. (18)
Now, contracting (17) with «;, we obtain (18)
~a'a, 2% =b' (@, — 0,0;)~ (0,0, — 0,0 ) +2¢C, (5 o, — i)

After minor modifications, we have

5; (o, +2¢,,) - §|i (o, +2C,,) = aiajZ,f]kI +b' (@0, —O,).
In the case that @, +2¢,a, #0, there exists a bivector £'¢™ such that
E'¢" (@, +2¢,0,) =1. After contracting the above formula with &'¢™, we see that
rank (5;)33. This contradicts n > 4, so condition
o, +2¢.a, =0
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IS necessarily satisfied.
Analogously, contracting (17) with 5, we obtain @, +2¢,4 =0.

By comparing the last two formulas, we obtain 2¢,¢, =2¢, /.

Since oy and S, are non-collinear, it follows that ¢, =0 and in turn @, =0.
Consequently, from (17) we obtain

ajzrinkl _aizrfwkl =0 (19)

After contraction (19) with y; for which y;a’ =1 we get
Zi =a"Qy,,
where €, is a tensor, and based on formula (18), we obtain
W, =a"Qy +5]w, -5 o

Therefore, conditions (7) are fulfilled, which is a contradiction to the
assumptions of the Theorem 2 we formulated, and thus it is proven.
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ABOUT UNIQUENESS OF SOLUTIONS OF FREDHOLM LINEAR
INTEGRAL EQUATIONS OF THE THIRD KIND ON THE SEGMENT
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In this paper, the uniqueness of the solution for a new class of Fredholm linear integral
equations of the third kind on a segment is investigated. Based on the method of integral
transformations and the method of non-negative quadratic forms, the uniqueness theorem of the
solution for this class of integral equations of the third kind are proved. Examples are given.

Keywords: Uniqueness, solutions, segment, Fredholm linear integral equations, third kind.

byn wMakamaga  @pearoapMayH — y4yHYY — TYPAOrY  CBI3BIKTYY  MHTErpajblK
TCHACMCIICPUHUH JXKaHbl KJIACCHIHBIH YbITaPpbLIJIBIIIBIHBIH KAJITBI3AbITEI U3UJIACHCT. I/IHTeraJIIII)IK
©3TepTYY BIKMACBIHBIH YKaHa TEPC IMEC KBaAPATTHIK (popManap METOAYHYH HETH3UHAE YIyHUY
TYPAOTY MHTETPAIIBIK TCHAEMENIEPIUH OCpUIIreH KIacChl YUYH YbITapbUIBIIIBIHBIH KT BI3/IbIK
TeopeMachl JAIWIIECHIeH. Mucangap KeITUPHWITEH.

Ypynmmyy cesoep: KanTbI3ApIrbl, YbITAPBUIBIIITAPBI, CETMEHT, YYYHYY TYpAOry
CDpeL[r OJIbMIYH CBI3BIKTYY MHTCTPAJIAbIK TCHACMCIICPHU.

B ,[[aHHofI pa60Te HCCICAYCTCA CAUHCTBCHHOCTH PCIICHUA HOBOI'O KJlaCcCa JIMHENHBIX
HHTCIrpaJIbHBIX ypaBHeHI/Iﬁ CDpeeronLMa TPETHETO poOJia Ha OTPE3KE. Ha ocnoBe METOga
HHTCTrpaJIbHBIX Hp606p330BaHI/II>'I U METOJa HCOTPULATCIIbHBIX KBAAPATUYHBIX (I)OpM JOKa3aHbI
TeOpeMa CAMHCTBCHHOCTHU PCHICHUA IJId JAHHOI'0 KJIaCCa MHTCTIPaIbHbIX ypaBHeHI/Iﬁ TPETHETO
pona. [IpuBeeHbI npUMeEpHI.

Knrouesvie cnosa: EJII/IHCTBGHHOCTI), peuiCHus, OTPE30K, JIMHENHbIE HHTCTPAJIbHBIC
ypaBHeHUs1 Openroibma TPETHETO POIA.

1. Introduction

Various problems of the theory of integral equations of the first kind were
studied in [1-17, 19-20]. But fundamental results for Fredholm integral equations
of the first kind were obtained in [5, 6], where regularizing operators in the sense
of M.M. Lavrent’ev were constructed. Results on non-classical Volterra integral
equations of the first kind can be found in [1]. In [2, 8], problems of regularization,
uniqueness and existence of solutions for Volterra integral and operator equations
of the first kind are studied. In [7], for linear VVolterra integral equations of the first
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and the third kind with smooth kernel, the existence of multiparameter family of
solutions was proved. In [3, 4], on the basis of the theory of Volterra integral
equations of the first kind, various inverse problems were studied. In [9, 10],
uniqueness theorems were proved and reqularizing operators in the sense of
Lavrent’ev were constructed for systems of nonlinear Volterra integral equations
of the third kind and for systems of linear Fredholm integral equations of the third
kind. In [12], problems of uniqueness and stability of solutions for linear integral
equations of the first kind with two independent variables were investigated. In
[11], based on a new approach, the existence and uniqueness of solutions of
Fredholm integral equations of the third kinds were studied. In [12], uniqueness
theorems were proved and an estimate of the stability of the solution for two-
dimensional integral equations of the first kind was obtained. The method of
integral transformations and method of non-negative quadratic forms is used here.
In [13], based on a new approach, the existence and uniqueness of solutions of the
system linear Fredholm integral equations of the third kinds were investigated. In
[17], on the basis of the method of integral transformation, uniqueness theorems
for the new class of linear Volterra integral equations of the third kind on the
segment are proved. In [18], information on integral equations of the first kind was
used to determine the perturbation coefficient of an elliptic differential equation. In
[19], based on a new approach, the issues of existence, uniqueness and non-
uniqueness of solutions for systems of linear and nonlinear Fredholm integral
equations of the third kind on a segment were investigated. In [20], based on a
modification of the new approach, the issues of existence, uniqueness and non-
uniqueness of solutions for systems of linear Fredholm integral equations of the
third kind on the real line were studied.

In the present paper, on the basis of the method of integral transformations and
the method of non-negative quadratic forms, uniqueness theorems for the new
class of linear Fredholm integral equations of the third kind on the segment are
proved.

2. Fredholm linear integral equations of the third kind on the segment

We will consider the equation
m(Ou(®) + [ K(t,)u(s)ds = f(t),  t € [a,b], (1)

where m(t),@(t), K(t,s) and f(t) are known functions,
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m(t) € C[a,b], 0 =m(t) for all t € [a,b], m(t) is equal to zero at least at one
point of the segment  [a, b], u(t) is unknown function,

K(t,s) ={

A(t,s), a=s=<t=h,
B(t, s), as=t=s<h.

Suppose that
A(t,s)+ B(s,t) = X, P,(t)H;(t,s)P;(s), (t,5) eG={(t,5):a<s<t<h}, (2)
where P;(t) and H,(t,s) are known functions, i = 1,2, ..., n.

Assume that the following conditions are satisfied:

8H;(t.s) 82H;(ts)

a) P;(t) € Cla,b], P;(t)+ 0 for almost all t € [a,b], ' aeac € C(G),
(H,(t@), (H,(b,t)) €Cla,b] i =1,2,...,n;

b) m(t) = 0, H,(t,a) = D.(H!-(t,a]y <0, Vt €[a,b],
BH;{?S] =0,Vs € [a,b],

% =0, V(t,s)eG, i=1,2, ., n

c) At least one of the following four conditions holds:
1) m(t) > 0 foralmostallt € [a,b];

2) Exists iy €{1,2,...,n} suchthat (H, (ta))" < 0 foralmostall t € [a,b];
3) Exists iy €{1,2,...,n} such that (H,_ (b,t))’ > 0 foralmostallt € [a,b];
4) Exists i, €{1,2,...,n} such that 5;1‘:'!-0&. s) < 0 for almost all (t, s)eG.
The integral equation (1) is written as
m(Du(t) + f:ﬂ(t, su(s)ds + fj B(t,s)u(s)ds = f(t),t € [a, b]. (
3)
Multiplying both sides of the equation (3) by u(t), integrating over the domain

[a,b] and applying Dirichlets formulas, we obtain

[ mE(s)ds + [ [T[A(t,s) + B(s, Du(s)u(@dsdt = [ f(s)u(s)ds.  (4)
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If we take into account (2) then from (4) we get

f m(s)u®(s)ds + Zf

r

f H;(t,s)P; (s]u(s]ds‘ P.(t)u(t)dt =

= fa f(s)u(s)ds. ()
We introduce the notation
Z.(t,s) = f:P!-Ifr]u(r]dr, i=1,2,..,n (6)
Then
P.(s)u(s)ds = —d_Z,(t,s), i=1,2,..,n, (7)
P.(t)u(t)dt =d,Z,(t,s), i=1,2,..,n, (8)
Z.(t, s)P,(Du(t)dt = gdtzf— (¢,s), i=1,2,..n (9)
Z.(t,s)P,(s)u(s)ds = — idng (t,s), i=1,2,..n (10)
Applying (6), (7), (8), (9), (10), integrating by parts and Dirichlet formula from (5)
we have
n b
fo H,(t, $)P,(s)u(s)dsP.(Du(t)dt = ——Zf fH (t,9)d. Z: (t,)] *

z_;_j.i Hi (t: S)Zi (t1 S)ds}u(t) *

#P (t)u(t)dt ———Zn:j‘{H (t,s)z(t,s) >

i=1 3

n b
« P.(t)dt = = Z f (t, @) Z,(t, @) P, (D)u(t)dt
=1 a

1 X
E J’J‘EH&& $)Z;(t, )P, (t)u(t) +

v dsdt = %}Z f H,(t,@)d, 22 (t, @) + :112 f f % H,(t,)d,Z2(t,s)ds =

i=1 g i=1g =
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=iyn [me oz - [ Zh, (t, @2 (5, 0)de +

b 5 5
/, %H;(b- s)Z; (b, s)ds ——f fg EH (t,s)Z2(t, s)dtds

Hence, by virtue of (6) we obtain

Zf f H,(t, $)P,(s)u(s)dsP, (Du(t)dt =

!.:la i1

=23, {H!- &) [ PIuds| - [P ZH, () [ P(uls)ds] de+

+_]" (H; (b, s]) [ [P, (s]u(s]ds] ds —_]" fs EH (t,s) [_J":P!-(s)u(s]dsr dtds}.
(11)

Taking into account (11), from (5) we have

£ n b -
f m(s)u®(s)ds + L—]iz H.(t,a) If P, (S]u(s]ds‘ —

i=1

b 2

— f %Hi{t, a)

a

t

f P.(s)u(s)ds

a

b b 2
dt + | (H;(b,s) ! P.(s)u(s)ds| ds —
J( )l | \

g fE gh' (t,s) [_I':P!-Ifs]u(s)dsrdtds}= [ f()u(s)ds. (12)

If f(t) =0 for all t € [a,b], then by virtue of the conditions a), b) and c) from
(12) we get
u(t) = 0,Vte[a,b].
Thus the following theorem is proved.
Theorem. Let conditions a), b and c) be satisfied. Then the solution of the
integral equation (1) is unique in the space C[a,b].
3. Examples

Example 3.1. Consider the integral equation (1) for a =0, b =1,
m(t) =t, A(t,s) =t(1 —1)3s3s+ V(2 + ) s¥s
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B(t,s) = Vt(1 ——s)3t3s+ +{t(2 +5) 1ti/s.

Then from (2) we obtain

m(t) =t, n=2,P, (t) =+t, H(t,;s) =2(1—t)*s? P (t) = Vt,
H,(ts) =2(2+1t) 's.

In this case, all the conditions of the theorem are fulfilled. Since

H,(t,0) =0, (H,(t,0)) =0, %Hl(t.sj =6(1—1t)3s?,

dtds

H,(t,s) =—18(1—1t)*s% (t,s) EG={(t,5):0=s =t <1},

2 H(ts) =
995 2 (6:S)

H,(t,0) =0, (H,(t,0)) =0, %Hz (t,s) =2(2+1t),

=-202+t)72, (t,s)eG={ts)0=s=t=1}
Example 3.2. Consider the integral equation (1) for a =0, b= 2,

m(t) = t(2—1), A(t,s) =sin Yt (2 —1t)°s?sin s+ cos ¥t (3 +
t)3s%cos s
. B(t,s) = 5sini/t (2 —s)°t?sin /s + 2cos{/t (3 + s)3*t® cos V/s.

Then from (2) we get

m(t) =t(2—1t), n=2,P, (t)=sin¥t,H,(t,s) =6(2—1t)%s? ,P,(t) =
cos t,

H,(t,s) =3(3+t) *s°.

In this case, all the conditions of the theorem are fulfilled. Since

H,(t,0) =0, (H,(t,0)) =0, %Hl(t,s) —12(2—1t)°s,

2

dtds
H,(t,0) =0,

d _
H,(t, 00 =0, —H.(t,s)=18(3+1t)%s>,

=543 +t)*s®> (t,s)eEG={(t,s):0=s=t=<2}

H,(t,s) = —60(2—1t)*s, (t,s)eG={(t,s):0=s=<t=2}

2

H, (t,s) =

47 I Herald of Institute of Mathematics of NAS of KR, 2025, No. 2



4. Conclusion.

The proposed methods can be used to study the uniqueness of solutions for
various classes of linear integral and integro-differential equations, as well as for
solving specific applied problems reduced to the integral equations of the third
kind.

REFERENCES
1. A.S. Apartsyn, Nonclassical Linear Volterra Equations of the First Kind, VSP,

Utrecht, The Netherlands, 2003.

2. A. Asanov, Regularization, Uniqueness and Existence of Solutions of Volterra
Equations of the First Kind, VSP, Utrecht, The Netherlands, 1998.

3. A.L. Bukhgeim, Volterra Equations and Inverse Problems, VSP, Utrecht, The
Netherlands, 1999.

4. A.M. Denisov, Elements of the Theory of Inverse Problems, VSP, Utrecht, The
Netherlands, 1999.

5. M.M. Lavrent’ev, The integral equations of the first kind // Doklady Akad. Nauk
SSSR, 1959, vol.127, pp.31-33.

6. M.M. Lavrent’ev, V.G. Romanov, S.P. Shishatskii, Ill-Posed Problems of
Mathematical Physics and Analysis, Providence R.l., American Mathematical
Society, 1986.

7. N.A. Magnitskii, Volterra linear integral equations of the first and third kinds //
Zh. Vychisl. Mat. Matem. Fiziki, 1979, 19, pp.970-989.

8. M.1. Imanaliev, A. Asanov, Solutions of systems of nonlinear Volterra integral
equations of the first kind, Doklady Akad. Nauk SSSR, 1989, vol. 309, Ne5, pp.
1052-1055.

9. M.I. Imanaliev, A. Asanov, Regularization and uniqueness of solutions to
systems of nonlinear Volterra integral equations of the third kind // Doklady Math.
2007, 76, pp. 490-493.

10. M.I. Imanaliev, A. Asanov, Solutions of system of Fredholm linear integral
equations of the third kind, Doklady Math. 2010, vol. 81, pp. 115-118.

11. M.L. Imanaliev, A. Asanov, R.A. Asanov, A class of system of linear
Fredholm integral equations of the third kind // Doklady Math., 2011, vol.83,
no.2, pp. 227-231.

12. M.1. Imanaliev, A. Asanov, Z.A. Kadenova, A class of linear integral equations
of the first kind with two independent variables // Doklady Math., 2014, vol.89,
no.1, pp. 98-102.

48 I Herald of Institute of Mathematics of NAS of KR, 2025, No. 2



13. Asanov, A., Matanova, K., Asanov, R. A class of linear and nonlinear
Fredholm integral equations of the third kind // Kuwait J. Sci., 2017, vol. 44, Nel,
pp. 17-28.
14. Lamm, R.K. (). A survey of regularization methods for first kind Volterra
equations // Surveys on Solutions Methods for Inverse Problems, Springer, Vienna,
2000, p. 53-82.
15. S.P. Shishatskii, A. Asanov, E.R. Atamanov, Uniqueness Problems for
Degenerating Equations and Nonclassical Problems, VSP, Utrecht, The
Netherlands, 2001.
16. Asanov, A., Matanova, K., E. Absamat kyzy, Uniqueness of the solution for
one class of Volterra-Stiltjes linear integral equations of the third kind // Journal of
the Middle Volga Mathematical Society, 2022, vol. 24, Ne 1, pp. 11-20.
17. Bedelova N.S., Asanov A., On the uniqueness of the solution for Volterra
linear integral equations of the third kind on the segment // Bulletin of Science and
Practice, 2022, vol.8, Ne 9, pp. 12-18.
18. A.U. Serikbaev, On the problem of determiming coefficient the differential
equation // KazNU BULLETIN, Mathematics, Mechanics, Computer Science
Series, 2014, Ne4(83), pp. 63-67.
19. Imanaliev, M.l. Asanov, A., Asanov R.A. On a class of systems of linear and
nonlinear Fredholm integral equations of the third kind with multipoint
singularities // Differ. Equations, 2018, vol. 54, no. 3, pp. 381-391.
20. Asanov A., Asanov R.A. One Class of Systems of Linear Fredholm Integral
Equations of the Third Kind on the Real Line with Multipoint Singularities //
Differential Equations, 2020, vol. 56, no. 10, pp. 1363-1370.

The work was carried out within the framework of the project of the Institute of
Mathematics of the National Academy of Sciences of the Kyrgyz Republic.

Received: 25th December, 2025

Accepted: 30th December, 2025
Information about the authors:

Serikbaev Abdukarim, doctor of physical-mathematical sciences, professor  Kazakh
National Agrarian Research University, Almaty,https://orcid.org/ 0009-0007-4554-3462,
Abdikerim.Serikbaev@kaznau.kz

Asanov Avyt, doctor of physical-mathematical sciences, professor, head of laboratory of
Institute of Mathematics of National Academy of Sciences of Kyrgyz Republic, Bishkek,
https://orcid.org/ 0000-0002-0608-0860, avyt.asanov@mail.ru

49 Herald of Institute of Mathematics of NAS of KR, 2025, No. 2


https://orcid.org/
https://orcid.org/

Differential Equations, Dynamical Systems and Optimal Control
MSC 35G35
THE LEVEL LINE METHOD FOR THE STUDY OF SINGULARLY
PERTURBED EQUATIONS WITH ANALYTIC FUNCTIONS

Alybaev K. S., Nurmatova M. N, Ermatali uulu Bayaman

Jalal-Abad State University named after B.Osmonov

Singularly perturbed equations with analytic functions constitute a relatively
underexplored area within the theory of singularly perturbed equations. To date, no unified
methodology has been developed for the analysis of this class of equations. In this paper, we
propose a method based on the level lines of a certain harmonic function, which plays a crucial
role in the investigation of the asymptotic behavior of solutions to singularly perturbed
equations. The core idea of the proposed method is demonstrated through a representative
example.

Key words:  Singular perturbation, analytic and harmonic functions, level lines,
monotonicity, curves, asymptotic estimates.

AHanmuTHKaNbIK QyHKIMsIIAphl 6ap CUHTYISApAYYy Oy3yiaraH TeHAEMeNep CHUHIYISAPIYY
6y3yJ1raH TCHACMCIICPAUH TCOPUACBIHAA a3 U3HUIIACHICH aliMaKTbI 6I/IJ'II[I/IpeT. BYJ'I KJIaCcCTarhbl
TCHACMCIICPAN U3UTTOOHYH 6I/IpI[I/IKTYY MCTOOOJIOTUACHI HUIITCIIUII YbIra 3JICK. BYJ'I OMI'CKTEC
CUHTYNIApAYYy Oy3ydraH TeHJEMeNepAUH YEYUMAECPUHUH aCUMIOTOTUKAJIBIK KYPYM-TYpPYMYH
U3WIJI06/10 MAaHWIYY pOJb OWHOTOH Oenruiayy Oup TrapMOHHUSIBIK (DYHKIUSHBIH JIEHIIAJI
CBI3BIKTAPbIHA HETU3JCITCH MCETOJ CYHYLITAJAT. CYHyIJ_ITaJ'II‘aH bBIKMAaHBIH MAHBI3bIH KOPCOTYY
YYYH MHCaJI KOJITOHYJIAT.

Ypyummyy ce3z0ep: CUHTYISPABIK TEPTypOaIusi, aHaJTUTUKAIBIK >KaHa TapMOHHKAJIBIK
(byHKUIUsATAP, JEHT3I ChI3BIKTAPhl, MOHOTOHYYIYK, HHPH CHI3BIKTAp, ACHMIOTOTHKANBIK 0aa100.

Cuur YISIPHO BO3MYUICHHBIC YpPAaBHCHUA C AHAJIUTUYCCKUMU (I)YHKLII/IHMI/I OTHOCATCA K
MaJio MCCIEI0BaHHOM 00JacTM B TEOPHHM CUHTYISIPHO BO3MYIICHHBIX ypaBHeHUH. Emie He
pazpaboTaHa enMHas METOJOJIOTHS WCCIICIOBAaHHAs TAaKWX KIJAcCOB ypaBHeHWU. B maHHOI

paboTe MpemIoKeH METOJ OCHOBAHHBIH Ha JIMHUSAX YPOBHS HEKOTOPOH T'apMOHHYECKOM
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(GyHKLIUU, KOTOpas HIpaeT CYLIECTBEHHYIO pOJIb IPU HCCIEAOBAHUM aCHUMIITOTHYECKOTIO
MIOBE/ICHUS PEIICHUI CUHTYJISIPHO BO3MYILEHHBIX ypaBHeHUI. Ha ojHOM npumepe onucaHa cyTh
IIPEeAIaracMoro MeTo1a.

Knwouesvie cnosa: CHUHIYIspHOE BO3MYILEHUE, AHAIUTHYECKME U TapMOHHUYECKHE

(bYHKI_II/II/I, JIMHUHA YPOBHA, MOHOTOHHOCTB, KPHUBBIC, aCUMIITOTHYCCKHUEC OLICHKU.

Introduction. Let us consider the system of equations
ex' = f(x,y), (1)
V' =gxy), (2)

where 0 < ¢ is a small real parameter; t € [ty, T] is an interval on the real axis;
x([to, T1 = R™), y([to, T1 = R™).
Systems of the form (1), (2) are called autonomous singularly perturbed equations
[1, 2]. Non-autonomous singularly perturbed equations were studied in [3, 4, 5]. In
[6, 7], new phenomena and effects were discovered within the theory of singularly
perturbed equations, and a theory and methodology for identifying such new
phenomena and effects were developed. The investigation of systems of the form
(1)-(2) has been carried out by many researchers. The most comprehensive results
were obtained by L. S. Pontryagin and his students [1, 2]. He proposed to begin
the study of the asymptotic behavior of solutions of system (1)—(2) depending on
the nature of the stationary solutions of system (1). This system, in the terminology
of L. S. Pontryagin, is called the system of fast motions. This terminology arises
for the following reason. If one considers the phase velocity of system (1)—(2) in

the space R™*™ then

v = e fx,y),9(x, :Lf))-

The first component of the phase velocity tends to infinity as e—0, provided that
flx,y) = 0. If f(x,v) vanishes or takes values comparable to &, then the
components of the phase velocity are of the same order. The function

f(x,v) vanishes at those points (x,y)that correspond to stationary solutions of
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system (1). As a rule, such solutions represent equilibrium states. L. S. Pontryagin
studied system (1)—(2) under the assumption that system (1) possesses equilibrium
states. The equilibrium states of system (1) form a surface I" of dimension m.

The surface I" contains all equilibrium states. The surface consisting of stable
equilibrium states is denoted by I_, while the surface consisting of unstable
equilibrium states is denoted by I,. The surface on which stability is lost is

denoted by I. All equilibrium states are determined from the equation

fl,y)=0. (3)
If we set e=0 in system (1)—(2), we obtain a degenerate system.
flx,y) =0, (4)
glx,y) =y, (5)

If x =¢(y) is a solution of system (4), then from (5), under certain
additional assumptions, we can determine a solution
y=¢(t)
defined, for example, on the interval t; =t =T. Then the solution of the
degenerate system (4)—(5) can be represented in the form
r=¢(p®),y=9), t,<t<T. (6)

Let x(t,&), v(t,e)be a solution of system (1)—(2) satisfying the initial
condition

x(to, &) = x°, y(ty,€) = ¥° (7)
which exists under certain general assumptions.

One may now pose the following problem: under what conditions does the
solution of system (1)—(2) satisfying condition (7) converge to the solution (6) of
the degenerate system?

L. S. Pontryagin solved this problem in the following way. Suppose that
system (1) has an equilibrium point and that the determinant of the matrix
A(t) = llaf (x, y)|oxl|
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has one eigenvalue that vanishes at a certain value of the slow variable, while the
remaining eigenvalues have negative real parts. This corresponds to the fact that on
the surface I' the equilibrium point is exponentially stable, and when the slow
variable crosses the surface [, the stability of the equilibrium point is lost. For
values y € I',, the equilibrium point is unstable.

In works [1], an asymptotic representation of solutions of system (1)—(2) was
obtained, including the point at which the stability of the equilibrium is lost.

For the general case, it was proved that when an equilibrium point becomes
unstable, the solution of system (1) rapidly departs from the emerging unstable
equilibrium. In the 1970s, under the leadership of L. S. Pontryagin, a new
phenomenon in the theory of autonomous singularly perturbed equations was
discovered. The essence of this phenomenon is as follows: when an equilibrium
point becomes unstable, the solution of the “fast subsystem” does not immediately
leave the emerging unstable equilibrium, but follows it for a finite time interval
and only afterward rapidly departs from it. A fast-slow system consisting of two
first-order fast equations and one slow equation was constructed in [8]. This
phenomenon was further generalized in [9]. In [10], a method for studying
singularly perturbed equations with analytic functions under a change in the
stability of equilibrium points was developed.

An analysis of the existing studies shows that, in all these works, the
stability of equilibrium points is determined by one or several pairs of complex
conjugate eigenvalues [11, 12]. In such cases, the determinant of the matrix A(t)
does not vanish at the point where the stability of the equilibrium is lost. Therefore,
two cases should be considered: first, when the determinant of A(t) vanishes at the
points where the stability of the equilibrium is lost, and second, when the

determinant of A(t) does not vanish at these points.

53 Herald of Institute of Mathematics of NAS of KR, 2025, No. 2



As shown in [13,14,15,16,17], in the first case a delay of the solution may
occur. This happens only when the trajectory of the degenerate equation has a
specific form (a so-called “duck” or canard trajectory).

As noted above, for the study of singularly perturbed equations possessing
equilibrium points that lose stability at one or several points, a method based on the
use of level lines of certain harmonic functions has been developed.

The application of this method will be demonstrated using a single model
equation.

Let us consider the equation

ex' = (t+i)x+ b(t), (8)
with the initial condition
x(ty,) = x°, (9)
where ty, t € D < C is a domain in the complex plane, and
D={t€eC, |t| <7, ER the set of real numbers, 1, > 1.}
Assume that the following condition holds:
(A) b(t) € Q(D) denotes the space of analytic functions in D, and b(—i) # 0.

In equation (8), setting =0, we obtain the degenerate equation
(t+i)é+b(t)=0,
which has the solution

b(t)
(t+1)

§—— (10)

The solution (10) of the degenerate equation has a first-order pole at the point
i=—1€D,

Problem. Investigate the asymptotic behavior of the solution of problem (8)-
(9) in the domain D.

The peculiarity of the problem under consideration lies in the fact that the
real part of the function (t + i), for real values of ttt, changes sign on the interval

(=75, 15), and the degenerate equation possesses a singularity.
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In equation (8), introduce a new unknown function

x=2z+¢, (11)
where z is a new unknown function. Substituting (11) into (8), we obtain the
equation
ez’ = (t+i)z+ sp(t) (12)
with the initial condition
Z(ty, &) = 2", (13)

where

b(t) \
o(8) =~ ((t+ i)) '
Problem (12)—(13) can be rewritten in the following integral form:
(t+1)* — (to+1)? .
2e

z=z%xp
t

+ f @(T)exp

tg

(t+i)*—(t+1i)?
e dt

(14)

As shown in earlier studies [8,9,10,11,12], the asymptotic behavior of
expression (14) is essentially influenced by the function Re(t + i)2. The following
proposition (P) holds: if there exists a subdomain subset Dyand a set ﬂ(p(tﬂ,t]),
where p(t,,t) is a smooth or piecewise smooth curve connecting the fixed point t,
with an arbitrary point t € D, such that along the curve (p(t,t)) the function
Re(t + i)* is nonincreasing, then expression (14) is bounded for ¥t € Dy,

Indeed, according to (P), for all t,
Vt, T € Dy(Re[(t+1)? — (t, + )] < 0N
ARe[ (t +1)? — (t +1)? = 0].Hence, |z| = C,.

Thus, it follows from (P) that, in order to obtain an asymptotic estimate of

(14), it is necessary to construct a domain D, and a set Q.
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One of the ways to construct the Q(p(t,,t)) is to use the level lines of the
function (p(t,,t)). The set Q(p(t,,t)) contains curves connecting the point t,
with an arbitrary point t € Dy, such that along the curve (p(t,,t))the function
Re(t +i)? does not increase. If the level lines of Re(t + i)? are introduced, then
the curve (p(tg,t]) must intersect each level line only once or contain a segment

of a level line. Thus, the curve (p(tg,t]) It intersects the level lines, then may
proceed along one of them, after which it again intersects the level lines. This
process continues until the path reaches the point t.

The method under consideration resembles the descent of a traveler down a
mountain slope toward the foothills. At first, the traveler moves downward
(descending gradually), then follows a certain segment along a single level, after
which he descends again, and so on. This process continues until the traveler
reaches the foot of the mountain. Note that during the descent the traveler may
choose different possible routes.

Similarly, in the choice of the path (p(tﬂ,tj), there also exist many possible
variants. Below, we consider one such variant.

Let us consider the function Re(t +1i)* =t — (¢, + 1)?, t = t, + it, and
t,,t, are real variables, and examine its level lines.

Introduce the level set

(po)={t €D ,Re(t+i)*=01%
The level lines (py) divide the domain D, into four regions, in each of which

Re(t + i)? takes either negative or positive values (Fig. 1).
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D,

Fig. 1. Level lines (py) and the partition of the domain D,.

These regions are denoted by D;(j = 1,2,3,4). Let D, denote the region
containing the segment [—1; 1] of the real axis. Moving clockwise, the regions are
labeled Dy, D,,D;, D, (Fig. 1).

It is easy to verify the relations

vt € (D,U D;)(Re(t+1i)*<0),
vt € (D,U D)(Re(t+i)*=0).
Let us take t, < 1 and consider the straight-line segment connecting the

points (ty; 0),(0; —1). The equation of this segment has the form
1
ty=—t;— L (K,)
ti_‘i
Let us check the monotonicity of the function Re(t + i)* along the curve
(K;). We have

Hence,
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Since ty < 1, it follows that (l —tiz) > 0. Therefore, Re(t+1i)* s strictly

o

decreasing along (K;). Now consider the segment connecting the points
(0; =1 +6),(1—6; 0), where 0 < & is a sufficiently small number independent
of ¢.

Let us write the equation of this segment:
t,=t,—1+86. (K,)

As in the previous case, we examine the monotonicity of the function
Re(t+1i)? along (K,). We have
Re(t+i)* =t:— (¢t; +6)°.

Then
(Re(t +1)*)' =—-26 < 0.

It follows that Re(t + i)? is strictly decreasing along (K ).

The domain bounded by (K,), (K, ), and the segment [ty; 1 — 8] of the real
axis is denoted by D, (Fig. 2).

=

(K1) (K3)

-1+8

Fig. 2. The domain D,.
It remains to construct the set Q(p(t,,t)). For any ¥t € Dy, the path (p(to,t))

consists of the union (K;)U (K,), connecting the points (t,; 0) and

58 Herald of Institute of Mathematics of NAS of KR, 2025, No. 2



t e (KU (K,)), and a straight-line segment  (p,)connecting the points
(f=t,+it,t=1t, +it,).

By construction, along (K;)U (K,) the function Re(t+i)? is strictly

decreasing. We now check whether Re(t + i) also decreases along (p)?

(Re(r +1)*);, = (t] — (1, + 1)?);, = —2(7, + 1).

Since —1 < 1, by assumption, it follows that Re(t+ i)? is strictly decreasing
along (p,).

Thus, the set ﬂ(p(to.t]) has been constructed. According to proposition (P),
for Vt € Dy (|z| < ¢,).

The obtained estimate is relatively rough and does not provide a more
precise description of the asymptotic behavior of (14) in the domain D,. To obtain
more detailed information about the asymptotic behavior of (14) in Dy, we proceed
as follows.

Consider the level line
ti —(t, +1)* = (t, — elne)* — 1. (p,)

This level line passes through the point (t, — £lne; 0). The curves (p,) and
(K,) intersect at a point A,. Denote by (K;,) the part of (K) connecting the points
(to; 0) and 4, and by (p,o) the part of (p-) connecting the points 4, and
(to — €lng; 0). The domain bounded by (K;p), and (p.,) the segment
[to,to — €lne] of the real axis is denoted by Dyq. Let A, be the intersection point
of (K,)and (K,). Denote by (K,) the part of (K,,), connecting the points 4, and
A,, and by (K,,) the part of (K5) connecting the points A, and (1 — §; 0).

The domain bounded by (p.0), the segment [ to — elne, 1 — 8] of the real
axis, and (K,,) is denoted by Dy, (Fig. 3).
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Fig. 3. The domains Dyg and Dyg;.
Let us perform an asymptotic estimate of (14) in the domains Dyg,Dgq, Dys. We
split expression (14) into two components
(t+1i)*— (ty+1)?
2e '

Jo(to,t,8) = z%exp
t

Ju(tort,€) = f p(Dexp

to

Let £ € Dy, then,

(t+i)*—(t+1)?
e dt

t; —(t,+1)*—(tf—1)
2e

[Jo(to,t, €)= |2°|exp
Since

Vt € Doo(tf — (£, + D? — (.5 — 1) = 0),

it follows that

Jo(to, £, €)1 = 12°].

If ¥Vt € Dy, then

Vt € Do (t2 —(t, +1)2— (t2—1) < (to—elne)? — (t2 — 1))
Therefore

|Jo(to,t,8)| < c;e™,nEN.
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Thus,  Jo(ts,t,€) is  significant only in  the domain  Dy,.
Let us now consider J(to.t, €). Taking into account the construction of the set
0(p(to, 1)), it is easy to verify that, since the function ¢(7) has no singularities in

D, |J,(ty,t, )| = €46, € D,.

Note that in different parts of Dy, the asymptotic behavior of the function
(14) is different. According to the definitions adopted in [18], the domain Dy, is a
boundary-layer region, and
YVt € Dy, (2(t,€) < |2%)),
the domain Dy, is a regular region, and
VYt € Dy, (z(t,&) < c,g)
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GENERALIZATIONS OF THE ANALOGUE OF THE CLASSICAL
GOURSAT AND DARBOUX-GOURSAT-BODOT PROBLEM IN THE
CLASS OF GENERALIZED FUNCTIONS OF INFINITE ORDER

Amangeldi M. Berdimuratov

Kyrgyz Economic University named after M. Ryskulbekov, Bishkek, Kyrgyzstan

The paper investigates the possibility of continuing solutions of systems of linear differential
equations with constant coefficients, defined in the neighborhood of the faces of a parallelepiped,
in the class of generalized functions of infinite order.The proven extension theorem is a
significant generalization of the classical Goursat and Darboux-Goursat-Bodo problems, since it
considers solutions in wider functional spaces that are closely related to spaces of analytic
functionals and hyperfunction theory.

Keywords: Generalized functions of infinite order, continuation problem, Goursat problem,
weakly hyperbolic operator, characteristic set, hyperfunctions.

EYJ'I Makaljiazaa YCKCHU3 TApPTUIITCTH JKaJIIIblJIaHTaH Q)yHKummap KJIaCChIHIAIr bI
napajuieJenuneTHH OeTTEPUHUH KOUTYHACHIH/IA aHBIKTAITaH TYPYKTYy K03 duimeHTrepu o6ap
CBI3BIKTYY I[H(I)(l)epeHLII/IaJII[LIK TCHACMCIICPANH CHUCTCMAJIapblHA YCHUMIACPAU )KaflblﬂTyy
MYMKYHUYYJIYTY KapanaT. JanuiafeHreH KEeHEHWTYY Teopemachl KilacCHKaiblKk ['ypcar »xaHa
HapOy-I'ypcar-bono macenenepun OJyTTyy OKaambuioo OOJIym caHalaT, AaHTKEHH aj
AQHAIUTUKAIBIK (YHKUIMSIAPBIH jKaHAa TUNEPPYHKIUS TEOPUSCHIHBIH MEUKUHIUKTEPU MEHEH
THITHI3 OaMTaHBIIIKAH YOH (PYHKIIMSUIBIK MEHKUHIUKTEP/IC YeUUMACPAN KapaT.

Ypynmmyy cesoep: Uekcus TapTUNTETH KalMbUIaHTaH (YHKIMsIIAp, YJIaHTYY MacelecH,
['ypcaT macenecu, ajcei3 Tunep0o0Ia onepaTopy, MyHe3/1yY KOnTyK, THIepPyHKITUsIIAP.

B pabore wuccnemyercs BO3MOKHOCTh TIPOJOJDKEHUS PEHICHUW CHUCTEM JIMHEHWHBIX
T depeHMaIbHbBIX YPaBHEHUH C TOCTOSHHBIMU KO3((UIMEHTAaMH, ONpPEICICHHbIX B
OKpPCCTHOCTHU rpaHeﬁ napajiejicnmIicaa, B KJIAaCCC O606I.I.[CHHBIX (bYHKLII/Iﬁ 0ECKOHEUHOTO
nopsiaka. JlokazaHHas TeopeMa O TMPOJOJKEHUHU SBISETCS CYIIECTBEHHBIM 0000I1eHneM
kinaccuuecknx 3anad ['ypca u apOy-I'ypca-bomo, mockoyibKy OHa paccMaTpuBaeT PEIICHUS B
Ooitee IHUPOKHUX (byHKHHOHaHLHLIX MMPOCTPAHCTBAX, TCCHO CBA3AHHBIX C IPOCTPAHCTBAMU

AHATUTHYECKUX (DYHKIIMOHAJIOB U TeOpuell runeppyHKInii.
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Kniouegvle cnosa: O0001IeHHBIE PYHKIMM OECKOHEYHOTO MOPSJKA, 3a/Jada MPOAOKEHHUS,
3amaya ['ypca, cmabo rumnepOONMYECKUI OIEpaTop, XapaKTepUCTUYECKOE MHOXKECTBO,
runepQyHKInH.

Introduction

Classical problems of mathematical physics, such as the Cauchy problem or
boundary value problems (including Darboux-Goursat-Bodot problems), are
traditionally considered in spaces of smooth or finite-ordinal generalized functions
(distributions).However, in modern research related to the theory of D-modules,
hyperfunction theory, and analysis on complex manifolds, it becomes necessary to
study solutions of differential equations in broader classes, namely in spaces of
generalized functions of infinite order.

Let P(D)- be a linear differential operator with constant coefficients in 0" , where

D=(D,...D)and D. :—iﬂ.We consider a homogeneous system:

g y

1 n ] 8§
J

P(D)u=0 (1)
wherecP(D) = (P, (D)) is the matrix txsof differential operators, and
u=(uj,..,u,)is the desired vector function.

Let be F compact in 0" andvpg satisfying the condition vBand the whole m>0

by denote S/ the space of infinitely differentiable functionsy in 0" for which

Dy (xy)|<cd . (y)exp(—D|z|;ijI’ any j,|jj<m .Consider the space :S/° = (") S.? .

m>0

1
. - D’ D|z|)#
Let's introduce a system of norms in it: || = maxsu | W‘JeXp((y) ) m=0,1,..
! jlgm E

Setting the task

Let be z<O" a parallelepiped and 7 its(n-1) -dimensional face lying in

subspaces & =0.We assume that the operator is weakly hyperbolic with respect to

the normals to the faces.
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For an arbitrary linear weakly hyperbolic operator P(D), we construct extensions

of generalized solutions (1) defined in the neighborhood of the faces of the
parallelepiped n to the neighborhood of the parallelepiped ~in the class of
generalized functions of infinite order.

The theorem. Let be P(D)a weakly hyperbolic operator , if the characteristic set

N’ =char(P)satisfies the condition N’ CO{zk =0}, then there exists a number h<1

k=1

that depends only on P , and for any VvB>0neighborhood Lof a compact

LnJ/z'k there is a neighborhood L of a parallelepiped = such that any generalized

k=1

ue[uf]s solution of system (1) defined on L can be continued by a function

ve[U/] that is a solution of system(1) on L, and the inequality holds:

Jo"® <c|ul”® where are constantsB" and care independent of u.

The proof is based on the fundamental result of Palamodov, see [1](chap. IV,
,theor.2) on the representation of generalized solutions in the form of linear
functionals on the space of basic functions , the carrier of which lies on the
characteristic space N’ =char(P) .

Proof. By definition, an arbitrary functional is a linear functional on a
countably normalized space. According to Palamodov's theorem, see [1] (ch.lV,
theory.2) the functionality has representations: , .and the vector measures are
such that. Let us introduce generalized functions. Obviously we have where. From
here. Denoting by we will have. Let us show that, then where. For any we have.

It is obvious that. By virtue of the corollary of Lemma 3.1.5 (see [3]) we have
Where. By virtue of Lemma 2.1.3 (see [3]) for any we have:

Hence, By virtue of statement a) of Lemma 3.1.6, see [3], we have.

It can be proved that there is a solution to (1) in the neighborhood, then we have

For anyone we will have:
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Based on Lemma 3.1.4, see [3], we obtain th e following:

where. Generalized functions and coincide on a compact, i.e. we have.
The theorem has been proved.
Example. Consider the system:
In the domain, the Darboux-Goursat-Bodot problem requires finding a solution
satisfying the edge conditions on the axes: where. The classic solution looks like
this. Generalization. In the context of system (1), if we consider the operator in, the
faces of and.

Our theorem states that if a generalized solution (in the OFBP class) is
given in the neighborhood of the axes, then it can be continued as a generalized
solution in the neighborhood of the entire quadrant.

The modern aspect: The classical solution shows that the solution is formed by
the boundary. Generalization of this problem in the OFBP class means that even if
the boundary conditions are extremely singular, the solution in the domain will be
determined by them and  will be continued correctly, while maintaining its
structure, as described by the theory.

Conclusion

The proved theorem on the possibility of extending generalized solutions in
spaces of infinite order is an essential step in the generalization of the classical
theory of boundary value problems. The connection of these spaces with analytic
functionals and hyperfunctions allows us to consider solutions of differential
equations with constant coefficients in the broadest analytical classes, adapting the

theory of linear operators to modern complex geometry and analysis.
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Differential Equations, Dynamical Systems and Optimal Control
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ENLARGING OF DYNAMIC SYSTEMS CLASSES WITH SPECIAL

SOLUTIONS
Zheentaeva Zh. K.

Kyrgyz-Uzbek International University named after B.Sydykov

The purpose of the paper is unifying and enlarging the class of initial value problems for
linear dynamic equations with special solutions. The peculiarity of such class is that presence of
such phenomena is provided not by signs of coefficients but by absolute constants and domains
of coefficients. The notion of asymptotical equivalence and the phenomenon "the dimension of
the quotient space is less than one of the initial space” are also considered. These results can be
applied for solutions of initial value problems for linear differential equations with bounded
delay.

Key words: difference equation, delay-differential equation, special solution, initial value
problem, asymptotic equivalence.

Macenenud MakcaTbl — aTalbIH YbIrapbUILIIIbL 0oJro” CBIBBIKTYY JWHAMHKAJBIK
TEeHJEeMeJep YUYH OallTanKbl MaceseJIepUHUH KIACChlH OMPUKTUPYY *kKaHa KeHeuTyy. MbiHaai
KJIACCTBIH ©3Te4esIyIy - MbIHJIAl KyOymymTapAslH Oonymry Kod(hQUIMEHTTepAUH Oenruiepu
MCHCH OMCC, KOB(I)(l)I/II_II/ICHTTCpI[I/IH a6COJ'IIOTTYK KOHCTAHTAJIapbl JKaHa aﬁMaKTapH MCHCH
KaMchbI3fjaiaT. ACHUMNOTOTHUKAJIBIK AKBUBAJEHTTUK TYLIYHYTY JkaHa "KO3((PUIMEHTTHK
MEUKUHIUKTAH ©14eMYy OallTankbl MEHKUHIUKTHH ©TYOMYHOH a3bipaak" NereH KyOynymn aa
Kapanar. byn Harelikamap YeKTEeNreH KEeYuIyy MEHEH ChI3BIKTYY Ju(depeHnnan bk
TEHJIeMelIep YUYH OalTanksl Macese-1epuHIH YbITapbUIbIIIbl YUYH KOJJOHYIYITY MYMKYH.

Ypyummyy ce3zdep. alibipmailyy TEHIEME, KSUUTYY4y apryMEHTTYY AuddepeHnanbK
TECHAECME, aTalbIH YbITapbUIBIII, OarTanKsl Maceie, aCUMIITOTHKAJIbIK OKBUBaAJICHTTHUK.

HGJ'ILIO CTaTbH ABJISICTCA 06’LG,I[I/IHCHI/IC U paClIMpCHUC KJacCa 3aJlad C HadYaJIbHBIMHU
3HA4YCHUAMU OJIA JIMHENHBIX JUHAMHUYCCKUX ypaBHCHI/Iﬁ CO CICHHUAJIBHBIMH PCIICHUAMMU.
Oco0EHHOCTh TAKOTO KJIACCa 3aKTFOYACTCS B TOM, YTO HAJTMYHE TAKUX SBJICHUHN OMpPEEseTCs He
3HaKaMd KO3(-(PHUIIMEHTOB, a aOCOMIOTHBIMH KOHCTAHTaMU H OO0JACTSIMH 3HAYCHHUM
KOB(I)(I)I/ILII/ICHTOB. Taxxke paccMaTpruBarOTCA TOHATHC ACHUMIITOTHYECKOM JKBHUBAJIEHTHOCTU U
SABJICHUC "paBMepHOCTB (I)&KTOp-HpOCTpaHCTBa MCHBIIC €ANHHNUIIBI U3 UCXOAHOI'O HpOCTpaHCTBa".

OtH PE3YIbTATEI MOT'YT OBITE IMPUMCHCHBI U1 pCHICHUA 3a/jad ¢ Ha4YaJIbHbIMU 3HAYCHUSAMMA IJIA
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JTUHEHHBIX U PepeHITNATBHBIX YPaBHEHU ¢ OTPAaHUYEHHOM 3a1ePIKKOM.
Kniouesvie  cnosa:  pa3HOCTHOE  ypaBHEHHE, JudQepeHIraTbHoe  ypaBHEHHE C
3arnasablBalOUM apryMmMCeHTOM, CICHHUAJIBHOC PCHICHUC, HAa4dadJIbHAd 3aJdavdd, aCHUMITOTHYCCKAA

OKBUBAJICHTHOCTB.

1. Introduction

The problem of asymptotic behavior (as time tends to infinity) of solutions of
initial value problems is one of the main in the theory of dynamical systems.

First results are [1], [2], [3], [4], next results are [5], [6], [7].
Denote Np :={0,1, 2, 3,... }; R+ := [0, ©); R++ := (0, ), h=const € R+, Ry, :=[-h,
).

Concerning the scalar equation with constant delay
z(t) = p(t)z(t-h), te R+, p(t) € C(R+ — p*:=[p_, p+]1), Z €C(Rn) N C'(R+) (1)

with the initial condition

Z(t) = (1), -h<t <0, t) e C([-h, O]). (2)

If the function z(t) has a physical dimension of length (L), then z{t) has a
physical dimension of (L/T), T being time; the function p(t) has a physical
dimension of (1/T); p(t)h is a dimensionless value.

The mention results [1-4], yield the following

Theorem 1. If

| p*|h<exp(-1) = 0.367... (3)
then there exists a positive "special” solution Z(t) of the IVP (1)-(2) with "asympto-
tical approximation property": for each solution z(t) there exists such yeR that
lim{|z(t) — »Z(t)| : t = o0} = 0.

The constant exp(-1) is absolute and exact.

Other formulations of this phenomenon:

(E1) the (infinite-dimensional) space of solutions of the IVP (1)-(2) is asympto-

tically finite-dimensional,
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(E2) any solution of the IVVP (1)-(2) can be presented as a sum of a solution of a
finite-dimensional space and a "fading" one.

Such properties are caused by complete continuity of the operator of shift along
trajectories of solutions of (1) but it is not sufficient to prove such asymptotic.

2. Definitions of equivalence

There are many similar definitions of a dynamical system (flux) in the
literature. We will use the following

Definition 1. A dynamical system (with an initial condition) is a tuple of a

number h, a totally ordered set A — R with the least element but without the
greatest one (domain of functions) (usually A = R or A = Np), a topological space
Z [range of functions]; a set @ of functions [-h, 0] — Z (initial conditions)] (if h =
0 then @ = Z); a function W(t,@ : A x Z such that its restriction on Ry equals ¢
[solutions of initial value problems]. If A = R, then W(t, ¢) is continuous with
respect to t.

We proposed

Definition 2. The following equivalence is said to be asymptotical equivalence -
AS (A-exponential asymptotical equivalence, A eR++ ).

For a linear normed space Z

(pr~@2) < (lim{[|W(t,p1) - W(t, @2)||z: t—>o}= 0).

(pr~22) < (sup{ exp (A)[W(t, 1) —W(t, 2)||z: teA}<).

For a metrical space Z

(o1~ @)= (lim{ pz(W(t, 1), W(t, ¢2)): t—oc}= 0).

(@1 ~202) = (sup{ exp(At) pz(W(t, 1), W(t, ¢2)): teA}<).

Definition 3. The quotient space @* := @/ ~ of the space @ by the AS is said to
be an asymptotical quotient space - AQS; respectively, the quotient space @*, :=
@/ ~; of the space by the A-exponential AS is said to be A-exponential AQS.

The phenomenon "the dimension of the quotient space is less than one of the
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ini-tial space" is said to be "asymptotical reduction of dimension of space of

solutions".

The well-known method of shift operators can be presented due to this

definition as follows.

Consider the operator-difference equation for the sequence U,(t) eC®[-h,0],
N eNo:

Us(8) = 5o(9 ())(®:= 0 (0) + [, p(s + W)@ (s) dis;

Upsr (8) = S, (U, ())(©):= U, (0) + [, p(s + nh+ W)U, (s) ds,neN,,

with the final transformation

z(t) = Un(t+nh+h) (nh<t <nh+h), ne No.

We will use another form. Add the equalities

o ()= @ (0)+ [, ¢(s)dsand z(t) = z(0) + | z'(s)ds to the IVP (1)-(2)
and denote X, :=z(nh), ya(t) :=Z'(t + nh),-h <t <0, ne No.

Then we obtain the system

Vnas (O) = p(s+nh+ 1) (%, + [ yu(s)ds),

Xns1 = X + [ Vpr1(S)ds, neN,, @)
with the inverse transformation
u(t) =x, + f;_nh y,(s)ds,nh<t < nh+ h,neN,. (5)
3. Special solutions of operator-difference equations and method of
splitting
We will expand denotations for operators onto sets of operators.

Let £2be a normed linear space with norm ||-||*. Consider the operator-
difference equation

Given zg € €2, Zp+1 = Fnza , NeNp (6)

where F,, : 22— Qare linear operators, F, e ¥, ¥is a set of operators.
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Denote the solution of (5) as ¢n(zo).

Definition 4. If there exist such connected closed set 2, ¢ (A{0} and number
q_€ Ry that #42, — q_£2 then the family ¥is said to be a family with domination.

Lemma 1. If the family ¥is a family with domination then there exist such Z, €
Qthat (Vn)( ¢n(Zo) € q_"€2).

Extending the terminology [1-4] we called such solutions special.

Definition 5. If (Vzo € Q)(FZo € )(lim {||<n(20) - ¢a(Zo)||*: n— 0}=0)
then special solutions are said to be asymptotically approximating.

For a linear operator in a normed space denote

[[H[|_:=sup {neR+: ([Ix]|=1)= (I[H x|| = 7)}.

To obtain meaningful conditions we propose the following construction of
split-ting the space.

Introduce a linear projection operator P: 22—, Q=I1-P, where | is the identity
operator, £2 is the kernel of operator P, £2, is the image of operator P. A subscript
denotes narrowing of a linear operator on the subspace (2, or £ and two subscripts
do corresponding operator norms. Denote variables x,=Pz,e(2; y,.=Qz,e£2 and
operators a,=P Fn:2—->; b=P Fni2—>0; c=Q FuiQ2—>0;
di=QFn2: 42>,

Thus the system (6) is presented as a system of two linear non-autonomous
ope-rator-difference equations

Given Xo €421, Yo €42} Xn+1 = @nXn + DnYn, Yns1 = CnXn + dnyn ,n eNo (7)

with the inverse transformation z, = X» + yn, N €No.

Denote the unit ball in €2 as (.

Denote corresponding sets of operators as 4, B, C, D.

Theorem 1. If there exist such number g_ > 0 and such bounded set 2, 0 e €2,

c 2, meeting the condition (Ve € [0,1])(« €2, (2, ) that
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D [IAl*1_ - 1IBL3[*1 29-; 2) C+Dyc q_ €2,

then there exists such solution {X,, Yn:n & N} of (7) that

(P eN)({IXnl[*1= -7 Xol[*1; Yo < [|Xnl[*163).

Proof. Let ||Xo||*1=1, Yo=0, then Yo || Xo||*<2. By induction,

|[Xn+al*1= [[@nXn + BnYa|[*1 2[AXa[[*1 - [[BYn][*1 =

2A|AIF1a_[IXal*1 - IB(Xal*242)[] *1 =

= |[XalPFLCHAI* - 1B 1] *1) 20 [IXall*1 2 0" Xol 1= q-"|Xo] *s;

Yn+1 = CnXn + dnYn € CXn + DYn < C||Xn|[*1 (|[Xn][*1 ) Xn + D[ Xn||*142=

= [[Xall*1 (C ([IXal[*1)*Xn + D) < [[X0l[*1 (C&2+DR)  [IXal[*10_ 2

< || Xne1]]*1 €2,

Specify this theorem for the case Q1 = R. Then x, and a, are scalars, a, € A :=
[a_,a:] >0.

Theorem 2. Let Q; = R. If there exist such number g > 0 and such bounded
set (2, 0 e £ < 2,, meeting the condition (Vo e [0,1])(af2, < €2,) that

1)a - |[BRI* 2q; 2) C[-1,1]+D2c q 2,

then there exists such solution {X,, Yn: n & No} of the system (3.2) that

(VheN)( Xa2a"; Yo Xnl2).

Theorem 3. Let £, = R; b:=||B]| 21 <o, ¢:=||C||*12<c0, d:=||D]|*22 <.

Denote B:=bc. If 1) a - d>0 and (a_- d)? > 43then then there exists such
"special” solution {Xn, Yn: n € No} of the system (3.2) that ("h eN)( X, >q.";

1Yol swXo) where w = ((a_ — @) — \/(a_ — d)7 — 48) /(2b),

q-=(a_+d+/(a_—d)*—4p)2.

2) If additionally a.d + < g.2 then for every solution {Xn,yn: N & No} of the
system (3.2) there exists a limit #(Xn,yn) := lim {X,/Xq; n—>oc}.

3) If additionally (a+d+/) q_2 (a++bw) < 1 then special solutions are

asymptotically approximating: lim{Xn- A Xn,Yn)Xn: N—o0} = 0.
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Proof. Let Q={y 2 ||y||*2 <w}. Then the condition 2) in Theorem 3.2 can be
written as c+dw<'qg.w. The number w fulfills the equation bw? - (a_- d)w + ¢ =0,
orc+dw=gqw. 1) is proven.

Denote 4, := aqd, - bacn. Consider and transform the difference

Xns1 [Xns1 — XnfXn = (0 ia X =2, X5 01) /(X1 X)) =

= b (X V=2 V) /(K11 X)) =,

= by A, (X1 Vn-1— X1 Yo 1) /(X1 X)) =

= by, 1525 Ax Ko Yo =0 Y0) / (Xp+ 1 Xn).

Denote w:= (a.d + A g2 . We have

|Xns1/ X1 — X /Xl = DITES5IAK HIXo o= Yoll2/(g-"1q_"™) =

= blIXoyo—xo Yoll2q- 7" [Ii5(a d + B) =

= blIXoyo— Yoll3 (ard + A" """" = bl X, 10—, Ky ll30mg_"".

Hence, the sequence {x./Xn: neN} converges and has a limit. 2) is proven.

It is well-known that for this limit (Fconst=>0)( ¥h eN)(|» (x,y) - Xo/X,| <const- ).

Further,

Xn+1 <aXn + b||Yn [[*252: X0 + bwX, = (ar + bw)X,<(a+ + bw)™;

[Xn = XY Xn| =7 (XY) - Xn/Xn| Xn < const - @ (a+ + bw)".

3) is proven. Theorem is proven.

4. Conclusion

The paper demonstrates that there exists a class of linear dynamical equations
in infinite-dimensional spaces where the phenomenon of asymptotical finite-
dimensionality of space of solutions takes place; there are absolute domains

provid-ing this phenomenon within each type of equations.
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ONE CLASS OF SYSTEMS OF VOLTERRA LINEAR INTEGRAL

EQUATIONS OF THE FIRST KIND ON A SEMI-AXIS

Kadenova Z.A.%, Bekeshova D.A?
L2Institute of Mathematics of NAS of the Kyrgyz Republic

In the present article the theorem about uniqueness of the linear integral equations of the
first kind, with method of nonnegative quadratic forms and functional analysis methods.

Key words: linear, inteqral equations, first kind, uniqueness.

By'J'I MaKajaJia TCpC 5MEC KBAAPATTBIK Q)opManap YCYIIYHYH, (1)YHKI_II/IOH8.JI,I[I>IK AHaJIN3IUH
YCyJIaapblHbIH XapAaaMbl MCHCH 6I/IpI/IHIII/I TYPpAOryY CBbI3bIKTYY HHTCTpaJIAbIK TCHIACMCICPANH
YECUUMICPUHUH JKAJITBI3AbITEl JATHIIICHIN.

Ypynmmyy ce30ep: ChI3BIKTYY, HHTETPAIABIK TEHIAEMeNEep, OUPUHYHU TYPAOTY, KaITbI3/bIK.

B ,Z[aHHOfI pa60Te, C IIOMOIIBKO METOAOM HCOTPpULATCIbHBIX KBaAPATUYHBIX (I)OpM,
METOdaM @YHKHHOH&HI)HOFO aHaJin3a AO0Ka3bIBACTCA CAMHCTBCHHOCTDH peIHGHI/Iﬁ JIMHENHEIX
WHTErPAJIBHBIX YPABHEHUH [IEPBOTO POJIA.

Knrouesnie crnosa: JIMHEWHBIE, HUHTETPAJIbHBIC YPABHCHU, IICPBOTO pOJd, CAMHCTBCHHOCTD.

1. Introduction

Inverse and ill-posed problems are currently attracting great interest. The
theory and numerical methods for solving inverse and ill-posed problems were
studied in [1-29].The notion of correctness in the works of A.N. Tikhonov [1],
M.M. Lavrent’ev [1] and V.K. Ivanov [3], different from the classical one,
provided a means for studying ill-posed problems and stimulated interest in
integral equations with large applied value.

Il-posed problems also occur in many other branches of mathematics,
elementary examples being the Fredholm integral equation of the first kind,

analytic continuation of a function, determination of the derivative of a function
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that is only approximately specified, and a singular linear system of algebraic
equations. A further important class concerns inverse problems where it is
typically required to determine the coefficients of an equation from a known
ledge of certain functional of the solution.

The fundamental results for Fredholm integral equations of the first kind
were obtained by M.M. Lavrentiev in [4], [5], where the regularizing operators in
the sense of M.M. Lavrentiev. In [6], [7] results were obtained in the field of
nonclassical Volterra equations of the first kind and numerical methods for
solving nonclassical linear Volterra equations of the first kind, which describe the
processes of aging and replacement of elements in developing systems. In [8], for
linear Volterra integral equations of the first and the third kind with smooth
kernel, the existence of multiparameter family of solutions was proved. In [9],
[10], on the basis of the theory of Volterra integral equations of the first kind,
various inverse problems were studied.

Modern methods for solving ill-posed problems are gaining more and more
popularity. Results of the inverse problem of microtomography in [11] and
numerical methods for solving ill-posed problems in [12] were obtained, inverse
problems of biology and medicine [13].

In [14], [15] problems of regularization, uniqueness and of solutions for
Volterra integral and operator equations of the first kind are studied.

In [16], a new approach was used to study the existence and uniqueness of
solutions to scalar integral Fredholm equations of the third kind with multipoint
singularities and their systems. In [17], [18], uniqueness theorems were proved
and regularization operators in the sense of Lavrent’ev were constructed for
systems of linear Volterra and Fredholm integral equations of the third kind.

In [19], [20] problems of uniqueness and stability of solutions for linear
Fredholm integral equations of the first kind were investigated. In [21]-[24]

based on the basis of the method of integral transformation, unigqueness theorems
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for the new class of linear integral equations of the first kind uniqueness theorems
for the new class the uniqueness of solutions of linear integral equations and the
system of the first kind with two independent variables in the in different areas.

The concept of a derivative with respect to an increasing function was
introduced by A. Asanov in 2001 in [25] and plays a special role in the study.
This notion is a generalization of the usual notion of a derivative of a function
and is an inverse operator for one class of the Stieltjes integral. Based on the
concept of such a derivative, using the method of integral transformations and the
method of non-negative quadratic forms, linear integral Stieltjes equations of the
first kind were studied in [26], [27]. In [28], [29] uniqueness theorems for
solutions of the Fredholm and Volterra linear integral equations of the first kind
on the semi-axis are proved.

In this paper, using functional analysis and the method of nonnegative
quadratic forms, we prove a uniqueness theorem for one class of systems of linear
Volterra integral equations of the first kind on the semi-axis.

Consider of the systems of linear Volterra integral equations

Ku= [*_K(t,s) u(s)ds = f(t), t € (—oo,a], (1)

a t
f f |A(t, s)|?dsdt < oo,

A(t,s) = ay;(t,s)
f© =(£®) = L@, f @) u@) = (u,(0) = (uy @), .., w, (D).
Here A(t,s) is a given matrix function, f(t) is a known vector function, and
u(t) is an unknown vector function.
Let us introduce the following notations:
1. For vectors u = (u,,uU,, ..., u,), ¥ = (9,,9,,...,9,) ER"
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define the dot product by the equality
(w,9) = X, u; 9;, norm - equality ||u|| = (u, u}*/2.

1. For A = (a;;) —n X n — square matrix define the norm

Al = (S, 21y |ag )
2. Through L, ,,(—eo, t) denote the space of all n- dimensional vector functions
u(t) = (uy (0),..., u, () meeting a condition u,(t) € L,(—oo,t]  for all
i=1.2,..., g=n

3. For u(t) = (uy(0),...,u,(t)) € L,,,(—oo, t] define the norm

b 3
lu(®ll,,, = ( | ||u(t)||2dr) .
We will assume that
1K (e, )1l € Lo(—o0,t] X (=o0,t]), [IFOII € Ly (0,21,

Both parts of (1) are scalar multiplied by the vector function u(t) and integrating

by area (—o,a], let's receive

[ K@t s)us), u)dsdt = [ (F(0),u(®)dt, (2)
We introduce a new matrix function M(t, s) = (M;;(t,s)) as follows

K(t,s), —o<s<t=a, 3)
K(s,t), —o<t<=s=a,

M(t,s) — {

K(t,s) = (K,(t,5),  K(s,0) = (K;;(s,0)).
It is clear that M(t,s) = M(s.t], (t,s) € (—oo,a] X (—oo,a] and fair

f f IM(t,s)||Pdsdt < +oo,

Then it is known that
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0, (t)
M) =22, .. @) 9" (s),m=o,  (8)

oy (1)
where
A, — the eigenvalues of the matrix kernel M(t, s), arranged in descending order
of their modules, and the vector function
() = (@,;“N(1),..., 9, (t)) — proper orthonormal vector functions
corresponding to eigenvalues 4,,.
In the future, we assume that all eigenvalues 4, the matrix kernel M(t,s) are
positive. Due to the complete continuity and self-adjoint of the operator
M generated by the matrix kernel M(t,s), the orthonormal sequence of
eigenvector functions is complete in L,(—oo, a].

For u(t) = (u;(t) € L,(—oo,a] define the norm

=

@)l = (2, 2 b0 Pdt)? = ([ lu(o)lPde) = (Zeza ),
where
u® = [* (u(®), e ®)dt = [*_ (T, w0 e ®)dtr,  (v=12....).
Theorem. Suppose M(t, s) is a complete kernel and 0<4;<4,<.... Then the

solution of the equation (1) is unique in L, (—oo, a].

Proof. Let the system of integral equations (1) have a nonzero

solution u(t) € L, ,(—o,a] for f(t)=0. Then

f K(t,s)u(s)ds =f(t)=0, forallt € (—oo,al.

Hence by virtue of (6) we have
[0 I (K@ s)u(s), u(®)) dsdt = 0 ©)
Taking into account (7) and (8) of (9), we obtain
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U, (s)
[ -0 | R (qai‘”(sy...@i"?'(sn( ).um dsdt =0,

U, (s)

=20 |1 (u(), 0@ () ds| (u), o™ (®))dt = 0.

From here

= A7 (u(®), 0™ (@®)de| =0,

obtain

IS (u@®,e®(@®)dt =0.

Therefore, u(t) = 0, for all t € (—co,a]. The theorem is proven.
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Differential Equations, Dynamical Systems and Optimal Control
MSC: 34K60
ON HUTCHINSON POPULATION MODEL FOR DIFFERENTIAL

EQUATIONS WITH MAXIMA AND JUMPS

Yuldashev T. K., 2Turaev R. N., ®Pirmatov A. Z.
1Tashkent State Transport University, Tashkent, Uzbekistan

2Termiz State University of Engineering and Agrotechnology, Termiz, Ozbekistan

30sh State University, Osh, Kyrgyzstan

The article is devoted to study G. E. Hutchinson population model for functional-
differential equations. However, the functional-differential equation with maxima we consider as
a mathematical model of population dynamics of a species. The equation of population model we
consider with initial value condition. The method of steps is used. In general, the impulsive
nonlinear functional-differential equation with maxima is considered under the boundary
conditions. The method of successive approximations is used with combination of the
contracting mapping method.

Keywords: G. E. Hutchinson population model, boundary problem, impulsive functional-
differential equation, solvability.

byn makana I'E. XaruMHCOHAYH MOMyNIsALMsS MOJAETUH MaKCUMANyy (pyHKIMOHAJIIBIK
T depeHIMaNAbIK TeHIeMeNep YUyH KOJJIOHYyra apHairaH. BUpoK, MakCUManiyy ChI3BIKTYY
OMEC (bYHKHHOH&JI,I[yy I[I/I(i)(i)epeHI_lI/IaHI[BIK TCHACMC TYPAYH MONYIANUACBIHBIH JTUHAMUKACBIHBIH
MaTeMaTuKaJblIK MOACIM KaTapbl KapaJar. HOHyJ'IS[HI/ISI MOACIIMHUH TCHACMECHU OaITanKsl
mapTrap MeHeH kapanar. Kagamaoo pikMachl koJgoHyaar. JKaiumsl ydypaa, YEKTHK IIapTrapiaa
MaKCUMAJJIyy UMITYIbCTYK CBI3BIKTYY 3MeC (QYHKUMAIBIK AuddepeHnanapik TeHaemMe Kapaar.
Y;[aanam JKAaKBIHJAATYY bIKMAaCbl MCHCH aliKaibIITa 3JI€CUH KbICYY BIKMACBI KOJIZOHYIIAT.

Ypynmmyy co3z0ep: T.D. XaTunHCOHIAYH TOMYISIUSIIBIK MOJETH, YEKTUK Macede,
UMIYIbCUBIYY QYHKIIMOHAIABIK AUPPEpeHInaNIbIK TeHIeMe, YSUUITUIIIN.

Cratbs MOCBAMICHA HU3YYCHHUIO MOICINW IMONYIAINN I' DO. XaruumHcoHa JJIA
(byHKIIMOHANBHO-TU B GEpeHIINaNbHBIX YpaBHEHHH ¢ Makcumymamu. OfHako, B KauecTBe
MaTeMaTH4eCKOI MOACIW AVMHAMHWKKW TIIOMYJISIOUM BHJAa pacCMarpuBacTCA HeJIMHENHOe
byHKIMOHANBHO-AU(PPEpeHInaIbHOE YpaBHEHHE C MaKCUMyMaMH. YpaBHEHUE MOJAEIH

MomyJrsinuu - pacCMarpruBacTCd € HadaJlbHbBIMU YCJIIOBUSMMH. I/ICHOJIB?;yeTCSI MCTOA IIaros. B
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ob1eM ciydae, paccMaTpuBaeTCs HUMITYJIbCHOE HEJIMHEHHOE (GyHKITMOHATBHO-

muddepeHIraIbHOe YpaBHEHUE C MaKCUMyMaMd TPU TPAaHUYHBIX YCIOBHUSX. Mcmomb3yercs

METOJI ITOCIIeIOBATEIHHBIX MPUOIMKCHUN B COYETAHUN C METOJIOM CKUMAIOIINX 0TOOpaKeHUH.
Knouesvie cnosa: llonynsunonnas wmoxpens [. O. XaruumHCOHA, KpaeBas 3ajaua,

UMITYJIbCUBHOE (PYHKIIMOHABHO-IU(hDepeHInanbHoe ypaBHEHHUE, Pa3peIIUMOCTb.
Introduction. Statement of the problem

In many studies, differential equations are a tool for mathematical modeling
of processes and studying their properties (see, for example, [1]-[4] and see also
[5]-[13]). Mathematical modelling in ecology has a long history leading back to the
famous works of Malthus [9], Quetelet [10] and Verhulst [11] on principals of
demographic regulation. In the first part of the 20th century, the classical works of
Lotka [8] and \olterra [12] on dynamics of interacting species radically
transformed the entire idea of modelling in ecology. Their works (for a short
history of the implementation of mathematics in ecology, see [13]) eventually
resulted in the emergence of theoretical ecology as a new science. Note that the
questions on the main mechanisms of populations regulation addressed by Lotka
and Volterra are still in the focus of theoretical ecology! In partially, to describe the
population dynamics of a species, it was proposed a mathematical model (see, [1],

[3])
X(t) + rx(t) + rx?(t)) =0, t=>0, (1)

where x(t) = N(t)+ K, N(t) is the population size of the species, K is the capacity
of the habitat, r is the reproduction rate.

Equation (1) with initial data x(0) = x, has the following properties:
1). N(t) >0 for x,(t) >0;
2). tIim N(t) = K;
3). The function N(t) is increasing for 0< x, <K, and is decreasing for x, > K;

4). The equilibrium position N(t) = K is globally asymptotically stable.
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Equation (1) describes well the dynamics of population growth of protozoan
microorganisms. In this regard, in 1948, G. E. Hutchinson proposed a model
described by a differential equation with delay [5], [6]

X(t) +rx(t—h)+rx(t—h)x(t) =0, t>0, (2)
where x(t) = N(t) + K, h characterizes the average reproductive age of the species.

Hutchinson used equation (2) to describe changes in the size of a herd of
cows on a pasture. However, equation (2) has been used by other scientists to
describe other processes (see, for examples, [2]). Let us consider the equation (2)
with the initial condition x(t) =¢(t), te[-h,0], x(0)=¢,. For small r>0 the
equation (2) has a stability domain. According to this model, asymptotic stability
of the equilibrium position occurs when N(t)=K, t>0, O<rh<z/2. It should be

noted that periodic fluctuations appear in the mathematical model for rh> /2.
Consequently, in Hutchinson's model, the reproductive rate r and the average
reproductive age h of the species play a fundamental role.

In the present paper we propose the following model to describe the
population dynamics of the species

X(t)+r max x(r)+rx(t) max x(r)=0, t=0, (3)
reft-hyt reft-h ]

where x(t)=N(t)+K, z is a variable value that provides the maximum number of
species on the segment [t—h,t], h characterizes the size of the reproductive age of
the species, r is reproduction rate.

Theoretically, differential equations are considered, in partially, in [14]-[18].

The increasing solutions of the differential equations (3) we are looking in the form
x(t)=e™, 0<A=const.
Then from the equation (3) we obtain
A+r+re™ =0, t>0.

This equation we rewrite as
A+r+r(N(t)+K)=0, t>0.

Hence, we obtain that
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NO=—2FT K, >0,
r

where N(t) is the population size of the species, K is the capacity of the habitat,
r =0 is the reproduction rate.

It is interesting that

AT S0 or rKar<-a

r

Hence, we get the condition A<-r(K+1) for the increasing solution of the
differential equation (3). The solution of the equation (3) depends from the r #0. It
Is clear, that limx(t) =0. Since r >0, K >0, then the equation (3) has no monotone

r—0

increasing solution.

The decreasing solutions of the differential equations (3) we are looking in
the form

x(t)=e*, 0<A=const.
Then from the equation (3) we obtain
A+re® +re™(N(t) +K)=0, t=0.
Hence, we obtain that

A—re’h
N =2"T"
(t) i

K, t>0.

We consider the following estimate

A—re!

re'n

~K>0 or reK+re’ <A

Hence, we get the condition 0<r < A/e*"(K +1) for the decreasing solution of the

differential equation (3). The solution of the equation (3) depends from the r =0. It

is clear, that Iinrg x(t) =0. Consequently, for all 1>re*"(K+1) the solutions of
r—

differential equation (3) are decreasing. In this case, the population size N(t) of the
species is decreasing.
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Thus, monotonicity of population size N(t) change is true only in the case of
population decline. An increasing population size N(t) is associated with non-

monotonicity (oscillatory). From the condition A>re™(K+1) we obtain the
1

. : : A
condition for reproductive age of the species h <[ ] . Hence, we deduce

r(K +1)

that population size N(t) is decreasing, when reproductive age h of the species is
1

smaller than A l.
r(K+1)

In general, to solve the equation (3) we use the method of steps with initial
value conditions

X0 =), te[t=ht], x(0)=¢(0)=g,.

In general, we suppose that the solution at every point of the beginning every
interval is continuous:

x*((n=1h) = x~((n-1)h).
Zero step. On the initial interval [-h,0] the solution has the form
X(t) = o(t) = g (1) (4)
First step. On the interval [0,h] we have TerR%]x(r)zrggm]%(r). We

consider the equation (3) with condition x(0) = ¢,(0). Then we have

KO =1 max gp(2)L+X(0). te[oh]

By integrating last equation, we obtain
t
X(t) = ¢, (t) = 9o (0) — 1 [ Hy(s)(A+X(s))ds,
0
where H,(s)= max ]gpo(z').

re[s-h,s

So, on the interval [0,h] we have solution of the equation

x(t) =@ (t), te[oh]. (5)
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Second step. On the interval [h,2h] we have r[naa<]x(r)= r[na'>1(]g01(r). We
re[t-h,t re[t-h,t

consider the condition x(h) = ¢ (h). Then, by integrating the equation

KO =1 max a(W+x(v). tefh2n]

we obtain
t
X(t) = @, (t) = @1 (h) —r [ H, (s)(L+X(s)) s,
h

where H,(s)= max ¢ (7).
re[s—h,s]

So, on the interval [h,2h] we have solution of the equation (3)
X(t) =g, (), te[h2h]. (6)
Third step. On the interval [2h,3h] we have rpari(]x(r)z rpa?](](oz(r). Then,
re[t-h,t re[t-h,t

by integrating the equation

%(t) = —r max_@,()1+x(1), te[2h,3n]
re[t—h,t]

with the condition x(2h) = ¢,(2h), we obtain

X(t) = p3(t) = 9, (2) 1 [ Hy(s)(L+X(s))ds,
2h

where Hi(s)= max ¢, (7).
re[s—h,s]

So, on the interval [2h,3h] we have solution of the equation (3)

X(t) =@5(t), te[2h,3h]. (7)

k —step. Continuing the process (4)-(7) and integrating the following
equation

KO =1 max (W), telk-Dhkh]

with condition x((k —1)h) = ¢ ,((k —2)h), we obtain
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t

(1) =g () =1 (k-Dh) —r f Hy ()@ +X(s))ds,
(k-Dh

where H,(s)= max ¢, (7).
re[s—h,s]

So, on the interval [(k —1)h,kh] we have solution of the equation (3)

xt) =@ (), te[(k—1h,kh]. (8)

Thus, by the formulas (4)-(8) we can find the solution of the equation (3)
with corresponding initial conditions.

If in the model (3) we take into account the heterogeneous habitat, migration
factors associated with the amount of available food, and the influence of
predators, then the mathematical model takes on a more complex form

X(t)+r rRax x(r)+rx(t) max x(r)_ f(t,x(t), te[0,T], t=#t, i=12,..,p, (9)

where f is an external dlsturbmg influence on the population dynamics of a
species.
We will consider impulsive equation (9) with the following conditions

X =), te[-h,0], x(0)+x(T)=a,. (10)

We integrate the initial value problem (9), (10) with impulsive conditions

x(tf)—x(ti‘): . (x(ti)), i=12,..p,

and obtain

X(t) = x(O)+'[{ r max x(r) rx(s) max x(r)+f(s x(s))}ds+ Z I ( t, ) (11)

TE s—h S TG s—h 0<t <t

Taking into account condition (2), from equation (11) we obtain

.
x(O)_?—1 [ r max X(z)—rx(s) max x(z)+ f (s, x(s))}ds+§ D Li(x(t))

2 5 re[s—h,s] 0<t;<T
(12)

Substituting (12) into equation (11), we obtain the nonlinear Fredholm integral
equation
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x(t) = J (t; (1)) = %+

]
+% g[_r max x(r)—rx(s)rer[g%s]x(r)+f(s,x<s)>}ds+% > Li(x(1)),  (@3)

rels—h.s] 0<t;<T

where

—l,tSSST,
2

1, 0<s«<t.
2

We use a Banach space C([0,T],R), that contains a function u(t), defined

and continuous on a segment [0,T], with the norm
Ju®) HC[O,T] - 52%(‘ u()|.
By the aid of PC([0,T],R) we denoted

PC([0.T],R)={x:[0,T1>R; x(t) e C((t;,t;x].R), i =1..... p},
x(t) and x(t), i=0,L..., p, are exist and finite; x(t )=x(t; ). It is easy to see

that the linear space PC([0,T],R) is Banach space with norm

X0 e = max{lxlo g e i=1 2000 P}
Let us also consider the Banach space
BD([0,T],R)={u:[0,T] > R; u(t) eC([0, T],R)},
in which the function exists and is bounded by the norm
Ju) ”BD[O,T] =[u() ”PC[O,T] +hlu(t) ”PC[O,T] ’
where 0 < h = const.

Lemma [14], [17]. For the difference of two functions with maxima there
holds the following estimate

max X(z)— maX T
re[t—h,t] ( ) re[t—h,t] y( )

<[ x® - y() ||C[0,T] +h[x(®) -y@® ”C[O,T] '
cloT]

Theorem. Let be fulfilled the following conditions:
1). M; =| f(t,x)| <o, 0<M; =const;

2). M, =m;31xH Ii(x(ti))H<oo, 0< M, =const;
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3). |t ) f(t,%)|<L|x—%]| 0<L; =const;
4). [ 1) =1t %) | <Ly | % =%, |, 0< L, =const;

5). o =max{p;;;hp, <1 i=12,..,n-1
Then for the equation (13) has a unique solution in the class BD([0,T],R),
which can be found by following iteration process:

xo(t)=%, X, (t) = I (t;x, ;(t)), N=1,2,3,... (14)

For the first approximation from (13) and (14) we have

||x1<t>||<"”°+ZH (1) [+

1T
+ £ [ max_ () +]r ] %(s) ”‘Ter[??ﬁ(,s]XO(T) ] £ (5,%(5)) ||j|dsg
£@+£M,+
2 4
+I |r|max ||¢(t)||,@ +|r|@max ||(p(t)||,@ YR e
4 2 2 2
|ZO|+P01<OO (15)
where
T
por=Ir I—max{n (t)|||¢’°|}+| u |%|max{|| - |%|}+4M ‘B,

Taking into account estimate (15) from (14) we have estimates

[ %.(t) = % ()] < i” I (x(ti))H+
i=1

)|

max X, (7)

rels-h,s] +] £ (5. %(5)) II}dss Por (16)

maXx Xy(7
‘re[s—h,s] O( )

el

Analogously, from (9) we have
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[ % ® %0 <

max Xy(7
max (@)

+] f(s,%(8)) || <

‘ max X, (7)
,S

el max

<|r |max{|| o(t) ||@}+| r |@max{|| o(t) ||@}+ M¢ = po,.

From (16) and (17) we obtain that there holds the estimate
1% (t) = %o (1) “BD[O,T] < Po1 +h Py

For the second difference we have

%) —x )<= ZL | % () - xo(t)|+—|H max x,(r)— max Xo(z) |+

e[t—h.t] reft-h,t]

+¥|| % (t) ||‘ max x(z)— max X,(z) |+

re[t-h,t] re[t-ht]
T
| ||| ¥, (£) = %o (1) | erRa%(t]Xo(T) 2 L || % (t) = %o (0) ||

We apply the lemma to the last inequality:

[ %®-x @< I |(lel(t) Xo (1) ||+ ][ %,(8) = %o (1) ) +

U1, 1001 O30

+ % | % (£) = X (t) || max {“ o) | @} +

T 13
b +ZZ'—n [%® =% ®].
i=1
Hence, we obtain

” X (1) — % (1) ” < || X (1) — X% (1) || + 10h || X (1) — %o (1) ||,

where

17

(18)
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T | 90| 2ol [ ], T lg
=|r|~|1+] 2 5] FLLACLES LI TR o TS
i |r|4(1+£ > +p01}+max{||go()||, > (13 f+4iz_1: |

T\r
12 = %[1+@+p01}

Since ;> x5, the estimate (18) we rewrite as
” Xo (1) — % (1) || < pll(” X (t) — %o (t) ” + h” ¥ (t) — %o (t) “) <
< pu(Por+hpo),

where p;; = 71

Analogously we have

| %) =% @ <] r (| %0 = %@ |+ h] %) =% () ]) +
+r |(@+pmj(|| x(0) =% (1) |+ % ®) - %)+

+| 1 [[| % (t) = X, (t) | max {|| o(t) |||£2°|} +% L || x(8) = %o (t) | <

< ¥n ” X (t) = %o (1) || + 2aoh ” ¥ (£) — %o (t) ”’

? 1 13
X =T |{1+[|£20|+p01j+max{” o(t) ||,|—20|}J+2Lf +Z§L|i,

X22 :| r |(1+|£20|+P01J-
From last estimate we get
| %(®) = %0 lgop011 < A2 (10 ®) =X O +h] 5.0 =% (1) ])) <

< P12 (Por+h poz).

where o, = 7,1

From (19) and (20) we obtain that there hold the estimates

(19)

(20)
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[ %) =% O |gppory < ALl X O =% O [gpp07y
where p, =max{p;;;hp,}<1;
| %, () — %, (t) ||BD[0,T] < P (Por+hpg ) +h o (o +h o) =
=(pu+hpw)(Pu+hpy). (21)

We need in the following estimate

[ %(0) ||g@+

max X, (7
()

‘ max X;(z)

el | max

] Fx(®) ||}ds <

Al

i
1012 oo 2L} o 2w -

T T
s|(2| |r|4(max{|| (t)|||¢°|}+p01J(1+|‘;°|+p01j+zlv|f+§M.<oo- (22)

Taking into account (22), analogously to (20) and (21) we consider next difference

Tir|
e ®—x 0] < H max ()= max x(c)|+

T|r]
= e® IIH max Xp(r)— max x(c)|+

I |||X2(t) xl(t>||H max, %(0)

p
{1—1 +%§Lli }” X (t) =% (1) || <

< P (” Xy (£) =%, (£) | + | %, () = % (1) ”) (23)

where we denoted
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max ¥ (z
tht]l()

] g,

pa= I

Similarly, from (20) and (21) we obtain

” X3(t) — X, (1) || < P (“ X, (1) — X%, (1) || +h || X, (1) — % (t) “),

where

max xl(r)

pu=IrI

T
+—L; + L, .
j4f4z'

From the estimates (23) and (24) we obtain that there hold the estimates

” X3(t) = X, (1) ”BD[O,T] S P2 ” X (1) =% (1) ”BD[O,T] ’
where p, =max{py;hp,}<1;
|| X(t) — X, (t) “BD[O,T] <P (Pu+h o) (Por+hpe)+h ey, =

2(1021+hpzz)(1011+hp12)(/001+h/002)-

Continuing the process (25), we obtain an estimate for arbitrary n:
[ % (6) = %1 (1) ”BD[O,T] < P | Xaa () =X, (t) “BD[O,T] ’
where p,_; = max{p_1y; o123 <L

[ % ® = %02 ®) [gpg0r;

< (p(n—l)l + hp(n—l)z)"'(,ozl + hp22)(p11 +hp, )(P01 + hpoz)’

o= I 1%

Pingyz =T |(|| X

From (26) we obtain the following estimate:

where

1&
j+ Le [+ L
413

j+Lf.

max ]Xn (1)

max X T
max x,.5(v)

(24)

(25)

(26)
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” Xq (£) = Xq 4 (1) ”BD[O,T] S PoPLP2 "+ Pn-2Pns (26)
where p =max{p;;hp,}<1 1=12,...,n-1.

The quantities r,h,L¢,L, we choose such that from (26) implies
r!l_r:;” Xn (t) - anl(t) ||BD[0,T] = O

Hence, we deduce that the right-hand side of the equation (13) is contracting
operator and the problem (1), (2) has a unique solution in the space BD([0,T],R).
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HOLDER’S GENERALIZED INEQUALITY ON THE SPACE OF UPPER

SEMI-CONTINUOUS FUNCTIONS
A.A. Zaitov!, M.R. Eshimbetov?

Tashkent University of Architecture and Civil Engineering, Tashkent, Uzbekistan;

2Tashkent International University of Financial Management and Technologies, Tashkent,
Uzbekistan;

For a compact Hausdorff space X, we consider the space are defined as set-functions on
the o -algebra of the Borel subsets of X, and also the space USC(X) of all normalized max-plus
linear functionals on the linear space of all upper semi-continuous functions on X, equipped with
idempotent operations. The main result establishes that a max-plus version of the Holder
inequality holds on the space of upper semi-continuous functions.

Key words: idempotent measure, max-plus linear functional, Borel sets, upper semi-
continuous functions.

Komnakrryy I'aycmopd X wmelikuHIMTM YYYH bBopenauH KenTyKTepyHYH © -
anreOpaceiHa (QYHKIUSUTAPABIH JKBIABIHIBICHI KaTapbl aHBIKTaIraH X WYKH MCHKUHIUKTH,
OILIOHJION 3JI€ MJIEMIIOTEHTTHK OIlepanusuiap MEHEH jka0apuiraH X OoroH4Ya OapbIK KOTOPKY
J)KapbIM Y3LYJITYKCY3 byHKUMATapABIH CBI3BIKTYY MEUKUHIUTUHIETU OapabIK
HOPMAIAIITHIPBUITaH MAaKC-TUTIOC  CBI3BIKTYY (QyHKIHoHammapasiH USC(X) MelkuHauruu
Kapaiiob13. Hernsru plbIHTBIK [€nblepAnH TEHCU3AUTMHUH MAaKC-TUIIOC BEPCHUSCHI JKOTOPKY
JKapbIM Y3TYJITYKCY3 QYHKIUSIIAp MEUKUHAUTUHAE OpyH/AaJapblH aHBIKTAMNT.

Ypynmmyy ce30ep: WIAEMIIOTEHTTHK 4Yapa, MAaKC-TUIIOC CBI3BIKTYY (YHKIHMOHAJIAYY,
Bopen kommiieKkTTepH, )KOrOPKY KapbIM Y3TYJITYKCY3 QyHKUIUAIAP.

I[J'I}I KOMITaKTHOI'O Xayczlop(bOBa MMPpOCTPAHCTBA X MBI paccMaTpuBacM IMPOCTPAHCTBO,
ONpCACIICHHOC KaK MHOXKXCCTBO (I)YHKL[I/Iﬁ Ha & -anrere BOpCJ’ICBCKI/IX IIOAMHOXECTB X, a TaK¥KE
npoctpanctBo USC(X) Bcex HOPMHPOBAHHBIX MAKC-IUTIOC JIMHEHHBIX (DYHKIMOHAIOB Ha
JUHEHHOM TMPOCTPAHCTBE BCEX BEpXHE-TIOJYHENpepbIBHBIX (yHKIMNA Ha X, CHaOXKEHHOM
HICMIIOTCHTHBIMU OIICpalUsIMU. OcHoBHOU PE3YyIIbTAT YCTAHABJIMBACT, YTO MAKC-IUIFOC BCPCHUA
HepaBeHCTBa [ €1b/1epa BBIMOIHACTCS HAa MPOCTPAHCTBE BEPXHE-TIOIYHETPEPHIBHBIX ()YHKIIUHA.

Knrwouegvle cnosa: waeMnoTeHTHass Mepa, MAaKC-TUIIOC JIMHEHHBIN  (YyHKIIMOHAT,

OopesieBCKIe MHOYKECTBA, BEPXHETIOIYHEPEPHIBHBIE (DYHKIIMHU.
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Introduction

Idempotent mathematics is a branch of mathematical sciences, rapidly
developing and gaining popularity over the last four decades. An important stage
of development of the subject was presented in the book “Idempotency” [7] edited
by J. Gunawardena. This book arose out of the well-known international workshop
that was held in Bristol, England, in October 1994. Idempotent mathematics is
based on replacing the usual arithmetic operations with a new set of basic
operations, i. e., on replacing numerical fields by idempotent semirings and
semifields. Typical example is the so-called max-plus algebra R,,.... [7], [12].

In [16] M. Zarichnyi considered categorical properties of the space of
idempotent probability measures on compact Hausdorff spaces. Later the space of
idempotent probability measures was investigated on the class of compact metric
spaces [17]. The study of spaces of idempotent probability measures leads to
similar problems for topological spaces which are wider than the class of compact
Hausdorff (or metrizable) spaces, in particular, for the case of Tychonoff spaces. In
this case it is natural to apply the methods proposed in works [1], [2] or [14].

The results obtained in [1], [2], [15] show that in order to establish “good”
properties of the space of idempotent probability measures, methods are required
which are different from classical methods (i. e., from methods suitable for
probability measures which have been applied in [14] and others). Note that
idempotent probability measures in general are not linear and for a given compact
Hausdorff space X they are defined as max-plus functionals on C(X) [15], while
the usual probability measures on X are a positive, linear, normalized functional on
C(X) [4], [5].

In this article, we introduce the space L®? for a Tychonoff space X. Then a
max-plus version of the well-known Holder’s generalized inequality and

Minkowskii equality on the space of upper semi-continuous functions is proved.
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Main part

Let X be a compact Hausdorff space and B(X) be the family of Borel
subsets of X. We denote R, = [0,+cc]. The symbol 2 denotes the directed set.
We give the following definition as [11].

Definition 2.1. A set function u:®B(X) — R, is said to be an idempotent
measure on X if the following conditions hold

1. u(@)=0;

2. u(AUB) = max{u(A),u(B)} forany 4, B € B(X);

3. H(U e Ay) = sup{u(4,)} for every increasing net

acil
{A,:a € U} € B(X) such that U ,cor 4, € B(X).
The set of all idempotent measures on X we denote by IM(X). If u(X) =1,
then the idempotent measure p is called an idempotent probability measure on X.
We denote

I(X) = Iy(X) = {p € IM(X): p(X) = 1}.
Let (X,u) be an idempotent measure space such that p(X) < oo, We adopt

the convention that eo-0 = 0. For a set A © X, the characteristic function y, is
definedas y,(x) =latx €dand y,(x) =0atx € X\ A,
Definition 2.2. For a measurable function f:X — R, we define the

idempotent integral of f with respect to ¢ by

[ fdu = sup{t-uix € X: f(0) = 13}

tER+

ForAc X, welet [ fau = [ fxadp.
Lemma 2.3 (Chebyshev’s inequality). Let f be a R, - valued measurable
function on X and 0 < a < +o, Then we have the following inequality
px €X:f(0) 2 a} <2 [F fC)dp
Proof. Let A = {x € X: f(x) = a}. Then by monotony idempotent integral
one has

fff(x}dp:z a - u(A).
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According to A © X and the last inequality, we have

a-pu(d) < fff(x]dp < fff(x]dy.
Thus, Chebyshev’s inequality is valid.
Lemma 2.4 (Borel-Cantelli). [11] Let {4,: @ € A} be a net of subsets of X.
If u(A,) — 0, then we have the following equality

limsup{u(4,)} = #(nﬁem Uazg A.).

a e

Definition 2.6. Let X be a Tychonoff space. A function ¢: X — R, is said
to be upper semi-continuous if for every a € R, the set {x € X: ¢(x) < a} is open
[6].

We denote by USC(X) the linear space of all upper semi-continuous
functions defined on X and endowed with the  sup-norm
ll@ll = sup{le(x)|: x € X} and let USC,(X) be the space of real-valued upper
semi continuous functions on X bounded above [8].

For each ¢ € R,.. we denote by cy the constant function in USC(X)
defined by the formula cx(x) = c for each x € X. Define on the set USC(X)
operations € and ©® by ¢ @Y =max{p, Y} and OY =@+, where
o, e USC(X).

Definition 2.7. We call that a functional v: USC(X) — R, is max-plus-
linear, if it has the following properties:

N vie & Y) = v(p) B v(yp) forany @, € USC(X);

2)v(c®p) = cOv(ep) for every c € R, and @ € USC(X).
Now, by the following equality [3], [9], [18] we define an inner product on the
linear space USCy, (X):

(@, ) = In (ﬁ [ eptIOW) dp), o, € USC, (X).

For ¢ € USC,(X), define a €-norm of @ by |[¢llg. = /el l@]). Forp > 2 we
put

"@"@p —In (ﬁjxﬂﬁ ep-lcpﬁ.ﬂd#)ﬂ.
Let L®? denote the set of all p-measurable functions ¢ such that @[ is p-
integrable, i.e.
L®? = {p € USC,(X): ll¢llg, < +oo}.
Theorem 2.8 (Holder’s generalized inequality). 1) Let p € [1,+20] and
g € [1,+oo] be such that i + é = % Then we have the following inequality
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(@, Vg, = l@llgpy@ll@llg,, for every @,y € USC, (X);
2)If0 <p <gq,thenlgllg, < llllg,, ie. L¥? c LTP,
Proof. 1) From [10], [13], we have the following inequality:
b a
ab ﬂ“—£+%, where p,q,r €[1,+x] p=1,q = rand§+§=—,

r r

Now, let I, = ff @P(x)du+0and I, = f$1p‘? (x)du # 0. Then

" Y rye
v Tr = —‘|‘—
I Pl ak
W Y@, [ (00,
@ (x "(x reP(x T(x
f #EI( pl N ql; )d#{;
X .’p fzq
[roPG) [
roP(x ry?(x
f pl au+ ql o=

X
r B r B ror
=l P dp+ - [Tt du =+ =1
Consequently, we obtain

&
f @ (x)-Y" (x)du = .’1E : IEE s
X

1
T 1 1

&
ﬁ f (0 - Y ()dp ﬂ(ﬁf)(ﬁf) S

i (2 2 07 W) <1 (LY + ()

r. r

IfI, =00rl, =0, then 0 EIX @ () YT (x)du <17 - I7 = 0.

D r r
Hence, [~ " (x) - " ()dp = 0. Thus, [(@, ) |g, < ll@llg,Oll@llg,.
2)If0 <p <gq,thenk = E = 1. By the first part of Theorem 1, we have

1 1

& & i & k L & k
J[l'lqulpix})dﬂi(J 17 d.ﬂ) '(JHDW'J{(I)dH) =[HEXJ)E-(_[IQHIP"‘Ex)d;:) =

X
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M b a &
ﬁ! l@l?(x) dp < [_u(x));—l , (J. lo|9 (x) d_u) = (p(x)) a- (3!. lol? (x) d,u) -

B =
q

L 1

@ P & p
! 1
(m‘!lfpl [x]d;:) i(mlw (xjd;;) -

1

ra] z ; & L
ln(m_rx |fP|?’[x]d.It) = ln(ﬁfx l@]9 (x) d_u}q.

Thus, ll¢llg, = ll@llg,- Hence, L¥7 c L®?,

Theorem 2.9 (Minkowski equality). Let p = 1 and ¢, € L¥? (X, 1). Then

Proof. By definition, we obtain

1

@ “max . P
o ® Yllg, = In (75 [ e m=<lele Weqy, )

Since e? maxllelC WL} — maxfer-lell) o2 W1 gnd the Shilkret integral is
max-additive, we have the following equality

f;B epmaxllol (I} gy — max {IXEB erlelt) gy f;B o1l () d#}.

Taking logarithms yields the desired equality.

o1
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MSC 28C10, 46G12, 54A05

II-completeness of the space of idempotent probability measures with finite

support

1Zaitov A., 2Eshtemirova Sh.
Tashkent University of Architecture and Civil Engineering, Tashkent, Uzbekistan
2\/.1.Romanovsky Institute of Mathematics of the Academy of Sciences of Uzbekistan

For a Tychonoff space X, we consider the subspace I:(X) of idempotent probability
measures with finite support equipped with the topology of pointwise convergence. Using an
open cover of X we construct an open cover of I-(X) in a natural way, and show that disjointness
of the cover is preserved by the functor 1. We prove that I (5X) is a perfect compactification of
I (X). Finally, applying the IT-completeness criterion, we establish that I (X) is IT-complete if
and only if X is IT-complete.

Key words: TT-complete space; perfect compactification; idempotent probability measure;
finite support; disjoint cover.

TuxoHoBayH X MEWKMHIUTHM YYYH UEKTYY TasHBIUTYY, YEKTYY KOHBEPreHIHs
TOIIOJIOTHUSICHI MCHCH )K&6I[BIJ'IF3H NACMIIOTCHTTHUK BIKTBIMAJIIBIK qyapaJapbIHbIH
I (X) melikuuaurue Kapaitobi3. X aublk KalKarblH KOJJIOHYY MEHEH OHM3 TaOUTbIi TypIe adblk
I (X) kamKkarslH KypaObl3 jKaHa KalKaKThIH aKbIParbICTHIIBI I QynkTOpY TapaObIHaH CaKTaJIbIII
TypranblH KepcoTteOys. Ir (BX) — It (X)THH KeMUMIMKCH3 KOMIAKTU(GUKALMACHl HKEHHH
nanuiaeious. AkbipbiHaa, I -ToNyKTyyayk KpuTepuitnd komaoHyy meneH, Ir(X) II -tomyx,
srepe X KadaH :xaHa KadaH rasa [T -romyk 60JIco raHa aHBIKTaiOBI3.

Ypynmmyy cezdep: Il -Tomyk MEWKMHAMK, KEMYMIUKCHA3 KOMIAKTHU(PUKAILIUS,
HACMIIOTCHTTUK BIKTBIMAJIABIK ©JTYOMY, YCKTYY KOJIA00, aXXbIPpAThIJITaH >Ka6yy

I[J'I}I MpOCTpPaHCTBA TuxoHosa X , MBI paccMaTpuBacm noAnmpoOCTPAHCTBO

If [:X] HICMIIOTCHTHBIX BEPOATHOCTHBIX MEP C KOHCYHBIM HOCUTCIICM, CHa0)KEHHOE TOMOJIOTHEH

MOTOYEYHOM CXOAMMOCTH. Vcronb3ys OTKpPHITOE MOKPHITHE X, Mbl €CTECTBEHHBIM 0O0pa3oM

crponM OTKpbIToe HOKpbITHe [(X) n moKa3sbiBaeM, 4YTO HENEPECEeKaeMOCTb IOKDPBITHS
coxpansercs ¢yHkropoMm I Mper nokaseiBaem, uro [(BX) sBngercs coBepuIeHHOM

xomnaktuduxanueit [ (X). Hakoner, mpumensis Kputepuii [1-OTHOTBI, Mbl YCTaHABIIMBAEM, UTO
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I (X) sBnsercs 1 -noaHeM TOrAa M TONBKO TOraa, koraa X ssisgercs I1 -monHbIM.

Knrouesvie cnosa: [I-monHoe IIPOCTPAHCTBO, COBCPIICHHAA KOMHaKTI/I(l)I/IKaI_[I/IH,

HICMIIOTCHTHAA BEPOATHOCTHAA MCpa, KOHCYHBIN HOCHTCJIb, HCTICPCCCKAIOIICCCA ITOKPBITHC.

Introduction

The notion of II-completeness, introduced and developed in [8], [9], plays
an important role in the theory of compact-type spaces. Functorial behavior of
compact-type properties under hyperspace construction was investigated,
particularly, in [10], [4]. On the other hand, idempotent (max-plus) analysis
produces the functor I of idempotent probability measures on compact spaces [12];
several extensions of I to Tychonoff spaces were constructed in [7]. Topological
properties of spaces of idempotent measures and related set systems were studied
in [11]. In [3] the authors show that the functor of idempotent probability measures
with compact supports preserves the uniform openness of maps, the weight and the
completeness index of uniform spaces.

In [1] it was shown that every idempotent probability measure is uniquely
determined by its density function. This provides a convenient description of
supports and allows one to build natural neighborhood systems in spaces of
idempotent measures.

In this paper we focus on the finite-support subspace Ir(X), which can be
viewed as an idempotent analogue of probability measures with finite support.

Unlike Ig(X), the space I:(X) has a stronger combinatorial structure controlled by

finite supports. Our main result states that II-completeness is preserved and

reflected by the assignment X — I:(X):
I(X) is IT-complete < X is IT-complete,
The proof uses: (i) lifting a disjoint cover from X to Ir(X); (ii) a closure
lemma controlling supports inside SX; and (iii) a II-completeness criterion

formulated in terms of perfect compactifications.
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The passage from I5(X) to the finite-support subspace I¢(X) is not purely
formal. Indeed, Ir(X) is sensitive to the combinatorics of finite supports and to the
choice of a distinguished support point, which affects the behavior of natural set
systems in I-(X) and their closures in I (8X). Therefore, even if II-completeness is
known to be preserved by Ig, it is not automatic for I.

Our approach is based on constructing, from a cover w of X, a canonical
family of subsets in I(X) described by support restrictions. We prove that
disjointness and the condition Kpw = 1 are preserved by this construction. Then
we establish a closure lemma controlling supports in £X, which allows us to prick
out a measure u € I(BX)\ I(X) using a lifted cover. This is combined with
perfectness of the compactification Ir(8.X).

The paper is organized as follows. In Section 2 we recall [I-completeness
and basic facts on idempotent probability measures. In Section 3 we develop set
systems in I-(X) associated with open families in X and study their basic
properties. In Section 4 we prove that I (8 X) is a perfect compactification of I+ (X)
and establish the main theorem on II-completeness of I, (X).

Preliminaries.

In this paper, by a space we mean a topological T;-space, and by a map a
continuous map. We use standard notions from general topology [6].

A collection w of subsets of a set X is star-finite if each element of w
intersects only finitely many elements of w. A star-finite open cover is finite-
component if each component contains only finitely many elements.

For a collection w={0,:a€ A} in a space Y we put
[w]y = {[0,]y:@ € A}, For a subspace W <Y and a point ¥y € Y\ W, an open
cover A of W pricks out v in ¥ if y € U[4]y [9].

Let X be Tychonoff and BX its Stone-Cech compactification.
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Definition 2.1.[9] A Tychonoff space X is II-complete if for every x € fX\ X
there exists a finite-component open cover @ of X which pricks out x in SX.

Let bX be a perfect compactification of X. The following criterion is crucial.
Theorem 2.2. [4] A Tychonoff space X is II-complete if and only if for every
x € bX\ X there exists an open cover w of X with Kpw = 1 pricking out x in bX.
Definition 2.3. For a cover w of a space X we write Kp w = 1 if w has multiplicity
1, i.e., each point x € X belongs to at most one member of w. Equivalently, the
family w is pairwise disjoint: if U, V€ wand U = V, thenUNnV =0,

Since S4X is perfect, we also use:
Corollary 2.4. A Tychonoff space X is II-complete if and only if for every
x € X\ X there exists an open cover w of X with Kp w = 1 pricking out x in SX.

We will also use the fact that a closed subspace of a [I-complete space is II-
complete[8].

Perfect compactifications. Let vX be a compact extension of a Tychonoff space
X. For an open set H = X denote by 0, (H) the maximal open subset of vX such
that O, (H)NX = H.

A compactification vX of X is called perfect if for any two disjoint open sets

U,,U, € X one has

0,5 (U, VU;) = 0,x(U) U 0,x(U,).
It is well known (see [2]) that the Stone-Cech compactification BX is a perfect
compactification of X,
Idempotent probability measures and supports. Let K be a compact Hausdorff
space. An idempotent probability measure on K is a functional u: C(K)— R
satisfying [12]:
1) u(cg) = c for constants c;
2) u(c © @) = c O pu(e), wherec O @ = ¢ + @,
3) ule ®Y) = ule) O p(), where ¢ G Y = max{p, P},
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The space of all idempotent probability measures is denoted by I(K) and carries

the topology 7, of pointwise convergence.
A neighborhood base of 1 € I(K) in the topology 7, consists of sets of the form
(H @rroes O €) = v €EI(K): V(@) —pl@)| < &i=1,...m}
where @; € C(K)and ¢ > 0,
By [1], [11], each u € I(K) admits a representation

y— E[—:]A,::x) 0,

XeK

where A: K — [—o0,0] is upper semicontinuous and max A = 0.
The support of (i is

suppu = {x € K:A(x) > —oo}.
Finite-support subspace I¢(X). Let I,(K) be the set of all u € I(K) with finite
support. For a compact Hausdorff space K define I+ (K) as the set of all 1 € I, (K)
such that:

[ (K) = ’p - P08, € Lw|Finrlx,) =0

GG s ———=,  (* i)

or a Tychonoff space X we view X as dense in £X and put

I (X) = {p € I;(BX):supp u < X}.
Thus I:(X) is a subspace of I(BX).
For an open set U = X we use:

(U)={p€ls(X): suppuc=U}

Set systems in I;(X) associated with families in X.

Distinguished-point decomposition. Recall that each u € I(8X) admits a finite
max-plus representation

m= $?=1Xp(xa') O 5.?(;-' MaXy<izn Xp(xz'] = D!
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and in I(BX) there exists a (unique) distinguished atom x; with y,(x; ) =0,

while all other coefficients satisfy x,(x,) < — i

For u € I(X) we denote this distinguished point by d(u) € X.
For a point x € X define
I¥(X) = {p € [:(X): d(y) = x}.
Then
o= Jro, F@arm =0 @+

xeX

Foraset M < X we put
(M) = {u € [;(X): d(u) € M}.

Thus {M}* consists of measures whose distinguished support point belongs to M.
Proposition 3.1. For any sets M,N < X,

(MY*Nn(Ny =0 & Mn N = 0.
Proof. If x€& Mn N, then IF(X)c=(M)"n(N)" Conversely, if
weE(MYy n{N), then d(u) EM and d(u) € N, hence d(u) E Mn N and
Mn N #0.
Proposition 3.2. If M © X is open (respectively, closed), then {( M) is open
(respectively, closed) in I (X).
Proof. We show openness; closedness is similar. Let 4 € (M) and d(u) = x € M,
Since M is open, choose an open neighborhood V = M of x in X. Consider any
continuous function ¢ € C(SX) such that @(x) =0and @ = —1on X\ V. In
the max-plus representation, the distinguished atom of g is characterized by
achieving the maximum coefficient 0, and the normalization keeps all other
coefficients uniformly below 0. Hence there exists £ > 0 such that for every

v € I(X) with |[v(@) — u(e)| < £, the distinguished point d(v) must belong to

V © M. Therefore a 7,,-neighborhood of  is contained in { M)", proving openness.

115 Herald of Institute of Mathematics of NAS of KR, 2025, No. 2



Support-controlled basic sets. For an open set U< X we use the standard

support-controlled subset
(Uy={uels(X):suppuc U}
Lemma 3.3. If U = X is open, then ( U} is open in I (X).
Proof. Let 4 € { U). Then supp u is finite and contained in U. For each x € supp u
choose an open neighborhood V. = U in X. Pick continuous functions ¢, € C(SX)
such that ¢@,.(x) =0 and @, = —1 on SX\ V.. A basic r,-neighborhood of u
controlling the values on finitely many functions ¢,. forces every nearby measure
v € I¢(X) to have support points inside V.c U.Thusv € (U}, and { U} is open.
Lemma 3.4. Foropensets U,V < X,
(n(N=z0e=Un V0.

Proof. If x€ UNnV, then &, €l;(X) and supp(6,)={x}c UnV, so
5, E(UyN (V). Conversely, if p€{(U)n(V), then suppuc U and
suppu < V, hencesuppuc UnVandUnN V # 0.
Lifting covers from X to I,(X). Let w be an open cover of X. In order to cover a
measure whose finite support may lie in several elements of w, we use unions of
finitely many sets from w.
Define Qw)={{U,Uu--V U,): U EwneN}
Lemma 3.5. If @ is an open cover of X, then (}(w) is an open cover of I¢(X).
Proof. Each set (U, U---U U,) is open in I+(X) by Lemma 3.3., because
Uy U---ul,isopeninX.

Let u € I;(X). Then supp u = {x;,...,x;} is finite. Choose U; € w with
x; € U;foreachi =1,...,k. Thensupppu < Uy U---U Uy, hence

pue(lU,u---u lU,)e Qw).

So Q(w) covers I(X).
Proposition 3.6. If @ is an open cover of X with Kp w = 1, then Kp (w) = 1.
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Proof. Assume that a point u € I;(X) belongs to two members of (w):

pe€ (U u-ul,)n{Vu--ulV,),U,V, € w.
Then supppc (U;u---u U)n (V,U--U V). In particular, suppu# 0
implies the intersection is nonempty, so there exist i,j with U, n V; =+ @. Since
Kpw =1, two elements of @ cannot intersect unless they are equal; hence
U, =V,.

Now observe that if @ has Kp w =1, then distinct elements of w are
pairwise disjoint. Therefore the unions U; U---U U, and V, U---U ¥, are equal
exactly when they consist of the same elements of @. Since supp u is contained in
both unions and each U € w is disjoint from every other, the family of those U € w
that meet supp u is uniquely determined. Consequently, the two members of (1(w)
containing ¢ must coincide. Thus no point of I¢(X) lies in two distinct elements of
Mw), ie. Kp Qw) =1,

Remark 3.7. The family ((w) is the smallest natural “support-cover” of I:(X)
generated by w: it covers each measure by collecting finitely many members of w
that cover the finite support. Proposition 3.6. shows that the pricking-out condition
Kp = 1 s preserved by this construction.
Perfect compactification and ITI-completeness of I(X).
In this section we complete the proof of the main result. We first establish a
closure lemma controlling supports inside X, then show that I;(8X) is a perfect
compactification of I (X), and finally apply the TI-completeness criterion.
A closure lemma for support-controlled sets.
Lemma 4.1. Let X be a Tychonoff space and U = X be open. Then

UM, gz = {1t € I (BX): supp p < [Ulgx .
Equivalently, if 4 € I.(BX) and p € [( U], (gx), then supp u = [U] gy
Proof. Assume pt € [(U)];,(gx) but supp & [U] gx. Choose x, € supp p\[U]gx-
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Since [U]gx is closed in B X, there exists an open neighborhood W of x; in
BX suchthat W N [U] gx = 0.

Because X, € supp g, there exists a function ¢ € C(SX) with @(x,) =0
and ¢ =—1 on SX\W. In the max-plus evaluation of p(¢), the atom x,
contributes the maximal value 0. By continuity of the evaluation maps v = v(¢),
there exists a basic 7,,-neighborhood O of p in I (8X) such that for every v € O we

have v(g) = —%. Hence suppvn W # 0, so suppv & [U]gy.
But if v € (U), then suppv © U < [U] g, Which is impossible for v € O.
Thus O N (U) = @, contradicting it € [{U}]ff{ﬁxj.
I:(BX) as a perfect compactification.
Theorem. For a Tychonoff space X, the space I-(8X) is a perfect compactification

of I (X).
Proof. It suffices to verify the perfectness condition
O(H,UH,)=0(H,)VU 0(H,)

for basic open sets f; in I (X) corresponding to disjoint open sets in X.

Let U,,U, < X be disjoint open sets and consider

H, =(U;)= {p € [:(X): suppu © U!-}, i=1.2,

Then H, N H, = 0.

Assume p' € I:(8X) \ (0(H,) U O(H,)). Using the standard identity for

perfect compactifications (see [2]),

FBXONOHD) = [LCONH], (0 1=12,
we get
WEF@NE], o nFCONR], o = [FOONE V)] .
Hence u’' € O(H, U H,).

This proves
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O(H,UH,)c O(H;)U O(H,),

and the reverse inclusion is trivial. Therefore I (5 X) is perfect compactification of
I:(X).
IT-completeness of I(X).
Theorem. For a Tychonoff space X, the space I;(X) is II-complete if and only if X
is IT-complete.
Proof.(=) The set {J,:x € X} is closed in I(X) and homeomorphic to X. Since a
closed subspace of a II-complete space is II-complete, it follows that X is II-
complete.

(=)Assume X is I1-complete. Let p € I:(BX) \ I¢(X). Then supp u & X, so
choose

Xo € suppun (BX\X).
By Corollary 2.4., there exists an open cover w of X with Kp @ = 1 such that
xp & Ulw] gy
Consider the lifted family
N(w)={U,u---UU,): U, € w}.

By Lemma 3.5., Q(w$ is an open cover of I-(X), and by Proposition 3.6.,
Kp Q(w) = 1.

Suppose u € U[ﬂ(m]]ff(ﬂ]. Then u € [{U}]ff{ﬁxj for some union U of
elements of w. By Lemma 4.1.,

supp 4 © [Ulgx © Ulw] gx-

In particular x, € U[w] g, contradicting the choice of w.

Thus Q(w) pricks out u in I (BX). Since I(8X) is perfect by Theorem 4.2.,
Theorem 2.2. yields that I (X) is [I-complete.
Conclusion. In this paper we studied the finite-support subspace Ir(X) of

idempotent probability measures on a Tychonoff space X. Using the structure of
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finite supports and distinguished-point decomposition, we constructed natural set

systems in I+ (X) associated with open families in X.

It was shown that disjoint open covers of X can be lifted to disjoint support-
controlled covers of I-(X), and that the pricking-out condition Kpw =1 is
preserved by this construction. We also proved a closure lemma describing the
behavior of supports inside the Stone - Cech compactification.

As a consequence, we established that I:(8X) is a perfect compactification
of I (X). Applying the IT-completeness criterion for perfect compactifications,
we obtained the main result: the space I-(X) is II-complete if and only if the
original space X is [I-complete.

Thus the functor of idempotent probability measures with finite support
preserves and reflects [1-completeness of Tychonoff spaces.
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ON RESULTS OF OPERATIONS WITH KINEMATICAL SPACES
Zhoraev A.H.

Kyrgyz-Uzbek International University named after B.Sydykov

Usually, operations with spaces yield spaces of same category (topological, uniform,
metric). Examples show that for kinematic spaces this is not always the case. The article finds
conditions when a set in a two-dimensional kinematic space is also a kinematic space, and when
the gluing of two kinematic spaces is also a kinematic space.

Key words: topological space, kinematic space, uniform space, metric space, gluing.

AILaTTa, Mef/'IKI/IHIII/IKTep MCHCH aMaJiaap OLIOJ 3JIC KaTeropusagarbl MGfIKHHZIHKTGpI[PI
(TOnOJNIOTUSIIBIK, OMp KAJIBINITYY, METPUKAJIBIK) OepeT. Mucanaap MyHy KepceTyn Typar
KHNHEMAaTHYCCKUX maﬁnaanIH 6}/')'[ HEpPCC ,Z[aﬁLIMa aTKapbl1aT. - BepeHeCI/IHI[e Haﬁ,[[eHLI
HIapTTapbl, yuypda KOIITOoIroH albLI ABYMCPHOM KHHEMATHUYCCKOM MeﬁKI/IH,Z[I/IF MHAC JJIC 60J'Iy1'[
KHNHEMAaTU4YCCKUM MCfIKI/IHIH/IFI/I, ’)KaHa KadaH CKJIeMKa SKU KUHEMaTHYECKUX maﬁnapm)m 2JIC
00JTyTT KHHEMAaTUYECKUM MEHKUH/IUTH.

Ypynmmyy ce30ep: TONONOTHSUIBIK MEWKMHIWK, KHHEMAaTHKaJIblK MEWKMHIUK, Oup
KaJIBIIITYY MeﬁKHHI{HK, MCTPUKAJIBIK MeﬁKHHI{HK, qarToo.

Kak nmpaBuiio, onepamuu HajJ MPOCTPAHCTBAMU MPUBOIAT K MPOCTPAHCTBAM OJHOM U TOM
K€ KaTeropuu (TOMOJOTHYECKHM, PaBHOMEPHBIM, METpUUecKuM). [IpuMepsl moka3bIBatOT, YTO
AJI1 KUHEMATUYCCKUX MPOCTPAHCTB 3TO HE BCEraa BBIITOJIHACTCH. B cratne HaﬁﬂeHBI YCII0BUA,
Korga MHOXKECTBO B ABYMCPHOM  KMHEMATHYCCKOM  IIPOCTPAHCTBC  TaAKKC  ABJISICTCA
KHHCMATHYCCKUM IIPOCTPAaHCTBOM, U KOT A CcKIIelika ABYX KHHEMATUYCCKUX MPOCTPAHCTB TAKIKE
ABJIACTCA KWHEMATUYCCKHUM ITPOCTPAHCTBOM.

Knrouesvie cnosa: TOMOIOTHYECKOE IMPOCTPAHCTBO, KHHCMATHYCCKOEC IMPOCTPAHCTBO,

paBHOMCPHOC NPOCTPAHCTBO, METPUUCCKOC ITPOCTPAHCTBO, CKJIEHKa.

1. Introduction

We consider kinematic spaces. Definition of a M (the metric px is the
minimal time of passing between points) with controlled motion of points was

introduced in [1] (see also [2]), see Section 2 below.
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Section 3 contains conditions on a metrical kinematizable an algorithm to
implement such motion on a topological torus with obstacles [4]. Section 4

considers motion in Cartesian products of kinematical spaces.
2. Definitions for motion with bounded velocity

As a codifying the ancient idea of controlled motion with bounded velocity,
the notion of kinematical space was introduced [1].

Definition 1 (non-formal). A computer program is said to be a
presentation of a computer kinematic space if:

P1) there is an (infinite) metrical space X of points and a set X; of display-
presentable points being sufficiently dense in X;

P2) the user can pass from any point x; in X; to any other point x; by a
sequence of adjacent points in X; by their will;

P3) the minimal time to reach x, from x; is (approximately) equal of the
minimal time to reach x, from x.

The space X is said to be a kinematic space; the space X; is said to be a
computer kinematic space; this minimal time is said to be the kinematic
distance px between x; and x;; a sequence of adjacent points is said to be a route.
Passing to a limit as X; tends to X yields

Definition 2 (formal). There is a set K of routes; each route M, in turn,
consists of the positive real number Ty (time of route) and the function my : [0,
Tm] — X (trajectory of route);

(K1) For x; # X2 eX there exists such M eK that my(0) = x; and mu(Tv) = X,
and the set of values of such Ty is bounded with a positive number below;

(K2) If M={Twm, mm(t)} € K then the pair {Tm, mu (Tm —1)} is also a route of K

(the reverse motion with same speed is possible); (cf. P3).
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(K3) If M= {Tu, mu(t)} € Kand T*e (0, Tw) then the pair: T* and function
m*(t)=mu(t) (0 <t <T*) is also a route of K (one can stop at any desired
moment);

(K4) concatenation of routes for three distinct points X, Xz, Xa.

ox (X1, X1)=0; for X122 px (X1, X2):=Inf{ Tpm: mm(0) = X1, mm(Tm) =Xz}

Definition 3.If for each x;, X, there exists such route M, that my(0) = x,
mm(Tm) =X2, Tm = pox (X1, X2) then the kinematic space X is said to be flat.

Definition 4. If there exists a kinematic consistent with the given metric
then the metric space is said to be kinematizable.

Definition 5. Routes from x; to x;and from x, to x; whose trajectories
have no other common points form a cyclic route with time being the sum of two
times.

Definition 6. Letaset K* of routes in the set X be given. If (K6) for all
X1 # X2€ X there exists such Me K* that mm(0) = xa and mm(Tm) = x2and (K7) sums
of times of concatenations from x1 to x2 are bounded with a positive number below
then the set K* is a base of kinematic.

T heorem1. The set of routes being concatenations of elements of K* is
Kinematic. It is said to be generated by K*.

Remark. (K1) instead of (K7) is not sufficient to be a basic of kinematic.
Example 1. Let X=R and the only M(u,v) has the time Tw(u,v)=|u — V|2
Then for any n e N the concatenation from 0 to 1. M(0,1/n)+M(1/n,2/n)

+...+M((n-1)/n,n/n) has the sum n-(1/n)?>= 1/n which is not bounded below.
Theorem 2. The Cartesian product of several kinematical spaces {X1,K1},
{X2,K2/, ..., {Xp,Kp} with the following base of kinematics: {T of M;; X1 €Xy, ..., xj-
1€Xj1, MjeKj, Xjs1 €Xjr, ..., xp€Xp}, J=1..p is a kinematic space.
Proof. If (Uy,uy..., up) #(V1,Vy, ..., vp) then (F])(u; =v;) and any
concatenation contains a trajectory between u; and v; in X;.

3. Subspace
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Example 2 of non-kinematizable subspace D of R2. The union of
segments {(0,0)-(zx:=)(cos(k), sin(#k)):k eN} and the segment {0, (zo:=)(1,0)}.
In metric of R?z¢— 7o, but the length of a way from z,— zo within D is not less
than 2.

Theorem 3. Acyclic route in R? is the boundary of a kinematizable
space.

P roof. Let points z; and z; be within the cyclic route with trajectory To.
There is a route z; - x;. Let z3 be the first point where this route intersects the
trajectory To. Correspondingly, let z4 be the first point where a route z; - x;
intersects the trajectory To. Then a route z; - z3— (along To)- zs— X2 is obtained by
concatenation.

4. Gluing

An arbitrary gluing of two kinematic spaces may not be a kinematic space, as
follows:

Example 2. Consider two points z, z;, connected by a countable number of
segments Un= [20, 1/ ~ [0,1], n = 2,3,... of unit length that do not intersect each
other at other points. Then the kinematic distance p«x(zo, z1) is equal to 1. Denote
this kinematic space as W.

Take a copy W' of the same space and identify the points zo ~ 2o, z; ~ 21" as well
as the point uy:=1/k of the segment Uy with the point wy’:= (1-1/k) of the segment
Uy forall k=23, ...

Then in the new glued space we get:

ox (20, 21)< px (2o, U)+ px (Wi, 21°)=1/k+(1—(1-1/K)=2/k - 0 (k— ).

Hence, the new glued space is not kinematic.

Definition 7.Given kinematic spaces W, W' with sets of routes K, K',
respectively, flat closed isokinematic sets VW, V'< W' and reciprocal functions ¢
V-V, ¢ ":V'— V, which carry out a one-to-one mapping of these sets.

Identify the corresponding points from the sets V and 7, then we obtain a set
that can be denoted as Wu 7.
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Denote p: W— Wu W, p’: W— WUW’ as canonical (identity) mappings of
subsets into a set.

Define the basic routes for gluing the kinematical spaces W, W’ along the sets V”’
and V as follows:

- the routes of K, considered in Wo W, that is, obtained in the following way:
for any {T, m(t)} e K we take the pair {T, p(m(t))};

- the routes from K, obtained in a similar way.

As the routes in WP we take all possible pairs obtained from basic routes by
applying a finite number of times of corresponding operations. It is obvious that
for the resulting set properties K2), K3) and K4) will be satisfied.

Call the resulting space as a kinematic gluing of the kinematic spaces W, .

The correctness of this definition:

Theorem 4. The gluing of two kinematic spaces along flat isokinematic
closed sets is a kinematic space.

Proof. Itisenough to prove the fulfillment of property K1). Here, in turn, it is
enough to consider the routes passing along both components of the gluing. We
will prove this property by contradiction.

If the beginning and end of the route are in one component then sections of the
route located in another component can be replaced, without increasing its length,
by sections passing through the gluing set, that is, this route is not shorter than the
route passing through one of component, where property K1) is satisfied by
condition.

If the beginning and end of the route are in different components, then, similar
to the previous case, we can assume that the route consists of only two parts, each
of which is located entirely in one of the components.

Assume that for given two points zo € W\V and z;’e W\’ there is a sequence of

routes {My|k eN} (with times Ty) such that Ty — 0(k — ).
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Hence, there is a sequence of points uxe V =V* such that

Px (2o, Uk) + px(Ue, 227) = 0; .

e px (Zo,U) >0, px (Uk,21") > 0(K = ).

Due to the closedness of V = V7, it follows that zoe V, 71" e V’, which
contradicts the assumption.

Thus, Theorem has been proven.

Example 4. Consider two flat kinematic spaces — unit squares ABCD and
A’B’C’D’. Glue them by the segment A”(inclusive)-B”(exclusive). Then the
resulting kinematic space is not flat: px (C, C’)=2 but there is no route of length 2

between these points.

5. Conclusion

We hope that new facts of peculiarities of kinematical spaces and operations
with them will distinguish specific of these spaces.
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MORPHISMS IN CATEGORY OF CONTROLLED PROCESSES
IN COMPUTATIONAL MATHEMATICS

Pankov P.S.1, Kenenbaeva G.M.2
Linstitute of Mathematics of NAS of KR

1Kyrgyz State University named after J. Balasagyn

Supra, the notion of category of equations was introduced by the second author with
assistance of the notion “predicate” on the base of the principle of preservation of solution while
transformations; elements of the category of equations and its subcategories were constructed on
the base of well-known categories. As a specification of the second law of thermodynamic for
isolated systems, supra the first author introduced new definitions, proposed general hypotheses
and derived estimations from below on increasing of entropy on depending on time in
permanently unstable (affectable) systems. On this base, the authors proposed the category of
controlled processes
in computational mathematics. Definition and examples of morphisms in this category are
proposed in this paper.

Keywords: category, morphism, entropy, control, differential equation, affectable system,
motion.

Mypaa 3KUHYM aBTOp, ©3repPTYYJIep1e UbITapbUILIIITE CAKTOO MPUHIIMONHUH HETU3UH/E
“HpeI[I/IKaT” TYIIYHYTYHYH JKapJaMbl MCHCH TCHACMCIICPANH KaTCrOPpHUACBIHBIH TYHIYHYTYH
KHUPIru3red, TCHACMCIICPANH KATCTOPUACLIHBIH )KaHA AHBIH KaTCropudvdaiapblHbIH 3JICMCHTTCPH
oenrumiyy KaTeropusiapabiH HETU3UH]IC KypyJiraH. Yerretniren cucreMaza
TEPMOANHAMHUKAHBIH DKWHYN 3aKOHYH TaKTOO KaTaphbl, 6I/IpI/IH'-II/I ABTOP XaHbl aHbBIKTaMaJ1apJbl
KHUPIru3reH, Kajlalbl THUIIOTEC3aJIap[bl CYHYUITAIl, TaaCHp OTHIYYYY CHUCTEMaZla MATCPUAIIBIK
YEKUTTH CYPYJIYYCY3 aHa CYPYJIYYHYH HETM3WHJAE KaHIAiIplp OMp apajiblKKa >KbULABIPYYAa
yOaKbITTaH K63 KapaHAbl OOJIOH AHTPONMSIHBIH ©CYYCYHYH TOMOHKY OaacklH anraH. byn
Makajazia OyJ aHbIKTaMajap alKaibIIITHIPbUITaH.

Ypynmmyy cezdep: kareropusi, MophusMm, d>HTpomus, Oamkapyy, TuddepeHIHanIbK

TCHACMC, TaaCUpP STUIYYUY CUCTCMA, KBIMMBLII00.
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Panee BTOpbIM aBTOpOM OBUIO BBEIEHO MOHATHE KATETOPUU YpPABHEHUH C MOMOUIBIO

NOHATUS “TIpeUMKAaT’ Ha OCHOBE IPHHIMIIA COXPAHEHUS pEUICHHs Npu NpeoOpa3oBaHUSX;
IIOCTPOEHBI 3JIEMEHThl KAaTErOPUM YpPAaBHEHUN U €€ IOJKATErOpuil Ha OCHOBE HM3BECTHBIX
KaTeropuid.
Kak yrouHeHue BTOpOro 3aKOoHa TEPMOJUHAMHKH Ui MU30JUPOBAHHBIX CHUCTEM, IEPBBIN aBTOP
BBEJl HOBBIE ONPEIEIECHUSA, IMPEAJIOXKUI OOIIME TUIOTE3bl U IOJIYYHUJ OLIEHKH CHHU3Y IS
BO3PACTaHMS SHTPOIUHU MPHU MEPEABIKCHUNA MATePHAIbLHONW TOYKH 0€3 TPEeHUs M ¢ TPEHHUEM Ha
OTpE/IeIECHHOE PACCTOSHHE B 3aBHUCHUMOCTH OT BPEMEHH B IIEPMAaHEHTHO HEYCTOWYMBBIX
cuctemax. B nanHoii cratbe 3T onpenenenus 00beAMHEHBI.

Knouesvie cnosa: xareropusi, Mop(hu3M, SHTPOMHS, yIpaBieHHE, AUPPEpeHIInaATHLHOS

ypaBHEHUE, IEPMAHEHTHO HEYCTOMYHMBAsA CUCTEMA, IBHIKEHUE.
1. Introduction

Investigations in the category of topological spaces in Kyrgyzstan were
initiated [1]. The notion of the category of equations was introduced [2] with
assistance of the notion “predicate” on the base of the principle of preservation of
solution while transformations; elements of the category of equations and its
subcategories were constructed on the base of well-known categories.

As an improving of the second law of thermodynamic for isolated systems,
on the base of [3], [4], [5], we put a general hypothesis on estimations from below
on increment of entropy during motions in [6].

By using new definitions in [7] If low energetic outer influences can
cause sufficiently various reactions and changings of the inner state of the system
then it is said to be an “almost isolated”, “permanently unstable”, “affectable”
system (A-system); such outer influences are said to be commands (these reactions
and changings are implemented by means of inner free energy of the object) we
found some estimations from below on increment of entropy while motion of a
material point both without friction and with friction over definite distance on
depending on time in such systems. Section 2 contains survey of known

categories including the category of energy-entropy-optimization processes.
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There are examples of some morphisms in this category in Section 3.
Remark. Morphisms are denoted as Mor or Hom in literature.
2. Survey of known categories

2.1) The basic category Set of sets. Ob(Set) are sets; Mor(Set) are functions.

2.2) The category Func of functions (synonyms in various branches of
mathematics: maps, operators, transformations). It is mentioned in publications but
we did not find its formal description. Ob(Func) = Mor(Set), Mor(Func) are
transformations of functions.

2.3) The category Top of topological spaces. Ob(Top) are topological spaces,
Mor(Top) are continuous functions.

We proposed

2.4) Category of equations Equa. Ob(Equa) contains tuples
{Non-empty sets X, Y, predicate P(x) on X, transformation B :X—>Y}.

If (FxeX)(P(X)A(y=B(x)) then yeY is said to be a solution of the equation
{X,Y, P, B}. Particularly, if B is the identity operator I, then we obtain the equation
“P(x)’only. Mor(Equa) are such transformations of tuples {X, Y, P, B} that
solutions (or their absence) preserve.

We also defined some subcategories of Equa:

2.5) The category Equa-Func of equations for functions.

2.6) The category Equa-Par of equations with parameters.

2.7) The category Equa-Func-Par of equations for functions with parameters
(including control).

2.8) The category Equa-Func-Ent of energy-entropy-optimization controlled
processes.

Denote the physical dimension as dim; dim(time)= z; dim(length)=4;

dim(mass)= ; dim (absolute temperature ) =4. Then dim(energy)= uA?/r2.
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In processes considered below increment of entropy is defined as AH = X AQ/&
where AQ is energy that was converted to heat irreversibly; dim(4H)= uA%/ 2/ 9.

The second law of thermodynamic for isolated systems states increment of
entropy AH > 0 but does not give quantitative estimations. One estimation was
proven in [4]: the minimal energy (increment of entropy) to treat one bit of
information is the Shannon-von Neumann-Landauer boundary:

AHyi = kg In 2 where kg is the Boltzmann constant.

A hint to such estimation in general case was in [5]: “In any mechanical
system the energy that must be expended to work against friction is equal to the
product of the frictional force and the distance through which the system travels.
Hence the faster a swimmer travels between two points, the more energy he or she
will expend, although the distance traveled is the same whether the swimmer is fast
or slow.”

Basing on the notion of economical (cruising) speed, taking into account
ide-as of Ecological Rallies for cars we specified the second law of thermodynamic
for A-systems. We proved some estimations in mathematical models describing
such concrete systems [8]-[9]-[10].

Let there is a (closed) system. Let it is in any stationary state A now and
there it can pass to any other stationary state B.

Hypothesis [6]. There exists such time T, (the adiabatic time of the system),
depending only on the initial state of the system, that AH is not less than any
positive value for any transition from the state A to the state B during T<T,.
Moreover, there also exists such positive constant C, that AH > Co /T %
dim(Co)= uA? 9.

By the principle of determinism, there is only scenario of the future for any
iso-lated system, that is, there cannot be different possibilities of transitions.

Hence, the system is to be A-system (with unbounded volume of inner free
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energy): different possible actions, transferring it from the state A to the state B by
means of irreversibly converting free energy to heat which are controlled by any
outer impetus of sufficie-ntly small energy.

Ob(Equa-Func-Ent) are A-systems with the task (*): to transfer the state A to
the state B in time T with minimal increment of entropy AH.

Mor(Equa-Func-Ent) are transformations of A-systems preserving the
minimal increment of entropy.

3. Examples of morphisms

Example 3.1. Let B be over A in gravitation field with constant g,

dim q =A/7 2. There is the load M of mass m based on many compressed short
almost ideal springs at the point A, the massive brake with temperature & along

the segment AB and the catcher at the point B; (*).
It is proven in [11] that the adiabatic time is To := W(2h/q) and
sup AH = mh?/T2 (1- T?/ To 2?2/ €.

Example 3.2. Let A be over B at the height h in gravitation field and B be on
an absolutely elastic plane. There is the load of mass m at the point A, the massive
brake with the absolute temperature & along the segment AB and the catcher at the
point A. We can apply unbounded force to the load. It is necessary to return the

load to the point A by repelling at the point B during the time T.
It is proven in [11] that the adiabatic time is To := 2 2h/q) and
sup AH =2mh?/T? (1- T% Ty ?)?/ &,
Theorem 1. Changing (m, h, q) — (m/#?,77h, nq), >0 yields a morphism.

The work was carried out within the framework of the project of the Institute of Mathematics of
the National Academy of Sciences of the Kyrgyz Republic.
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APPLICATION OF ARITHMETIC PROGRESSIONS
IN THE CONSTRUCTION OF HIGH-ORDER FRACTAL MAGIC
MATRICES

Baizakov A.B.1, Aitbaev K.A. 2, Sharshenbekov M.M. 3
L23|nstitute of Mathematics of NAS of KR

High-order magic matrices that preserve row-, column-, and diagonal-sum invariants
under scaling are of interest in discrete mathematics, combinatorics, and the theory of structured
matrices. In this paper we propose a constructive framework for producing such matrices with an
explicit self-similar (fractal) block structure. The method combines a decomposition principle
with arithmetic progressions that serve as compact identifiers of block offsets. We state sufficient
conditions under which the global magic property is inherited from a base magic square, and we
describe a complete step-by-step construction of a 9x9 magic square derived from the classical
3x3 Lo Shu pattern. The construction yields a matrix whose rows, columns, and main diagonals
sum to the same constant, while each embedded 3x3 block is itself a magic square, thereby
exhibiting scale invariance. Brief remarks on possible uses in discrete modeling, permutation-
based coding, and cryptography are included without shifting emphasis away from the
theoretical results.

Keywords: magic squares; magic matrices; fractal structures; arithmetic progression;
decomposition method; self-similarity

JIuckpeTTuKk MaTemaThkKa, KOMOHWHATOpHKa JKaHa CTPYKTypaJaHraH MaTpHIagap
TEOPHUSACHIH MacmTaba00q0 KaTap-, MamblyalapiAbl JKaHa JUATOHANJBIK CyMMamapbl
WHBApPUAHTTAP/bl CaKTaraH >KOTOPKY TApTHITETH CHIMKBIPAYY MaTpUIlaiap KBI3BIKTHIpAT. by
Makanaga Ou3 adblk ©3YH-03y OKmoml ((ppakTaimsik) OJOK CTPYKTypachl MEHEH MBbIHAal
MaTpUIIAIapasl OHIYPYY YYYH KOHCTPYKTHUBIYY HETH3IU CYHYIITAlObI3. MeTom axwIparyy
OPUHIMONH — apu(METHKAIBIK TPOTPECCHUS] MEHEH aWKalbIIThIpaT, anap OJOKTOPIyH
OpCEeTTepUHUH KOMIMAKT HJACHTU(PUKATOPIOPY KaTapbl KbI3MAaT KbulaT. bu3  rioanmbik
CBIMKBIPAYY KacHeT 0a3ajblK CHIMKBIPIYY KBaJIpaTTaH TyKyM KYyI ©TKOH KETHUIITYY MIapTTapbl
aiiTabp13 xkaHa kiaccukanbik 3x3 Jlo Illy ynrycyHeH anbiHTan 9X9 ChIMKBIpAYY KBaJApaTThIH
TOIIYK ATam-3Tabbl MEHEH KypYIyIIyH cypeTtemn Oepebu3. Kypyy marpumansl Oeper, aHBIH
camTaphbl, MaMblYaIaphbl KaHa HETU3THU JUAaroHaiaapbl Oupjeil koHcrtantara 6apabap 0o0JoT, ai
MU ap Oup KUPru3wireH 3x3 OJOKTYH ©3Y CHIUKBIPAYY KBajapaT OOJyr, MaciiTadablH
©3TOPYYCYH KopcoTeT. J[MCKPETTHK MOIENICIITHPYY, aJMAIITHIpyyra HErH3JAeireH KOJJI00
aHa KpunTorpadusga MYMKYH OOJITOH KOJJIOHYYJIap OOOHYA KbICKada ICKEPTYYJIep OachIMIIbI
TEOPUSIIBIK HAThIKaIapaH aabICTaTIACTaH KAMTHUITAH.

Ypynmmyy ce30ep: CHIUKBIpAYY KBaaparTap; CBHIMKBIpAYY Marpuuaiap; (ppaxtanibik
CTpYKTypajap; apu(METHKAIbIK TPOTPECCHs; aXbIpaTyy BIKMAChl, ©3YHO OKILIOIITYK
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Maruueckre MaTpHIbl BEICOKOTO MOPSIIKa, COXPAHAIOIINAE HHBAPUAHTHOCTb CYMM CTPOK,
CTOJNIOIOB W JMaroHajeil OTHOCHTEIbHO MAaCHITA0MPOBAHUS, TMPEACTABISAIOT HMHTEpPEC B
JUCKPETHOM MaTeMaTuKe, KOMOMHATOPUKE U TEOPUU CTPYKTYPHUpPOBAaHHBIX Marpull. B nanHoi
CTaTb€ Mbl IMpeJlaraéM KOHCTPYKTHUBHYIO OCHOBY JUIsl IIOJYyYEHUS TAaKUX MaTpUll C SIBHOU
camorono0Ho# (PppakTanbHOIi) 01109HON CTPYKTYpOoi. MeTo codeTaeT MPUHITUI Pa3I0KEHUS C
apu(METHYECKUMH IIPOrPECCUsAMH, KOTOpbIE CIyXaT KOMIAKTHBIMH HIEHTU(UKATOPAMU
CMeleHUH 0J0koB. Mbl (opMynupyeM J0CTaTOYHBIE YCIIOBHS, HPU KOTOPHIX INI0OAIbHOE
Maru4eckoe CBOMCTBO HacieqyeTcs: OT 6a30BOr0 MarMuecKoro KBajapara, U OIMHUCHIBAEM IIOJHOE
[IOLIaroBO€ MOCTPOEHHE MArn4ecKoro Kpajparta 9x9, mosydyeHHOro u3 KJIacCHYeCcKOro ImabioHa
Jlo Iy 3x3. IlocTpoeHue OaeT MaTpuIly, CyMMa CTPOK, CTOJIOIIOB W TJIABHBIX TUaroHaJeh
KOTOPOH paBHA OJIHOW U TOM K€ KOHCTAHTE, B TO BpeMs KaK Ka)KJIbIi BIOXKEHHBIH 070K 3%3 cam
no cebe SBISETCS MAarM4ecKuM KBaJpaTOM, JAEMOHCTPUPYS TEM CaMbIM MaclITaOHYIO
MHBapUAHTHOCTb. BKIIIOUEHBI KpaTKUE 3aMeyaHHUsl O BO3MOXKHBIX IPHUMEHEHUSX B JIUCKPETHOM
MOJICJIMPOBAHUM, KOJUPOBAHMM HAa OCHOBE IIEPECTaHOBOK M KpuOrorpapuu 0e3 CMeLeHHs
AKILIEHTa OT TEOPETUYECKUX PE3YJIbTATOB.

Knrouesvie cnosa: marmdeckue KBaApaTbl; MArudcCKUc MaTpUulbIl; Q)paKTaHLHLIC
CTPYKTYPBbI; apI/I(l)MeTI/I‘IGCKaH nporpeccusa; MCToa pa3IOKCHUA, CaMOHOI[O6I/Ie

1. Introduction

Magic squares are classical objects in discrete mathematics and number
theory and remain a convenient testbed for studying symmetry, invariants, and
structured combinatorial constructions. Alongside their historical development,
modern research has expanded the subject to families of related objects—magic
rectangles, pandiagonal and multimagic squares, and structured magic matrices—
where one seeks constructive principles that scale with matrix order. In a different
direction, fractal geometry formalizes self-similarity and recursive generation of
complex structures across scales. The notion of self-similarity is particularly
natural for block-structured discrete objects: a large object may be assembled from
smaller copies in a way that preserves defining constraints.
Motivated by this viewpoint, we study magic matrices with a hierarchical block
decomposition in which each block is itself a magic square and the arrangement of
blocks reproduces the base pattern. The central technical question is: under what
conditions does such a block assembly inherit the global magic property? This
paper answers this question for a broad and practically useful class of constructions
driven by arithmetic progressions.
Our contribution is threefold. First, we formalize a decomposition scheme in which
a high-order magic matrix of order N=n? is built from n? blocks of order n. Second,
we introduce arithmetic-progression identifiers that encode block offsets and allow
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a compact description of large constructions. Third, we provide an explicit worked
example for N=9 based on the Lo Shu square, including schematics and the
complete numerical 9x9 matrix. The presentation is intentionally constructive:
every step can be reproduced directly and is suitable for implementation.
2. Definitions and Preliminaries

A magic square of order n is an nxn matrix M=(m_1ij) with integer entries
such that the row sums, column sums, and the sums along the two main diagonals
are equal to a constant p (the magic constant). For a normal magic square
containing the integers {1,2,...,n?}, the magic constant equals p = n(n*+1)/2. We
will use standard operations that preserve magic structure. In particular, adding a
constant ¢ to every entry of a magic square increases every row sum by nc and
therefore produces another magic square with magic constant p+nc. In addition,
applying any symmetry of the square (rotations/reflections) preserves the magic
property.
To describe self-similar constructions, we view a large matrix as a block matrix.
Let N=n?. A matrix of order N is partitioned into an nxn grid of blocks, each block
having size nxn. We denote the block at block-row a and block-column b by
M~{(a,b)}. A construction is called self-similar if each block M"{(a,b)} is a copy
of a base magic square B up to an additive shift (and possibly a symmetry), and the
pattern of shifts itself follows the layout of a magic square.

3. Decomposition Method Based on Arithmetic Progressions

Let B be a fixed base magic square of order n with magic constant p B. We
construct a matrix M of order N=n? as follows. First, we choose n? disjoint sets of
integers, each of size n% For the canonical normal construction at N=9, we work
with the set {1,...,81} and partition it into nine consecutive blocks of size 9: Block
1: 1-9; Block 2: 10-18; ...; Block 9: 73-81. Each block forms an arithmetic
progression with common difference 1. More generally, one may use arithmetic
progressions with common difference d and translate them to fit the desired
numeric range.
Second, we turn each block into a magic square by placing its entries in the same
relative positions as in B. Concretely, if B uses the labels {1,...,n?}, then within a
block we place the smallest element at the position of 1 in B, the second smallest at
the position of 2 in B, and so on. This produces a block-matrix whose every nxn
block IS a magic square structurally identical to B.
Third, we arrange these n? blocks into an nxn array according to the layout of B (or
another fixed magic square of order n acting as a block-addressing template). At
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this stage, the arithmetic progression associated with each block acts as an
identifier of the block offset. The key observation is that the sums of block magic
constants along any block-row, block-column, and block-diagonal are equal,
because the identifiers are placed according to a magic pattern. This ensures that
the assembled NxN matrix has equal row/column/diagonal sums.
4. Step-by-Step Construction of the 9x9 Matrix

We now present the complete construction for n=3 (N=9). Step 1: choose the
base 3x3 Lo Shu magic square (Figure 1). This square serves as the positional
template used both inside each block and for the arrangement of blocks.
Step 2: partition the integers 1-81 into nine consecutive arithmetic blocks of length
9: [1-9], [10-18], ..., [73-81]. Each block will populate one 3%3 submatrix.
Step 3. for each block, place its nine entries in the Lo Shu positions. This
guarantees that every 3x3 block is a magic square with magic constant 15 plus a
block-dependent offset.
Step 4: arrange the nine blocks in a 3x3 block grid using the same Lo Shu layout as
the block-addressing pattern. Figure 2 visualizes the resulting block structure
(labels B1-B9). The final fully populated matrix is shown in Figure 3.
Remark on readability: Figures 1-3 are intended to support different reading
modes. Figure 1 specifies the base pattern, Figure 2 shows how blocks are
positioned, and Figure 3 provides the explicit numerical matrix for verification and
reuse.

Figure 1

Base 3x3 magic square (Lo Shu) used as the positional template.
8 1 6
3 5 7
4 9 2

Figure 1. The base 3%3 Lo Shu magic square.

Figure 2
Block representation of the 9x9 construction. Each label Bk denotes one 3x3
magic block.

Bl Bl Bl B2 B2 B2 B3 B3 B3
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Bl Bl Bl B2 B2 B2 B3 B3 B3
Bl Bl Bl B2 B2 B2 B3 B3 B3
B4 B4 B4 B5 B5 B5 B6 B6 B6
B4 B4 B4 BS B5 B5 B6 B6 B6
B4 B4 B4 BS B5 B5 B6 B6 B6
B7 B7 B7 B8 B8 B8 B9 B9 B9
B7 B7 B7 B8 B8 B8 B9 B9 B9
B7 B7 B7 B8 B8 B8 B9 B9 B9

Figure 2. Block structure of the 9x9 fractal magic matrix (each 3 %3 block is a
copy of the base square up to an additive shift).

Figure 3
The complete 9x9 matrix obtained by the construction; it can be checked directly
that every row, column, and main diagonal sums to 369.

71 64 69 8 1 6 53 46 o1
66 68 70 3 3) 7 48 50 52
67 72 65 4 9 2 49 54 47

26 19 24 44 37 42 62 55 60
21 23 25 39 41 43 57 59 61
22 27 20 40 45 38 58 63 56
35 28 33 80 73 78 17 10 15
30 32 34 75 77 79 12 14 16
31 36 29 76 81 74 13 18 11

Figure 3. Fully constructed 9 %9 fractal magic square (global magic constant 369;
each 3 %3 block is magic with constant 15 plus an offset).
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5. Properties of the Constructed Matrix

Global magic constant. For the normal 9%9 case, the magic constant is @ =
9(9*+1)/2 = 9-82/2 = 369. Direct inspection of Figure 3 verifies that each row and
column sums to 369 and the two main diagonals also sum to 369.
Local magic property. Each 3x3 block is constructed by placing a contiguous
arithmetic block into the Lo Shu positions. Since the Lo Shu pattern is magic, each
block is magic. If a block is formed by adding a constant ¢ to the entries {1,...,9}
positioned as Lo Shu, then its magic constant equals 15 + 3c.
Scale invariance and self-similarity. The matrix exhibits self-similarity in a strict
combinatorial sense: the same positional pattern appears both at the level of blocks
and within blocks. The invariants defining a magic square are therefore preserved
across two scales (3 and 9). The construction can be iterated further by treating the
9x9 matrix as a base pattern for a 27x27 matrix, provided the identifiers are chosen
consistently.
Generalization. The same reasoning extends to any base order n where an
appropriate base magic square exists. The decomposition scheme provides
sufficient conditions for preserving magic sums under block assembly; the
arithmetic progressions serve as a convenient family of identifiers for constructing
blocks with controlled offsets.
6. Possible Applications

The present contribution is primarily theoretical. Nevertheless, high-order
self-similar magic matrices provide structured test instances for combinatorial
algorithms (e.g., symmetry detection, enumeration under constraints) and for
discrete modeling where hierarchical constraints are desired. In coding theory and
cryptography, the combination of regularity (deterministic construction) and
combinatorial variability (choice of block identifiers, admissible symmetries of
blocks, and block permutations that preserve the global constraints) suggests
possible uses in permutation-based transforms and in the generation of key-
dependent structured matrices. These directions require a separate security and
statistical analysis and are mentioned here only as potential future work.
7. Conclusion

We proposed a constructive method for building high-order fractal magic
matrices using arithmetic progressions within a decomposition framework. The
method provides a transparent mechanism for preserving the magic property
globally while ensuring that each embedded block remains magic, thus producing a
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clear self-similar structure. A complete worked example for the 9x9 case derived
from the 3x3 Lo Shu square was presented together with schematic figures and the
explicit final matrix. The approach is scalable and can be extended to higher orders
and additional recursion levels; future work includes classification of admissible
identifier families, study of symmetries and equivalence classes, and exploration of
algorithmic and applied aspects.
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Mathematical and instrumental methods of economics
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ABOUT ONE PROBLEM OF OBTAINING A PLANNED CROP YIELD
WITH MINIMUM TOTAL FARM COSTS

Asankulova M., Borubaev A.A., Kadenova Z.A.
Institute of Mathematics of NAS of KR

This article formulates an economic and mathematical model for determining the optimal
area for each crop to achieve the planned yield with minimal total costs. The model's feasibility
Is demonstrated using a numerical example.

Key words: Peasant farm, sown area, optimal size, profit, mathematical model, price, unit
of weight, products, costs, yield, agricultural crop.

Bbyn makanazga ap Oup ecymMayK y4yH IUIaHAAIITHIPBUITaH TYIIYMAY MUHUMAIIYY JKajbl
YbIT'bIMJIAp MCHCH ajlyy YUYH ONTUMAJIAYY asdHTTbl aHBIKTOOHYH 39KOHOMHKAJIBIK KaHa
MaTCMaTUKAJbIK MOJCIIN TY3YJII'OH. MO,Z[CJII[I/IH HIIKE alllbIpYy MYMKYHYYJIYTY CAHJABIK MUCAJIJbI
KOJIIOHYY MCHCH KOPCOTYJIOT.

Ypynmmyy cesoep: Jlpliikan yapOackl, ailIoo assHTHI, ONTUMAIIYY ©14eM, Maii/a,
MaTeMaTHKAJIBIK MOJIeJb, 0aa, calMaK OMpIUrd, IpOoAYKUHUsIap, YbITBIMAAD, TYITYMIYYIYK,
alipl1 yapba ecyMIYKTepy.

B cratbe copmynrpoBaHa SKOHOMHUKO-MaTeMaTHUeCKasi MOJETb 3a/lauyd OMpeeIeHUs
OINTUMAJIBHOI'O pa3Mepa IIOCEBHOU Jromanau 1moxg Ka)K)II)II\/JI BUJ KYJBTYPBI C LCJIBIO ITOJTYUYCHUSA
3aIJIaHUPOBAHHOTO ypoKasi MPU MHUHUMAIbHBIX CyMMapHbIX 3aTparax. PaborocrnocoOHOCTh
I[aHHofI MOZACIIN MMPOACMOHCTPHUPOBAHA HA YUCIIOBOM IIPUMEPC.

Knrouesvie cnosa: erCTB}IHCKOG XO3HﬁCTBO, IIOCCBHBIC IIJIOIIAaH, ONTHUMAaIbHBIN pa3mep,
HpI/I6I>IJ'IB, MaTeMaTU4YCCKasA MOACIb, IICHA, CAMHNIA BECa, NPOAYKIUA, 3aTPAThI, yp0)KaI>iHO0TB,
CENbX03 KyNbTypa.

Introduction. Agriculture in Kyrgyzstan is crucial for providing
employment for the working population, creating resources for the sustainable
development of other sectors of the national economy, meeting the country's food
needs, and promoting overall economic development [7, 9, 10, 12].

In agriculture, land is used as the primary, irreplaceable means of
production. Compared to other means of production, land does not wear out, and
when properly managed, it improves its quality.

Arable land in the Kyrgyz Republic has varying fertility potential depending
on the climate.

The reform carried out in the agricultural sector has enabled rural residents

to own land plots with varying soil structure and fertility, and in different locations
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[5, 6]. Having received land plots, many owners began engaging in agricultural
production, forming numerous peasant (farm) households, cooperatives, business
partnerships, and joint-stock companies [1, 2, 3, 4].

Since the production activities of these farms are based on the use of land
plots and the cultivation of crops on them, the question arises of how to determine
the optimal sown area for a given crop in order to obtain the planned volume of
production for each crop at minimal cost.

The problem of finding the optimal sown area and the crops grown on it is
especially relevant now that society has transitioned to market relations.

Currently, there are a number of studies [8-11, 13] where optimization
problems are widely used in economic and mathematical research.

When modeling the optimization of a farm's sown area structure, plot types
and crop types are used as variables, which determine the plot size for a specific
crop [1, 2].

This practice is key in modern agriculture, especially for those farmers or
peasant farms who do not have sufficient land of their own to conduct business.

Below we will attempt to formulate an economic and mathematical model
for determining the optimal size of the sowing area for each crop, where the
possible planned harvest volume is indicated.

Problem statement. A farm has n plots of different arable land, each with
an area equal to S;, j=1..n, on which m types of crops are sown. When allocating
crops to arable land, it is important to consider that the same crop may be sown in
different plots of the arable land. Some plots are particularly suitable for certain
crops, while others are completely unsuitable. For example, a crop that prefers

moist soil cannot be sown on sandy soils, meaning the yield &; =0.

It is assumed that the yield of the i-th crop on the j-th plot of the farm's
cultivated area is equal to units, and the cost of obtaining the m-th output from a
unit of the j-th cultivated areaisj = 1..n.

The farm plans to obtain a yield of the i-th crop of at least P;, i = 1.. m.

It is necessary to determine the optimal size of the cultivated area for each
crop and obtain the planned yield so that the total costs of growing the crop are
minimized. Let's formulate a mathematical model of the problem.

Let's introduce the following notation:

I is the index of the type of agricultural crop sown by the farm, i=1..m;

J is the type of sown area, j=1..n;
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a;; is the yield of the i-th agricultural crop per unit of sown area of the j-th
plot of the farm, i=1..m, j=1..n;
Gy is expenses incurred for growing the i-th type of agricultural crop on a

unit of the j-th sown area of the farm, ¢; = (%g} +8,)ac,, i=1.m, j=1..n;

8} is share of management expenses per unit of volume of the i-th type of
agricultural crop on the j-th category of sown area, i=1..m, j=1..n;

5} Is share of wages per unit of volume of the i-th type of agricultural crop
on the j-th category of sown area, i=1..m, j=1..n;

Ci,- Is total payment for the service for growing the i-th type of agricultural

crop on the j-th category of sown area, i=1..m, j=1..n;
P; is planned maximum volume of each type of agricultural crop, i=1..m;
S, is dimensions of the j-th plot of the sown area, j=1.. n;

X;; is unknown values determining the size of the plot of the sown area for

each agricultural crop on the farm, i=1.. m, j=1..n
According to the accepted notation, the mathematical model of the problem
has the form.

m n

Find the minimum L(X) = ZH i1 G % (1)
under the conditions

n .

j:1aijxij 2P, 1=1..m, )

m -

X <55, J=1n, (3)

Xij >0, i=1.m, j=1.n 4)

where x= ‘x..

1

m,n

Inequality (2) indicates that the amount of produce obtained from the i-th
agricultural crop, harvested from all plots, should not be less than the planned
amount.

Equality (3) indicates that the sown area on all plots of the farm should be
fully sown.

Equality (4) assumes that there should be no unsown plots.

The proposed model considers the optimization of sown area distribution
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among several crops to achieve the planned yield. Within this model, the farm's
costs are determined.

To solve problems (1)-(4), we use the problem-solving methods presented in
[14].

The economic-mathematical model of problem (1)-(4) for determining the
optimal size of the sown area for each agricultural crop and obtaining the planned
harvest volume is presented in Table 1.

Table 1

Ne X11 | X12 een Xin | X21 | X22 een Xon - Xmi | Xm2 | ... Xmn

1 dip | arp a1n P
2 do1 | A e aon P,
m dmi | am2 | ... amn | Pm
1 1 1 1 St
2 1 1 1 S,
n 1 1 1 Sh

Ci1 | C12 e Cin | Co1 | C22 e Con . Cmi | Cm2 | ... Cmn min

Problem solving algorithm. Calculations begin with introducing the

following notation into the formula: ¢; =(§g; +0))ayc;, 1=1.m, j=1.n;

Next, using the parameter values, we calculate the unit costs of each i-th
crop type on the j-th category of crop area. Then, based on these dataand P;, S, a

numerical model of the problem is formulated according to (1)—(4) and the
problem is solved using the method given in [14]. The solution method is
complete.

From the solution of problem (1)-(4), we determine the size of the sown area
for each crop type to obtain the planned yield, i =1..m, j = 1..n.

To test the validity of the presented economic-mathematical model, we will
consider an example using data from a sole proprietor in the village of
"Mramornoye" in the Alamudun district of the Chui region.

EXAMPLE. A sole proprietor has three types of land with different soil
structures and fertility. The sown area of the first plot is 1 hectare, i.e.,, S; =1
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hectare; that of the second plot is 1.3 hectares, i.e., S, = 1.3 hectares; and that of
the third plot is 1.6 hectares, i.e., S3 = 1.6 hectares.

On these plots, the sole proprietor intends to sow three crops: wheat, barley,
and potatoes, and plans to obtain a yield of at least P; for each crop, i.e., P; =( Py;
Po; P3) = (50, 7.0; 80),

The expected yield per hectare for growing these crops from each hectare of
the sown area, based on long-term data, is assumed to be known and is given in

Tables 2.
Table 2

Expected yield per hectare in plots, in kg

1-#1 ywyacTok

2-ii y4acTok

3-# y4acTok

Potatoes 5000 4700 4200
Wheat 5300 5500 5000
Corn 4900 5300 4700

— projected wholesale market prices of agricultural crops |C; |1‘3 = (45, 25, 20),

(som/kg)
— total payment for the service of growing the i-th type of agricultural crop in the
first plot of the sown area, i =1..m, j = 1; = {28060, 21930, 21930} (som/ha).

We further assume that the payment for services per unit of sown area in the
first plot also applies to the remaining plots of sown areas with different soil
structure and fertility.

We determine 5} the share of wages per unit of volume of each type of
agricultural crop for each category of sown area using the formula:
5, =(c})/a;-c, i=1,2,3, j=1,2,3,
we will receive
0.2079 0.1559 0.3118
6], =| 02371 0.2024 0.3508 |
0.3426 0.3426 0.2436

The share of management costs (overhead costs) 8} in a unit of volume of

agricultural crops of each type for each category of sown area is assumed to be
equal to the value:
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£ =%5}, i=1,23, j=1.23.

0.0519 0.0389 0.0779

We have €], =| 0.0892 0.0731 0.0877 |

0.0856 0.0609 0.0856

Let us determine the value cj, i1=1,2,3, j=1,2,3 by the formula

¢ :(%g; +8)age, 121,23, j=1,2,3

We have ‘Cij ‘3,3 =

problem conditions as the following numerical model.

31563,0 31554,0 31563,0
23069,5 24667,5 24662,5
24665,6 33570,0 20048,0

We need to determine the optimal size of the cultivated area allocated for a
given crop and obtain the planned yield for each crop so that the total costs of
growing the crop are minimized. Using the introduced notations, we will write the

According to the formulated mathematical model (1)-(4), we will write the
numerical model of the problem.
Find the minimum:

L(x) = 31563.0x11 + 31554.0x12 + 31563.0x13 + 23069.5%,; +

+ 24667.5x2, + 24662.5x3 + 24665.6x3; + 33570.0%3; + 20048.0X33 (5)
under the conditions
5000x;1+ 5300x3,+4900x,3 > 5000
4700x21+5500x2,+5300x,3 = 7000 (6)
4200x3;+5000x3,+4700x33 = 8000
X11+ X12+ 5X13 <1.0
X21 + Xoo+ X3 <1.3
X31 + X3+ X33 <'1.6 (7)
Xij=0, i=1,2,3, j=1,2,3, (8)
The conditions of this problem are presented in Table 3.
Table 3
Initial data entry for solving the problem
=1 =2 =3
=1 =2 | =8 | j=1 | j=2 | =8 | )71 | j=2 | J=8

149 |

Herald of Institute of Mathematics of NAS of KR, 2025, No. 2




Pi ai11 ai2 a13 az1 azo az3 as1 a3z a33

5000 | 5000 |5300 |4900

7000 4700 | 5500 |5300

8000 4200 | 5000 |4700

1.0 1 1 1

1.3 1 1 1

OO | WIN -
%

1.6 1 1 1

To solve this problem, we used the methods described in [14].
As a result of solving the problem, we obtained the optimal solution:

X= {x12=0,96; x2» =1,27; x3=1,6}, which resulted in the planned
production volumes and minimum costs of L(x) = 115,470.3 thousand soms.

As can be seen, with such an optimal distribution of land plots between
potatoes, wheat, and corn, the minimum value of the objective function L(x) =
115,470.3 thousand soms was achieved.

Consequently, 0.96 hectares of land from plot 1 were allocated to the second
crop type, yielding a planned yield of 5,000 kg. From plot 2, 1.27 hectares were
allocated to the second crop type, yielding a yield of 7,000 kg. From plot 3, 1.6
hectares were allocated to the second crop type, yielding a planned yield of 8,000
kg.

The experimental work carried out by the individual entrepreneur of the
Alamudun district in the Chui region to find the optimal area demonstrated the full
feasibility of using the economic and mathematical model of the problem to solve
practical problems. The mathematical apparatus used in the problem made it
possible to find effective solutions both in determining the sowing area and in
obtaining the planned harvest with minimal costs.
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Mathematical modeling end Methods of Teaching Mathematics
MSC 93C85

AN EDUCATIONAL PLATFORM FOR HANDS-ON LEARNING OF
ROBOT DESIGN, MATHEMATICAL MODELING, AND AI-ROS BASED
CONTROL

Asanbaev Akosha! , Young — Sang Choi 2

L2Kyrgyz National University

This paper presents a unified robotics education platform using ROS, ESP-ROS-Lite, and
C++ on a low-cost ESP32 with Fusion 360—optimized hardware. It enables real-time servo
control via an interface and supports stability modeling through concepts such as Center of Mass,
Zero Moment Point, and support polygon. Al services including ChatGPT, Google, and Copilot
are integrated through Python for voice, text, and facial recognition, enhancing interactive robot
control. Experiments confirm the platform’s effectiveness in teaching kinematics, dynamics, and
PID control, highlighting its value for robotics education.

Key words: ROS-inspired robot control, PID control, Center of Mass (CoM), Zero
Moment Point (ZMP), support polygon, Al, facial recognition, C++, Python

byn makamana apsan Oaamarsl ESP32 wmukpokontposuiepune Hermsgenred, Autodesk
Fusion 360 mporpammachiHIa  T€HEPATHUBIAMK  JIOJIOOOPIOO  BIKMAchl  apKbUIYY
ONTUMAIAIITHIPBIITAH  KaOABIKTApAbl KONAOHToH, ROS KoHIENIMsSChIHAH IIBIKTaHTaH
OMpAMKTYY poOoToTexHHMKa OoroHua OuimMm Oepyy miardopmacsl cynymrtanaT. [Imatdopma
ROS, ESP-ROS-Lite xana C++ TexHOJOTHSIAPBbIHA TasHBIN, CEPBONMPHBOIOPAY PEATAYY
yOaKbIT pPEeXKMMHUHJE OalllkapyyHy KaMmchl3 KbulaT. OHIOHJOM 37€ POOOTTYH TYPYKTYYJIyr'yH
Mozenneeny Oopbopayk macca (Center of Mass, COM), Hemayk MOMEHTTHK YekHuT (Zero
Moment Point, ZMP) xaHa K000 KONOYpPUTYTY CHISKTYY HETH3TH TYIIYHYKTOPAYH HETH3HH/IC
HIIKE albIpart.

Python tunu apxeutyy ChatGPT, Google xana Copilot cbisikTyy *acaiMa HHTEIUIEKT
CEpBUCTEPHU UHTETPAIMIIAHBIIN, YH, TEKCT kKaHa JKY3y TaaHyy (YHKIHUIAPBIH UIITKE allbIpyyra
MYMKYHAYK OepeT. Byn e3 ke3ermnae poOOT MEHEH MHTEPaKTHBAYY €3 apa apakeTTeHYYHYH
JEHIPJIMH  KOropyjaTaT. OKCHEPUMEHTTHK O KbIMBIHTBIKTAp CYyHYIITaAraH Iutatgopma
KMHEeMaTuKa, JuHamuka skaHa PID  Oamkapyy  bIKMaldapblH  OKYTyyAa  >KOTOPKY
HATBIKATYyyIyKKa 33 JKEHUH KOpCOTYH, POOOTOTEXHMKa OarbIThIHAArbl OWiauM Oepyy Y4YYH

MaaHUIYY KypaJl DKCHUH TaCTBIKTaMT.
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Ypyummyy ce3z0ep: ROS nermsunaeru po6ot Oamkapyy, PID Gamkapyy, 6opoopayk
macca (CoM), Hemayk momeHTTHK 4ekuT (ZMP), koimoo kemOypuTyry, jkacaima HUHTEIUICKT,
Ky3ny taanyy, C++, Python

B nannoii cratbe mpencrtaBieHa yHU(UIMpOBaHHas oOpa3zoBaTelbHas Iutatdopma Mo

pOoOOTOTEXHHMKE, OCHOBaHHAsh Ha HeAOpOoroM MuKpokoHTpouiepe ESP32 wu ammapatHOM
o0ecrie4eHny, ONTHMU3UPOBAHHOM C MCIOJIb30BAaHUEM T'€HEPAaTUBHOIO IMPOEKTUPOBAaHUS B
Autodesk Fusion 360. Ilmardpopma wucmonp3yer konmemnmuu ROS, ESP-ROS-Lite u s3bik
nporpammupoBanus C++ amst obecriedeHus! yrpaBieHHs] CEpBOIPHUBOJAMH B PEXXKUME PEalbHOTO
BpeMeHH. MojenupoBaHye yCTOHYUBOCTH poOOTa peaqu3yeTcsi Ha OCHOBE KJIFOUEBBIX MOHSITHIA,
takux Kak 1eHTp macc (Center of Mass, CoM), HylieBast MOMEHTHas Touka (Zero Moment Point,
ZMP) 1 onOpHBIA MHOTOYT OJIbHUK.
WuTerpamus cepBucoB HMcKyccTBeHHOro uuresuiekra, Bkioyas ChatGPT, Google u Copilot,
OCYIIIECTBIISIETCSl C HCIOJb30BaHUEM si3blka Python u oOecneunBaeT rosocoBoe M TEKCTOBOE
B3aMMOJICIICTBHE, a TaK)K€ pacrno3HaBaHUE JIMI. OTO CYIIECTBEHHO IIOBBIIIAET YPOBEHb
MHTEPAKTUBHOCTU YIPABICHUS POOOTOM. OKCIIEPUMEHTAJIbHBIE PE3YNbTaThl MOATBEPKIAIOT
3¢ (PeKTUBHOCTh MpenoKEHHOW MIaTGopMbl B OOyYeHUHM KWHEMaTHKe, auHamuke u PID-
peryJaMpoOBaHUIO, TOAYEpKHBas €€ 3HAYMMOCTh s 0Opa3oBaTeNbHBIX 3aJad B OOJIACTH
POOOTOTEXHHKH.

Knroueswvie cnosa: ynpasnenne podotom Ha 6aze ROS, PID-perynupoBanue, neHTp mMacc
(CoM), nyneBas MoMeHTHass Touka (ZMP), omopHbIi MHOTrOYroJbHHMK, HCKYCCTBEHHBIN

WHTEIJIEKT, pacno3HaBanue nui, C++, Python

1. Introduction

1.1 Background: Rise of Intelligent Robotics and the Need for Hands-
On Education

Robotics has expanded beyond the manufacturing sector into diverse fields
such as healthcare and education, and is rapidly evolving into intelligent robotic
systems through integration with artificial intelligence (Al), the Internet of Things
(1oT), and sensor technologies. These developments highlight the need for hands-
on, practice-oriented education that goes beyond theoretical learning or assembly-

focused training, enabling learners to directly experience the entire development
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cycle - from design and fabrication to control and Al integration.
1.2 Research Objective: Full-Cycle Open Educational Robot Platform
The objective of this study is to propose a full-cycle, open educational robot
platform that enables learners to independently carry out the entire robot
development process. The proposed platform provides an integrated learning
environment encompassing mechanical design, manufacturing, electronics, control,
and artificial intelligence, thereby overcoming the limitations of existing
educational robot systems characterized by closed architectures and fragmented
modular structures.
The core components of the platform include:
o Generative design and 3D printing based on Fusion 360
o Modular robot assembly and hardware prototyping
o Microcontroller-based circuit design and control implementation
o A lightweight, ROS-inspired real-time framework (ESP-ROS-Lite)
implemented in C++
« Voice- and vision-based Al interaction (LLMs and face recognition)
2. Robot Design Using Generative Topology Optimization in Fusion 360
2.1 Introduction
Topology optimization is an effective method for designing lightweight, high-
performance structures, and Autodesk Fusion 360°s Generative Design offers an
accessible platform that applies structural mechanics and numerical optimization to
optimize material distribution under mechanical constraints.
2.2 Design Variables
Let the design space be discretized into finite elements. Each element i —th is
assigned a design variable x; € [0,1], defined as:

1 if material is present (solid)
x; = 410 if material is void
0 < x; <1 ifintermediate
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These variables form the foundation of the optimization model by describing the
material layout within the design domain.
2.3 Objective Function: Minimization of Compliance
The primary goal in structural topology optimization is to minimize compliance,
which corresponds to maximizing the stiffness of the structure under given loads
and boundary conditions. The compliance objective function is expressed as:
C = u"K(p)u
Where:
o C: Compliance
o 1 : Displacement vector
o K(p): Global stiffness matrix dependent on design variables p.
2.4 Application in Fusion 360
Fusion 360’s Generative Design engine uses the above mathematical principles to
create high-efficiency structural forms. Users input design space geometry, load
cases, constraints, and performance targets. The system then evaluates numerous
candidate geometries using cloud-based solvers and presents multiple optimized
results.
Visual outputs generated by the platform allow designers to explore structurally
sound yet material - efficient configurations - bridging simulation and

manufacturability.

3. Stability, Kinematics, and Motion Control

3.1 Introduction
This chapter presents an integrated robot motion control framework that introduces
and conceptually compares PID, MPC, and Whole-Body Control (WBC), while
ensuring stability and precision through key balance concepts such as the Center of
Mass, Zero Moment Point, and support polygon.

3.2 Control Algorithms
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3.2.1 Proportional-Integral-Derivative (PID) Control
PID control is a classical feedback control strategy that adjusts system inputs based
on the difference between the reference signal (t) and the actual output ¥(t). The

control law is defined as:
t

u(t) = Kye(t) + Hrfe(r)dr+ K,

0

de(t)
dt

Where:

« u(t): Control input (e.g., torque or PWM signal)

e e(t)=r(t)— y(t): Control error

« K, K;, Kj:Proportional, Integral, and Derivative gains
This method is widely used due to its simplicity and effectiveness for real-time
control.

3.2.2 General Model Predictive Control (MPC) Optimization

MPC is an advanced control strategy that predicts future system behavior over a
finite time horizon and solves an optimization problem at each control step. The

objective function is:
N-1

: 2
min Z {||xt+k+1 — xre?f”Q + IIH.H;{II%)
T =0

Subject to:
Xpirs1 = AXerp + Bu,,, (system dynamic)
Xesp € X, Upyy € u(constraints)
Where:
e X,:Stateattimet
e u;: Control input

e X,.r: Desired reference state

e (@, R :Weighting matrices
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e A,B: system dynamics matrices

o N : Prediction horizon
MPC is particularly useful for systems requiring multi-step planning and constraint
handling.

3.2.3 Whole Body Control (WBC)

WBC is an optimization-based method suited for humanoid and legged robots,
where full-body coordination is required. It considers the complete dynamics of the
robot and solves a constrained optimization problem in real time.
Dynamic equation:
M(q)§+h(q,q) = S"t+ JiA
Where:

o g : Generalized coordinates (joint + base)

q : Generalized acceleration

M(q): Inertia matrix

h(q, g): Coriolis, centrifugal, and gravity terms
o ST1: Actuator torques

J. : Contact Jacobian

4 : Contact forces

Optimization objective:

IHIZIU;-@J@ + jia. g — &

2

Subiject to:

o System dynamics

o Torque limits: : 7 = T = Tpax

« Contact and friction constraints
Whole-Body Control (WBC) allows the simultaneous handling of multiple tasks,
such as posture control and footstep placement, ensuring smooth, stable, and

coordinated robot motion. In this study, WBC is discussed at a conceptual and

158 I Herald of Institute of Mathematics of NAS of KR, 2025, No. 2



educational level.

3.3 Key Stability Models
3.3.1 Center of Mass (CoM)
The Center of Mass is the point where the total mass of the robot can be considered

to be concentrated. It plays a crucial role in dynamic stability.

1 n
Tcom = E Z m;r;
i=1

Where:

e Teonm . POSition vector of the Center of Mass

o m; : Mass of the i — th component

« 1; : Position vector of the i — th component

e M = Xm,: Total mass

3.3.2 Zero Moment Point (ZMP)
The Zero Moment Point is the ground point where the net moment from inertia and
gravity forces has no horizontal component. For a robot to remain balanced, the

ZMP must lie within the support polygon.

B ZeoM .. ! _ Zcom .
Xzmp = Xcom — g Xecomr Yzmp = Yeom — g Yeom

Where:

o (Xzmp, Yzmp) : horizontal ZMP position

o (Xcom, Veou, Zcon) - COM position

o (Xconm, Yeom) : COM horizontal accelerations

e g :gravity constant

3.3.3 Support Polygon
The support polygon is the 2D convex hull formed by all contact points (e.g., feet
or wheels) with the ground. Dynamic stability is ensured when the vertical
projection of the CoM falls within this polygon:
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Teom, proj EP
Where :

e Tcom, proj - 1S the ground-projected CoM position.

e P : convex hull (support polygon) formed by all contact points (e.g., feet,
wheels)
4. Key Stages of Robot Development

4.1 Mechanical Design and Fabrication

The robot’s mechanical structure was designed using topology-based
generative design in Fusion 360, with an emphasis on modularity and ease of
assembly. The design features separable components such as arms, body, and head,
along with dedicated mounts for servo and stepper motors and frames for sensor
integration. All components were fabricated using PLA-based FDM 3D printing.
This approach enabled optimized material usage, ensured structural rigidity, and
supported cost-effective and rapid prototyping.

4.2 ROS-Inspired Event-Driven Lightweight Control Framework

To efficiently handle sensor feedback and actuator control, a lightweight
ROS-inspired control framework, ESP-ROS-L.ite, was developed in C++. Rather
than a full ROS implementation, ESP-ROS-L.ite is conceptually inspired by ROS
communication principles and employs an event-driven message-queue and
callback architecture to enable real-time control. The framework was validated on
both ESP32 and Raspberry Pi platforms, demonstrating high portability and
scalability in edge-computing environments.

4.3 Al Integration and System-Level Fusion
Python-based Al modules were integrated to enable voice and text interaction
through connections with ChatGPT, Google APIs, and Copilot. In addition, real-
time face recognition using OpenCV was implemented to support user-aware
interaction, and an Al feedback loop was established in which Al outputs are

160 I Herald of Institute of Mathematics of NAS of KR, 2025, No. 2



immediately reflected in robot behavior, enabling responsive and adaptive control.

5. System Architecture

5.1 The System Architecture

The design was carried out using the mathematical formulations presented in
the previous chapter. The open-source intelligent robotics education platform
proposed in this study is a modular system that integrates mechanical actuation,
sensor-based control, artificial intelligence (Al) interaction, and ESP-ROS-L.ite - a
custom, ROS-inspired lightweight control framework conceptually aligned with
the Robot Operating System (ROS). This design supports hands-on learning
through a four-layer architecture consisting of hardware, communication, software,
and Al interface layers.

The hardware layer centers on an ESP32 microcontroller and a Raspberry Pi.
The ESP32 functions as a low-level controller responsible for real-time motor
actuation, while the Raspberry Pi serves as the main computing unit for Al
inference and high-level sensor data processing, including camera input. The
actuation mechanism employs 18 servo motors, providing four degrees of freedom
(DoF) for each arm and one DoF for head rotation, thereby enabling expressive
gestures and directional interaction. Optional DC motors can be added to extend
the system into a mobile platform.

The sensor suite includes a camera module for face recognition and object
detection, an ultrasonic sensor for distance perception, an inertial measurement
unit (IMU) for posture, vibration, and collision detection, and a microphone and
speaker to support voice command input and Al-generated audio output.

The communication layer manages data exchange among system components,
external Al servers, and user devices via Wi-Fi and Bluetooth protocols. At a
system level, this layered architecture provides a clear separation of responsibilities
and simplifies hands-on experimentation with real-time robot control and Al-

driven interaction in an educational setting.

161 I Herald of Institute of Mathematics of NAS of KR, 2025, No. 2



5.2 Software Architecture
To ensure modularity and extensibility, the ESP-ROS-Lite framework is
implemented in C++ and integrally designed with a Python-based Al interaction
system. The software architecture follows an event-driven design, employing
message queues, callbacks, and centralized state management to support real-time
control and responsive behavior.

The framework consists of a state_manager responsible for system state
transitions; a servo_motor_node controlling 18 servo motors for the head, arms,
and fingers; and a step_motor_node for high-torque actuation tasks. Sensor
integration is handled by a sensor_node, which interfaces with cameras, ultrasonic
sensors, IMUs, microphones, and LEDs. Network communication with external Al
services is managed by a wifi_comm_node, while system extensibility is supported
through a home_assistance _bridge _node for integration with home automation
environments.

In addition, the Python-based software architecture incorporates a
face_recognition_interface_node for OpenCV-based face recognition, an
ai_comm_node responsible for speech-to-text (STT) processing and
communication with large language model (LLM) APIs, and a gesture_node that
maps Al-generated text and emotional cues into coordinated robotic gestures. This
modular software design enables natural language interaction, expressive robotic
behavior, and straightforward maintenance and debugging.

6. System Evaluation

Quantitative evaluation results demonstrate the effectiveness of the system as a
core implementation of PID-based real-time control, achieving accurate and
responsive closed-loop motion control with an average positional error of 0.02 m
and an average response time of 150 ms. A communication success rate of 99.8%
further confirms the reliability of the event-based control and communication

architecture. Furthermore, the platform provides a stable experimental foundation
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for advanced control strategies, such as Model Predictive Control (MPC).
Qualitative evaluation highlights the contribution of the artificial intelligence (Al)
interaction layer and the modular system architecture, demonstrating high usability
and strong learning effectiveness through intuitive user interfaces, voice- and
vision-based interactions, and a clear separation of functional modules. The ESP-
ROS-L.ite (a custom, ROS-inspired lightweight framework) framework design also
facilitates ease of maintenance and debugging.

Las

»

[

Fig. 1. Robots developed through this research.

7. Conclusion and Future Work

In this study, a hands-on educational robot capable of real-time control was
designed, fabricated, and implemented by integrating artificial intelligence—based
speech and face recognition functionalities. The robot hardware was designed
using Autodesk Fusion 360 and fabricated via 3D printing, while the software was
developed using C++ and Python. Experimental results demonstrate that the
proposed system achieves an overall satisfactory level of performance in terms of
diverse motion execution, control accuracy, and artificial intelligence—based
services.

Future work will focus on extending the platform by incorporating high-speed and
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high-precision control through advanced control algorithms, including model-
based control, optimization-based control, and coordinated multi-joint control such
as whole-body control (WBC), as well as reinforcement learning—based autonomy.
In addition, the platform will be further integrated with advanced artificial
intelligence technologies.
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ON APPLYING OF ARTIFICIAL INTELLIGENCE IN MATHEMATICS

Pankov P.S., Kenenbaeva G.M., Tagaeva S.B.
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J.Balasagyn Kyrgyz National University

From the possible ways of using artificial intelligence in mathematics, this article examines
the presence of properties considered in Gestalt psychology. Examples are given from the
dialogues conducted by the authors with artificial intelligence based on the agency instinct,
proving the presence of the geometric integrity sense, of number sense and the ability to create
new concepts. (The ability of pattern recognition is well-known).

Keywords: artificial intelligence, real mathematics, geometry, integrity sense, number sense,
Gestalt-psychology, pattern recognition, convincing
By'J'I Makajiaga, MaTreMaTuKkaJa KacajiMa HWHTCIUICKTTH KOJIAOHYYHYH MYMKYH 0onroH
JKOJIIOPYHYH apachblHaa, ['emTanbT NCUXOJOTHUACHIHAA KapaliraH KacHUETTEpAUH Oap SKEHIUTH
kapanar. O¢(QeKTUBAYY apakeTTeHYydy WHCTUHKTTUH HETHU3MHJE aBTOPJIOPIYH KacajiMa
HUHTCJUICKT MCHCH JKYPTY3roH AUAJIOTHOPAOH T'€OMCTPUAIIBIK 6YTYHI[YK CC3MMHMHHUH, CaHABIK
Ce3UMJIMH >KaHa >KaHbl TYHIYHYKTOPAY >KapaTyy XeHAeMYHYH Oap SKEHJWIMH JalujjIereH
MuUcanaap KepcoTynareH. (YIrynepay TaaHyy ®KeHAOMIYYIYTY KaJbira OeITriyy.)

Ypyummyy ce30ep: xacaima HWHTEIUJIEKT, AapaKeTTEHYY4Y WHCTHUHKT, YbIHBITHI
MaT€MaTHuKa, IcoOMETpus, 6YTYHI[YI( CEC3UMHU, CAaHIBIK CC3UM, TICHITAJIbT-IICUXOJIOTHUA, YJII'Y
TaaHyy, bBIHAHABIPYYUYIYK

3 BO3MOXKHEIX HYTef/'I HCIIOJIb30OBAHHA HMCKYCCTBCHHOI'O MHTCIIJICKTA B MAaTEMAaTUKE, B
JIaHHOI\/II CTaTbC pacCMaTpUBACTCA HAIUYHC CBOI>'ICTB, paccMaTpuBacMbIX B T'CIITAJIBT-
IICUXOJIOTHUH. HpI/IBCJleHBI MNpUMEPLI U3 MPOBCACHHBIX ABTOPAMHU JUAJIOTOB C HCKYCCTBCHHBLIM
HUHTCIIJICKTOM Ha OCHOBC HWHCTHHKTAa ﬂeﬁCTBeHHOCTH, JAOKAa3bIBAIOIUEC HAJIUYHUEC YYBCTBa
FeOMeTpI/I‘IeCKOI\/II OEJIBbHOCTH, YYBCTBa 4YHCIIA, CIIOCOOHOCTH CO31aBaTh HOBBIC IIOHATHS.
(CnocobHOCTh pacno3HaBaHUsl 00pa30B OOIIEN3BECTHA).

KiroueBbie ciioBa: HCKYCCTBCHHBIﬁ HHTCJUICKT, pCallbHagd MaTCMaTUKa, IeOMCTpUA,
YYBCTBO INECJIBHOCTH, YYBCTBO HYHCJIA, TICIITAIBT-IICUXOJIOTUs, pPaClIO3HABAHUC 06p3.30B,

yOeTUTEITbHOCTb.
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1. Introduction

We consider real mathematics as means of communication between people, not
as abstract, pure mathematics. Our approach is supported by the following:

- there are examples of contradictions in pure mathematics, and there is no
generally accepted system of axioms and methods to prove statements on infinite
objects;

- in real mathematical works, there are no complete proofs (they would be too
long), but only "convincing” reasons;

- there is vast and important “applied mathematics” including theoretical physics
with plausible reasonings and approximate results;

- there are mathematical competitions where only “answer” is needed, and the
winner could obtain the answer in any way and beat those who tried to derive the
answer logically, with substantiation.

As the theme “Artificial intelligence in mathematics” is too vast, we restrict
ourselves with senses of thinking beings due to Gestalt-psychology.

It appeared in 1912 as an attempt to investigate or at least to name successful
thinking of human and some apes. “Das Gestalt” can be understood as “integer
image” or “urging to complete”; modern state-of-art is in [1].

Our dialogs with artificial intelligence were successful, we based on its agency
instinct: urging to do anything, not to stop, to be silent. By this reason, artificial

intelligence works quickly and often makes mistakes.
2. Geometric integrity sense

Instead of definition (except “more than pattern recognition”, a definition of
“Gestalt” does not exist), take a look on our dialogs.

2.1. We: “Do you have the integrity sense of Gestalt psychology?”
[2]: “No, I do not have an integrity sense in the way Gestalt psychology describes

human perception. I can explain Gestalt principles, but I don’t experience them.”
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We: “There is the quadrangle: (2,5)-(202,5)-(202,205)-(3,205)-(2,5). What will
you say?”

[2]: “Right trapezoid (two right angles) with parallel top and bottom but of
different lengths, left side slanted, lengths... area....”

We: “Think again™.

[2]: “Almost a 200%x200 square”.

We: “Thank you. You have the integrity sense”.

2.2. We: “There are points: (7,5); (17,12); (21,15); (34,24). What will you say?”

[2]: “These four points are nearly linear with slope about 0.7, but not exactly
collinear.”

2.3. We: “There are points: (9,9); (16,14); (30,24); (-3,26); (-15,43). What will
you say?”

[2]: “The five points are not all collinear, but they form two lines that intersect at
(9,9)”.

We: “Thank you. What will a human say about this image?”

[2]: “There are two groups of points ...”

We: “What is the angle between these lines?”

[2]: “It’s almost a perfect right angle intersection”.

Comment. Here Al independently could not detect a right angle.

2.4. We: “There are segments (7,100)-(80,99); (44,2)-(45,98). What do you see?

[2]: vast calculations... .

We: “What image do you see? “

[2]: “A tall, thin “T” shape, but tilted very slightly”.

2.5. We: “You guessed or you felt notions "almost square", "almost straight
line", "intersection of two lines"... . Please invent a new geometrical notion.”

[2]: “Notion name: "Quasi-Right Trapezoid". Definition: A quadrilateral where
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three of the angles are almost right angles (say, between 85° and 95°), but the
fourth is not, yet the shape is very close to being a rectangle if slightly skewed”.

Comment. Is it an invention? What is a mathematical invention at all?
3. Agency instinct

3.1. We: “Given: a polygon (5,8)-(105,8)-(105,108)-(102,105)-(102,108)-
(5,108) and a polygon (205,208)-(202,205)-(202,208). What will you do?”

[2]: “Fit the small triangle into the notch of the first polygon.”

3.2. We: “Given: points (13,15), (5,7), (7,9), (8,10), (20,-5), (12,14), (11,13).

What will you do?”

[2]: “A human looking at this might say: "A bunch of points in a straight
diagonal line, and one point way off by itself. " If asked "What will you do? ", a
math response might be: "... remove (20,-5) if looking for a pattern, or use it as the
distinct point in a problem. ".”

3.3. We: ”Let there be a real situation: things without letters, numbers. The
human is in it and sees it. The human is given the only command "Do!". Please
invent such task.”

[2] invented a task. We modified it to use for independent presentation [3] of no-
tions “go”, “straight”, “path”, “door”.

Task. There is a room, two lines of six pads each form a perfect straight path to
the door, some pads are noticeably off the lines and the path.

The command in unknown language: “Go!”

An extended task, according to the methodology [3], to learn new notions basing
on preceding knowledge in the language:

Task.There is a room; green, blue and yellow doors; straight paths to each doors
denoted by two lines of six pads, each form a perfect straight path to the door,
some pads are noticeably off the lines and the path. Color is chosen randomly.

The command in unknown language: “Go to the <color> door!”
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4. Number sense

The following task demands an answer only.
We: “Given Z; function F(X):=sqrt(100"2-X"2), real number V:=100/Z. Find such
natural number M that
M < S:=sum{sqrt(V 2+(F(K*V) —F((K+1)*V)"2): K=1..10"12-1} < M+2.”
(To write formulas in line is more understandable for Al).
4.1. We: “Z=10"12".
[2]: “This sum approximates the arc length of the quarter circle or something?”
(We did not respond).
[2] guessed, without estimations of errors: “157”.
4.2. We: “Z=100".
[2] made convincing, but unsubstantiated, estimations of errors and gave: “157”.
4.3. We: “Z=5".
[2] calculated and gave the right answer: “155”.
Comments. In real mathematics (in a competition), in task 4.1 a human could not
calculate S strictly with error less than 1 and could not estimate |S-n/2| strictly.
In task 4.2 a human could not improve unsubstantiated, estimations of error.
Thus, in tasks 4.1 and 4.2 Al would beat humans trying to act within the

framework of pure mathematics; in task 4.3 a draw would be.
5. Conclusion

Al can be used to detect new patterns arising in phenomena-complexes, in
computational experiments (see [4], [5], [6], [7]).

The work was carried out within the framework of the project of the Institute of
Mathematics of the National Academy of Sciences of the Kyrgyz Republic. We do
not consider logical paradoxes because they do not lead to new mathematical

results.
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TRANSFORM VIRTUAL OBJECTS

1Pankov P.S., 2Kenenbaev E., *Razakov R.

L2Institute of Mathematics of NAS of KR,
3J.Balasagyn Kyrgyz National University

Many virtual objects are to be presented on computers for scientific and educational
purposes, including independent interactive computer presentation of natural languages, are

variable. For convenient algorithmic presentation, we proposed to build interactive mathematical
models of objects. In such models, operations with domains, functional relations between points
of virtual objects were used. In the paper, changing of attributes of whole domains are proposed
to implement the perfect form of some verbs.

Keywords: virtual object, variable object, language, computer presentation, mathematical
model, independent presentation

KenrTeren »necreTmiireH o0OBEKTTEp WIMMHUNA jkaHa OwiuM Oepyy MakcaTblHAA
KOMIIBIOTEPJICPAC (aHI)IH NYNHIC TaOUTBIA TUIACPANH KO3 KapaHAbICbI3 HWHTCPAKTUBAYY
yarbUIABIpyyAa) KOJJOHYNAT. AJapiablH K33 Oupu esrepyiyydy. blHraitnyy amropurmauk
YareULIBIpYy YYYH OM3 OOBEKTTEpAMH MHTEPAKTUBIYY MaTeMaTUKAJIBIK MOAEIAECPHH KypyYyHY
CYHYIITAbIK. MLIHI[aﬁ MoAcCIaACpacC afIMaKTap MCHCH aMaiap, 3JCCTCTHIIICH O6’bCKTTCpI[I/IH
YEKUTTEPUHUH OPTOCYHJArbl (PYHKIMOHANJBIK OainaHsliTap KosgoHynaT. byn makanmana k3
6I/Ip OTUIITCPANH KAJIIIbl ©TKOH YarblH HIIKE allIbIPYy YYYH TOJIYK aﬁMaKTapI[BIH KaCUCTTCPUH
©3ropTYY CYHYILITAJIAT.

Ypyummyy cezdep: snecteTwiireH OOBEKT, ©3repyydy OOBEKT, THJI, KOMITBIOTEPAUK
HareUIABIPYY, MAaTEMATHUKAJIBIK MOJICJIb, KO3 KapaHABIChI3 YarblJIABIPYY.

MHorue BUpTyanbHble 00BEKTHI MTPEeIHAa3HAYEHBI JIJIS TPEJICTABICHHS HA KOMIIBIOTEPAX B
HAYYHbIX M OOpa3zoBaTEIbHBIX IIENAX, B TOM YHCIE JIi CaMOCTOSTEIbHOTO WHTEPAKTHBHOTO
KOMITBIOTEPHOT'O MPE/CTAaBICHNUS HAa €CTECTBEHHBIX s3bIKaX. s y100HOr0 aaropuTMHUYECKOTO
IPEJICTaBICHUsS] Mbl NPEUIOKWIA IOCTPOUTh MHTEPAKTUBHBIE MaTeMaTHYECKHE MOZEIN
00BEeKTOB. B Takux MoJeNxX MCIONB30BAIMCH OMEpalMU C JOMEHaMH, (YHKIMOHAIbHbIE CBA3U
MEXy TOYKaMHU BUPTYaJbHBIX 00BEKTOB. B cTaThe mpeanaraercs U3MEHUTh aTpUOYTHI IOMEHOB
JUI pealu3alii COBEPIICHHOTO BH/1a HEKOTOPBIX IJIaroJIOB.

Knrouesvie cnosa: BUpTyallbHBIII OOBEKT, MEpEeMEHHBIH OOBEKT, SI3bIK, KOMIIBIOTEPHOE
IpeJCTaBIeHNEe, MaTeMaTHYeCKast MOJIeNb, HE3aBUCUMOE ITPEICTABIICHHE.
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1. Introduction

One of main directions of modern informatics is construction of computer
presentations of various objects and processes for scientific and educational
purposes. Many of such objects can be presented by consequences of “shifts” or
“Drag-and-

Drop” operations.

For independent interactive computer presentation of natural languages,
presenting transforming verbs was proposed in [11]. Such verbs are more complex
than “sequences of shifts”. In [13] we noted that mathematical and computer
models of such verbs can be constructed by functional relations [12] between

points of virtual objects. In this paper we consider this item in general.
2. Review of using objects for teaching languages

At all times, travelers learned languages from inhabitants which did not know the
traveler’s native language. The method is to demonstrate objects and actions with
comments. In 1878 M.Berlitz proposed a method with is considered as “the first-
known immersive teaching method”.  Such method was improved as “Total
physical response” [1].

Winograd T. [2] proposed giving commands to a robot with such words as "table",

"box", "block™, "pyramid”, "ball", "grasp", "moveto”, "ungrasp".

If a computer presentation does not depend on the user’s knowledge and skills
on similar objects then we called it independent. Such presentations are more
effective because the user can learn a language inductively, and they begin
thinking in it, without translation in mind.

Using these ideas, we proposed [3] to develop interactive computer
presentations of natural languages [4-10], to combine the study and verification of

knowledge (understanding) in one action. Such presentations are more effective
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because the user can learn a language inductively, and they begin thinking in it,

without translation in mind.
3. Definitions

The following definitions were proposed in [4-11].

Definition 1. If low energetic outer influences can cause sufficiently
various reactions and changing of the inner state of the object (by means of inner
energy of the object or of outer energy entering into object besides of such
influences) at any time then such (permanently unstable) object is an affectable
object, or a subject, and such outer influences are commands. A system of
commands such that any subject can achieve desired efficiently various
consequences from other one is a language.

The main technique to introduce new notions (words) is “naturalness”: the
only natural action in the situation. “Alternation”, “same attributes” also used.

Definition 2. (The simplest) mathematical models consist - of fixed
(Fi) and movable (M;) sets (connected domains on display); an extended algorithm:
temporal sequence of conditions of types

(M; cF), (MjnFi=9), (MjnF=9D).

Such models are sufficient for “shifting” verbs: GIVE, PUT, TAKE, PUSH,
SHOW...

Rotatable sets, for verbs: TURN, DRAW....

Self-moving sets, for the essence “attraction”, “repelling”, “gravitation”.

Definition 3[12]. A marked set (2D-set on display) is a set (S) with
some marked points on it (xi, X2, X3 ... € S). A transformable object is a (varying)
set or union of marked sets, marked points of them are connected with functional

relations: “((x,y)”.
Conditions of types ¢(x«(M;), Xq(M;)) are added.

4. Control by user
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Definition 4. Control can be presented by a controlled differential
equation (difference equation in computer implementation). Firstly, we consider
motion of a flat object without inertia and not-self-moving objects (Definition 3).

Let SeR? be initial position of the object; S(t) be the position and shape of
the object at time t. We have the equation

y'(tz)=F(t S(t),u(t), 0 <t<co with initial condition y(0)=z €S,
where u(t) is a control function (given by the user), the function F(t,s,u) (to be
implemented by the programmer) is bounded, y(t,z): [0, x5 — R? is the
trajectory of the point z € S. Let S and S(t) be marked, defined by points z;,
Zy,...,zx€S and their images correspondingly. Then F=F(t,y1, Ya,...,y,U(t)). Values
Y1, Ya2,...,)x are to be connected with functional relations. Computer interactive
presentations are built on the base of mathematical models.

5. Mathematical models for transformable marked objects

5.1. k=2, the functional relation is dist(y,y.)=const. It can be used for verbs
ROTATE, TURN; PULL.

5.2. k=3, the functional relations are y;=const, y,=const, dist(y,,ys)=const. It
can be used for the verb BEND.

5.3. k=3, the functional relations are

dist(y1,y2)= dist(yz,y3)=...= dist(yx-1,yx)= const

It can be used for the noun LENGTH, verb BEND.

5.4. k>2. Firstly, two S; and S;. y1€S; and y, €S, . The relation is y;=y, for

any t>t;. (Or more than two distinct objects).

5.5. k=2. The functional relations are y;=const, dist(ys,y2) increases. The
verb STRETCH.

6. Mathematical models to change attributes

All points (pixels in computer implementation) have attributes.
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All points of the fixed set M have attribute A, another points have attribute

The user moves (shifts) an instrument U(t). After each motion of U(t) all
points of MU(t) change A to C. Condition: if all points of M have attribute C,

then “Yes”.

6.1. The verb ERASE. There are the set M and the instrument Eraser. C=B.

Command: ERASE! (ERASE Name(M)!)

6.2. The verb PAINT. There are the set M with color “White” and the
instruments brushes U/1/, U/2],...,U[5] with colors C/1], C/2],...,C[5], not
“White”.

Command: PAINT C[j]!, j is a random number in 1..5.

Condition: if all points of M have attribute C[j], then “Yes”.

7. Conclusion

This paper enlarges the scope of objects which can be presented interactively
in the frames of general project of developing mathematical models of various
notions for independent presentation of natural languages. We hope that such
software would be interesting and useful for people to study various objects
interactively.

The work was carried out within the framework of the project of the Institute

of Mathematics of the National Academy of Sciences of the Kyrgyz Republic.
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Mathematical modeling end Methods of Teaching Mathematics
MSC 93C85

CERTAIN ISSUES OF TEACHING PHYSICS AS A SPECIALTY TO
STUDENTS DOING MATHEMATICS AND COMPUTER SCIENCE IN
HIGHER EDUCATIONAL INSTITUTIONS

!Kadenova Batmakan Agimamatovna

2Egemnazarova Aichurok Zhakypovna
120sh State University

This research paper examines the theoretical, methodological, and practical issues of
teaching physics as a major subject to students specializing in “Mathematics and Computer
Science” in higher educational institutions of the Kyrgyz Republic. The role of physics in
mathematical modeling, computer simulations, experimental research, and interdisciplinary
connections is discussed in detail. A comprehensive analysis is provided regarding students’
cognitive challenges, teacher preparedness, the condition of laboratory facilities, the integration
of modern technologies, and motivational factors. The article also presents scientific and
pedagogical recommendations, examples from pilot projects, and prospective directions for
future research. The significance of the study lies in strengthening interdisciplinary integration
and improving the quality of professional training.

Keywords: teaching physics, mathematics and informatics, interdisciplinary connections,
mathematical modeling, computer simulation, virtual laboratory, student motivation.

byn wnumumit smrexkte Koipreiz PecnmyOnmKkachiHBIH KOTOPKY OKYYy JKaWjapblHIa
MareMaTuka KaHa I/IH(bOpMaTI/IKa AIUCTUTUHUH CTYACHTTCPUHC (1)I/IBI/IKaHBI HEIru3ru JUCHUIlJInNHA
KaTappl OKYTYyHYH TEOPHUSIBIK, YCYIAYK JKaHa IIpaKTUKaJIbIK Macelelepd Kapaiar.
MaremaTukanbik MOZACIIA06, KOMIIBIOTCPAUK MOJACIAO06, DKCIICPUMCHTAJIABIK U3HUJIAOOJIOP KaHa
JUCIUIUIMHANAD apaliblk  OailnaHbpluTapaarsl  (U3UKAaHBIH PONy KEHUPHU TaJKyyJIaHHbl.
CTyneHTTepﬂI/IH KOTHUTUBAUK MWIACTTEPU, MYTraJlMMAWH JasApAbITbI, na6opaT0p1/anIK
>Ka6;[ny1apz[LIH a6am>1, 3aMaHoOarr TCXHOJIOTHUAJIAPABIH ~ HUHTCIPpaAlUsAChl, MOTHBALIUAIIOOTY
(bakTOpIOpro KOMIUIEKCTYY Tajo0 KYpry3yjer. Makanana OLIOHAOW die WIMMHUK-
NEeAaroruKajblK CYHYIITap, NWIOTTYK JOJOOOPIOpAYH MHUCAIJapbl JKaHa KeJIeueKTeTu
M3WIIIO6JIOpAYH KeJIeUeKTYy OarbiTtapbl OepuireH. M3uminaeeHyH MaaHHCH IUCHUILUIMHAIAP

apaJIbIK MHTErpalUsHbI YbIHAO0OA0 KaHa KECUIITHK AAasipIOOHYH CallaThIH KOropyJiaTyyna Typar.
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Ypyummyy ceo30ep: (uszukaHbl, MaTeMaTHKaHbl KaHa WHPOPMATUKAHBI OKYTYY,
JUCHUTUTMHAIAP apaliblK OaillaHBIIITap, MATEMATUKAIIBIK MOJIEN166, KOMIBIOTEPIUK MOJIENI00,
BUPTYaJIBIK JIAOOPATOPHS, OKYYUyJIapIbIH MOTHUBAIUSICHI.

B nmamHOM  mccrnemoBarenbCKOW — paboTe  paccMaTPUBAIOTCA  TEOPETHYECKHE,
MCTOHOJOTUYCCKUE W IPAKTHUYCCKHUE BOIIPOCHhI IIPEIIOJaBaHHA (1)H31/IKI/I KakK OCHOBHOH
JUCHUITIINHBI CTyACHTaM, CIICUAIM3UPYIOIUMCA 10 HaITpaBJICHHUIO «MaremaTnka H#
uHpopMaTUKa» B BBICIIMX YueOHbIX 3aBefeHHMAX Koipreickolr PecmyOmuku. IloapoGHO
060y)KI[aeTCSI PpOJIb (1)I/IBI/IKI/I B MaTEMATUYCCKOM MOICIIMPOBAHUU, KOMIIBIOTCPHOM
MOACIIUPOBAHUH, OJOKCIHCPHUMCHTAJIBHBIX HMCCICAOBAHUAX W MCKIUCHUIINIMHAPHBIX CBA34X.
HpOBOI[I/ITCSI BCGCTOpOHHI/If/'I aHaJIn3 KOT'HUTHUBHBIX 3a1a4 CTYACHTOB, T'OTOBHOCTHU
npenogaBaresiell, COCTOSHUS J1a00paTOpHOTO OOOpYAOBaHUS, WHTErpaldyd COBPEMEHHBIX
TEXHOJOTHUH U MOTHUBAlIMOHHBIX (baKTOpOB. B cratbe Takke MNpeACTaBJICHbBI HAYYHO-
neaarort4ycCKuc PEKOMCHAAHUU, IIpUMCPLBI IIHUJIOTHBIX IIPOCKTOB n ICPCIICKTHBHBIC
HaIlpaBJICHUA 6yI[yHII/IX HCCHGHOBaHHﬁ. 3HaueHne HCCIICAO0BAaHHMA 3aKI0OYAaCTCAd B YKPCIIJICHUU
MG)KIIHCIIHHJIHHapHOﬁ HWHTErpaliiy 1 MOBBIIICHHUHU Ka4CCTBA HpO(l)eCCHOHaHLHOfI IIOATOTOBKH.

Knrouesvie  cnosa: mnpenopaBanue — (GU3MKM, MaTeMaTUKH ©W  HH(OOPMATHKH,
MCKIAUCHUIIIIMHAPHBIC CBiA3H, MaTEMaTHU4YECCKOC MOZACIIMPOBAHHUC, KOMITBIOTCPHOC
MOJIeJIMPOBaHUE, BUPTYyaIbHAs J1ab0opaTOpHs, MOTUBALUS CTYIACHTOB.

Today, the educational process requires ensuring the harmonious unity of
fundamental sciences and their practical application in production and society. The
connection between theoretical and practical knowledge occupies an important
place, especially in the teaching of the subject of physics. knowledge of physics is
aimed not only at providing basic scientific concepts, but also at developing an
understanding of deep physical principles that students can use in their professional
activities.

In the modern education system, teaching physics as a specialized subject for
students of mathematical and computer science specialties is one of the most
urgent and at the same time difficult tasks. Students in this field often receive an
education focused on logical thinking, building algorithms, and processing abstract

data. Consequently, the nature of physics, based on empirical, experimental, and
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theoretical modeling, may make it difficult for them to master the subject [1].

From a pedagogical point of view, there are several main issues in teaching
physics, which often arise due to students’ misunderstanding and difficulty in
perceiving abstract concepts. For doing mathematics and computer science, the
subject of physics remains abstract and theoretically complex. In addition, the
methods used for effective teaching of physics are of great importance.

Below we will talk about the questions that arise in teaching physics and
their solutions, as well as the methods used to stimulate student interest. As is
known, physics is a science that describes phenomena in nature “quantitatively and
qualitatively.” Mathematics is a “universal language” of description. Computer
science is a “computing and visualization tool.”

In the practice of teaching physics, there is a number of systemic
difficulties” that particularly affect students learning mathematics and computer
science.

- students’ inability to connect physical concepts with mathematical abstractions;

- outdated laboratory database and lack of virtual simulation;

- insufficient interdisciplinary training of teachers;

- low motivation of students (the stereotype that “physics is not needed”);

- a discrepancy between the methodological support of training and modern
requirements.

For students doing mathematics and computer science, the subject of physics
remains abstract and theoretically complex. If the relationship between physics and
mathematics is not explained properly, subjects may seem boring and confusing.
Therefore, the choice and application of pedagogical methods are of great
importance [2].

Modelling and 3D visualization should be used to increase students’ interest
in physics as a curriculum subject. Using mathematical models and interactive

platforms, it is possible to simplify the tracking of simple physics concepts by
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explaining them from a practical point of view. For example, PhET simulators
and other virtual labs designed for learning can reduce abstraction and allow
experiments to be carried out in practice.

It is often problematic to establish a connection between theoretical knowledge and
practical work in physics. Students can understand theory, but not understand how
it is used in everyday life.

Students need to explain the theory using real-life examples. Practical
examples, laboratory work, and the use of simulations can help to understand the
theory in practice. Using mathematical models, it is necessary to analyse every
aspect of each physical phenomenon individually in order to give students a stable

and broad understanding.

Subject Application in physics Example
Differential, integral Newton’s 2™ law:
Mathematics | equations, statistics, linear Fzma > md2x/d& =
algebra E(x, 1)

Simulation, data modelling, Oscillator motion modelling

Computer science T )
development, algorithmizing | with Python

Explanation of phenomena, Real experience of

Physics : _ _
experiment harmonic oscillator

For students doing mathematics and computer science, physics is often considered
using mathematical calculations and algorithms. These methods are often very
difficult for students and can lead to situations that they are not interested in. If the
relationship between physics and mathematics is not explained properly, subjects
can be boring and confusing for students.

To use mathematical methods and algorithms in physics, students need to
demonstrate them in practice using examples. Physics becomes an interesting and

useful subject for students when they demonstrate the real work of algorithms and
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mathematical models [5].

In order to increase students’ interest in the subject of physics, it is necessary to
use new educational methodologies. Interactive teaching methods are very
important here. All technologies, simulations, and virtual labs used to explain an
abstract subject such as physics to students doing mathematics and computer
science play an important role.

Methods of conducting laboratory work in physics using information technology
allow:

1) to learn to better understand physical processes and patterns, as well as to apply
the knowledge gained in practice;

2) to implement a personality-oriented approach in teaching;

3) to integrate student learning;

4) to encourage students to master a personal computer;

5) to make it possible to use differentiated teaching methods in conducting step-by-
step experiments;

6) to see the result of changing interaction models and parameters of physical
phenomena that interest him, so that students can independently create multimedia
materials for any research work.

Thus, a convenient aspect of learning using information and communication
technologies is that a student can at any time find relevant laboratory work in e—
learning, on relevant websites (Internet sources) and gain access to extensive
information. We believe this situation promotes better learning. Learning based on
information and communication technologies creates conditions for the effective
manifestation of fundamental patterns of thinking, optimizes the cognitive process.
With the help of a computer, basic mathematical and physical concepts, processes
and phenomena are visualized [7].

Mastering the concepts of physics using computer programmes, simulators

and interactive videos. For example, in PhET simulators, students can observe
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physical phenomena and processes occurring in them themselves (Fig.1l). For
students doing mathematics and computer science, such an interactive experience

encourages them to move from theory to practice.

(O voltmeter

[5/ Nirit nona ¢)

Figure 1. The phenomenon of electromagnetic induction.
Using gamification techniques to teach students skills piques their curiosity. To
make learning fun, it is necessary to introduce game elements and give interesting
tasks in physics lessons.

Students should be offered active forms of classroom work, such as
“dividing into groups and performing team tasks” in physics lessons, as well as
tests related to the topic. In addition, it is necessary to use quizzes similar to
computer games in order to be able to analyse physical concepts using options.
One should also use quizzes, like in computer games, to give students the
opportunity to review physics concepts through options.

Managing activities in accordance with students’ personal interests in
physics lessons can increase their interest. For them, explaining related aspects of
physics subjects yields better results.

Organizing activities in accordance with students’ personal interests in
physics lessons can increase their motivation for the subject. For students,

explaining physics topics in connection with their future professional orientation
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helps to increase the effectiveness of the educational process.

Giving students the opportunity to choose topics that interest them and
conduct their own research in this area will increase their learning activity. For
example, giving students the opportunity to choose relevant topics such as smart
technology or green energy can help them deepen their knowledge and develop
scientific thinking on their own.

Arranging the learning process in physics in group and individual form will
lead to learning activities through direct experience of presenting concepts.
Recommend even more appeals to students on issues they don’t understand in
order to stimulate their interest in the subject.

When teaching physics, it is very important to use new methods,
technologies and pedagogical innovations to overcome methodological difficulties.
It is necessary to back up the theory with practical examples in order to stimulate
students’ curiosity and better explain the concepts. When teaching physics to
students doing mathematics and computer science, taking these aspects into
account will be very useful for their learning process.

As mentioned above, teaching physics is especially important in the fields of
mathematics and computer science. The main purpose of this research is to analyse
the integration of mathematical and computer science methods to deepen students'
knowledge of physics. The main experimental actions in the research have been
carried out as follows:

Analysis of the effectiveness of teaching methods of physics using
mathematics and computer science.

Research method: providing students with assignments and laboratory work
in the fields of physics (mechanics, molecular physics, electromagnetism). These
tasks are standardized by data collected using mathematical models and
programming techniques.

Resources used: simulators and mathematical tools created in the field of
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physical programming (Python, MATLAB, Mathematica).

Progress and results of the study:

In the study, students were divided into three groups with follow-up. The levels of
education of students attending practical classes were compared between
theoretical and practical. The students were offered three main topics in physics:

1. The laws of conservation of energy (with theoretical knowledge and models).

2. Mechanical motion and forces in nature (through experiments and computer
simulations).

Results:

Student curiosity: According to early observations, students studying
computer science and mathematics with deep knowledge understood examples that
go through mathematical models of physics faster and more effectively. The use of
mathematical development and programming methods helped them to put their
theoretical knowledge into practice.

Applying theory into practice: Most students were able to better consolidate
their concepts when they visualized mathematical formulas in physics using
computer models.

Advantages and challenges: For some students, physics theory was too
abstract and unclear to be better understood through modeling and software.

In general, this research has led to the following conclusions:

The integration of mathematics and computer science with physics significantly
intensified the learning process of students. And the students got the opportunity to
put their theoretical knowledge into practice.

The results of the study indicate the importance of applying new pedagogical
methods and technical means of teaching physics. Traditional methods are used in
teaching physics (lecture materials, laboratory workshops, practical exercises with
analysis and problem setting, etc.), as well as the use of modern computer methods

[6].
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The use of mathematical models and simulators helps students to better understand
the basics of physics and allows them to apply them in everyday life.
Recommendations:

The key conclusion from this research is that students need to be provided
with a variety of interactive resources to apply theoretical knowledge in physics,
mathematics and computer science. Education is improved through interactive
simulations, programming courses, and laboratory work.

Along with theoretical classes, it is significant to integrate practical,
laboratory methods and methods of using simulators. This gives students the
opportunity to profoundly understand physics and apply it in their thoughts.

It is essential to expand and integrate online platforms and virtual courses for
students. Ready-made virtual courses and online resources used for programming

can help students learn on their own.
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Virtual labs (direct links)

Laboratory Subject matter Direct links
Electrical circuits https://phet.colorado.edu/sims/html/circuit-construction-
PRET kit-dc/latest/circuit-construction-kit-dc_ky.htmi
Parabolic motion https://phet.colorado.edu/sims/html/projectile-
PRET motion/latest/projectile-motion_ky.html
Harmonic oscillator  (|https://phet.colorado.edu/sims/html/masses-and-
PRET springs/latest/masses-and-springs_Kky.html
GeoGebra Vector field https://www.geogebra.org/m/xp2p2p2p
Jupyter +||[Running the Code https://mybinder.org/v2/gh/akyl-duu/physics-for-math-
Binder online info-students/main
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Calculus of variations and optimal control
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ALGORITHM FOR SOLVING THE PROBLEM OF CONSTRUCTING
DIGITAL OPTIMAL CONTROL FOR REGULATION OF
TEMPERATURE CONDITIONS OF A HEAT OBJECT
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2Kyrgyz State Technical University named after 1. Razzakov, Bishkek, Kyrgyzstan
alymzhaz@gmail.com

3Kyrgyz State Technical University named after 1. Razzakov, Bishkek, Kyrgyzstan
a.osmonkanov@mail.ru

The article proposes an algorithm for solving the problem of constructing digital optimal
control for regulating the temperature regimes of a thermal object when the liquid is heated.
Based on the theory of optimal control, the obtained optimal control functions and optimal
trajectories of the temperatures of the heater and the heated liquid provide minimal energy costs.

Key words: volume-averaged densities, specific heat capacities, convective heat transfer,
heat transfer coefficients, digital optimal control, small positive parameter, small quantization
period.

Makanasga CYIOKTYK  BICBITBUITAH/JA  JKBUIYYJIYK  OOBEKTHHHH  TeMIlepaTypalibIK
PeXUMIEPUH KOHI® cajlyy YYyH CaHApUIITUK ONTUMAlyy OallkapyyHy Kypyy MacelecuH
yeyyy airoputMu cynmymranar. Ontumanayy —Oamikapyy TEOpHSICHIHBIH — HETHU3UHJE
JKBUIBITKBIYTBIH JKQHA BICBITBUITAH CYIOKTYKTYH TEMIIEpaTypalapblHbIH ajblHIaH ONTUMAJIAYY
Oamkapyy QYHKIMsUIapbhl JKaHa ONTUMANYYy TPAeKTOPUSAJIApbl SHEPTUSHBIH MUHUMAIIYY

YbIT'BIMBIH KaMCBhI3 KbIJIAT.

Ypynmmyy  ce30ep: KeneMIyH OpPTOYO THITBI3JBITH,  CAJBIITHIPMA  KBUIYYIYK
CBIMBIMAYYJIYTy, KOHBEKTHUBIUK KBUIYYJIYK OTKOPYMAYYJYTY, JKBUIYYIYK OTKOPYMIYYIYK
KOd(pUIIMEHTTepH, CaHAPUNTHK ONTHUMaAyy Oamkapyy, KUYMHE OH [apamMeTp, KUYHHE

KBAaHTTOO MC3T'HJIN.
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B cratbe mpemsiokeH aqropuT™M PEIIeHHH 3a1add MOCTPOSHUS TU(PPOBOTO ONTHMAIBHOTO
yOpaBiIEHUS JJIsl PETYJIMPOBAHMUSI TEMIIEPATYPHBIMH pPEXUMaMH TEILUIOBOrO 00BEKTa, Koraa
HarpeBaeTcs KHUAKOCTh. Ha ocHOBE TeOpUM ONTHMAJIBHOTO YIPABJICHUS, TOTyYeHHbIE (YHKIIUN
ONTUMAJIIBHOI'O  YIIPaBJICHHA W OINTUMAJBHBIC TPACKTOPUHW TEMIIEpATypP HArpeBarcid U
HaneBaeMOﬁ KUAKOCTU oOecrieunBaeT MUHUMAJIbHEIE 3aTpaTbl SHCPIUU.

Knrouesvie cnosa: YCPCAHCHHBIC I10 o0beMaM IJIOTHOCTHU, YACIBHLIC TCIUIOCMKOCTH,
KOHBEKTHBHBIN  TEIJI000MEH, KOA(PQHUIMEHTH  TEIUIOOTAAa4YH, LU(PPOBOEC  ONTUMAIBHOE
YIipaBJICHHUC, MAaJIBII MOJOKUTEIbHBIN mapameTp, MaJIbIid epruoa KBaHTOBAHU:.

Introduction

At present, in the classical theory of automatic and optimal control, interest
in the problems of analysis and synthesis of dynamic modes of technological
processes of thermal objects has noticeably increased. Studies of problems of
energy-saving control of dynamic objects are considered in works [1-3]. A large
number of statements of optimal control problems with minimized functional are
known, taking into account energy costs, fuel consumption and their combinations
with other components, among them, works [4-7] can be distinguished. Studies of
the theory of energy-saving control problems are also considered in our works
[8,9]. However, studies on the theory of energy-saving control and the theory of
problems of analysis and synthesis of dynamic modes of technological processes of

thermal objects are far from complete, there are still many unsolved problems.

1. Statement of the problem
The set of thermal objects contains three main parts: a controlled heat source
(heater), a heated body and a shell (housing) separating the body from the
environment [2]. The following assumptions are made to construct the model:
1) temperatures of the parts of the object T, — heater temperature, T, —
temperature of the heated body, T; — body temperature, are equal to their average
values by volume;

2) for the heater and the housing wall, the averaged volume densities o4, p3
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and specific heat capacities c,,c; are used;

3) the temperature of the inner surface of the housing is equal to the
temperature of the heated body;

4) convective heat exchange takes place between parts of the object and the
external environment.

Under these assumptions, if the liquid is heated, the state of the object

relative to temperature can be written by the following balance-kinetic systems of
equations [2]: plcﬂfl% = UDI(t) — ay Fy (T, (1) — T,()),
dT,
dT, '
p3C3ly dr azF; (Tz (D) —T, (f]) - ﬂ'aFa(Ta (t) — T4(f))-

where V,, V5, V5 — are the volumes of the heater, liquid and housing; F; — is the
outer surface of the heater, F;, F; — are the inner and outer surfaces of the
housing;; @, a3, a3 —are the heat transfer coefficients of the heater and the walls
of the housing (from the inside and outside); I, U —are the electric current and
voltage of the heater, T, — is the temperature of the environment.

In this paper, we will consider the operating conditions of the
object's temperatures, which is characterized by an intensive increase in the heater

temperature, while the changes in the case temperature are insignificant, 75 (t) ~ 0.

In this state, model (1) has the form:

Lo L yoIn) - =L 1,0 +-2E 1,0, 2

dt piciVy pPzczVs PzCzVa

dl;  ayF) T l:t]_|:rJ_.FT‘J_+|:r3.!7'3.1., (t]
- 1 2 '
dt PzcaVs pPzcazVs

Let us introduce the notation: U(t)I(t) = u(t), then we rewrite system (2)
in the form of the following singularly perturbed system of differential equations:
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dTa ay Fy FagFy ay Fy
—=—-————L(t) + T, (1), 3
dt PzczVz 2( ) PzczVz 1( j ( )

dT; «a,F; a Fy 1
U—— = T.(t) — T, (t) +
at  p,Vy ° pVyt A

u(t).

Let's choose the state vector y = (I, T;)', where the prime denotes

transposition. System (3) in this case has a normal form.

y(©) = Ay(t) + Bu(1), (4)
a; Q; 0
F +agF ay F
Where A=|1 1 ) B=|(1 _ a, = ——217%m g T
(P Az I a‘i‘) (P bz) ! PzcaVa z pPzcaVa
ay Fy ay Fy 1
iy = , Ay = — ) = .
? PLVyL * pPLVy ? PV

For complete controllability of the dynamic system (4) it is necessary and

sufficient that the rank of the controllability matrix
Q= (B AB) (5)
was equal to the order of the system (4) [10], i. e. rangQ = 2.
Let the quality of the object process (4) be estimated by the functional

J = [, v @u(), (6)

where /3 — energy costs.
Since control systems with digital control devices are discrete, we will move

from a continuous model to a discrete one. Let the state vector be v(k) at the

moment of time t, = kT, where k = 0,1,---M — 1, MZ%' T >0— is a small

quantization period. Then the solution to equation (4) for kT <t < (k + 1)T has

the form
y(t) = eAC Dy (kT) + ;T e4®=? By(1)dr, (7)
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where @ = e4*~*T) _transition matrix of a homogeneous equation 7(t) = Ay(t).

Let's introduce substitutions:
t=(k+1)T, t=0+kT. (8)

Taking into account the replacement (8), functional (6) and equation (7)
have the form: J(v) =X v (kTv(kT),

9) y[(k+ 1)T] = eATy(kT) + f;" eAT-9)Bd(kT + o).
(10)

We will assume that a zero-order latch is used at the input of the object, i.e.
u(t) =v(kT)when kT <t < (k+ 1)T. Then

vk + 1)T] = &y(kT) + Yv(kT). (11)
where ® = ®(T) =e*”, ¥ = [ e47-2)Bdo.
The transition matrix @ = e“” can be determined using the formula

® = L [(pE — A)~'],_..r, Where L— Laplace transform [10]. According to this
formula we find the inverse matrix:

wE -7 = (7" p_—afxq,)_l =

p—ay Qo
Ga+aiyE (@g—a, )2 +adatg Gatai 2 (@g—di)Z+adsig
P= - 4 P=5 B s

ﬂg_ p_ﬂl

ayta,y? (ag—a,)%+4a-a, agta;? (ag—a,)2+samag
P=% - a P2 B a

p—, o
_ -AP-w? (o _A_]z_mz ' where A = a4+aJ_II w0 — w.-{ad—al]2+4aza3.
ag p—a; 2 5

(p-A)2—w? (p-A)2—w®
From the last matrix we find the inverse Laplace transform:

O(D)=e =L PE-A)7']=
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Mohot — ——2t *shet . ZHas A ohwt
Vi{ag—pa, ) +4paza; Jiag—pa, P+ipaza;
2 _ )
.- = A shwt e’ chot + ———L=L A shw
Viag—pa,)? +4paz a; y0ay—pa, )? +4pazay
(12)
At . b4 At _
where e**chwt = m, shwt = m [11]
o ) gt @t gl _ @t ]
Substituting into (12) t=KT and chwt = — shwt = we obtain

the transition matrix ®(kT) = e4*T

0. (kT) @, (kT)
%wnqmwﬂ (13)

where @, (kT) = 51 (E,UHM:IF:T + e FcT) ag—pay (E{mm]kr —{m—ﬂ]k'r)_

$mﬂ=(

@, (kT) = % (E{m+}l]ki‘" _ e—{m—j]kr)'

a
@5 (kT) = ?3 (efimmjkr _ e—(m—}l]k?‘)'

1
@, (kT) = > (€u+w]kr + E{A—w]kr)

+ % (elwrT _ g=(w-iT)
14

y = (as—pa,)* + 4ua,a;.

From (13) we have the state matrix:

_ _ AT _ @, (T) @,(T)
$_Mn_€_{%W]%ﬁﬂ 14

where @, (T) = > (e¥+e)T 4 g-)T) — = (el tT —e~lemar),

@,(T) = % (E(m+ﬁl]?‘ _ e—(m—ﬁl]?‘)- @, (T) = ? (E(M+A]T _ e—{c._:_j[):r)'
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(T) _ L asor | jGeory @ T F i —(w-2TY)
Ps 2 2y

Calculating the integral ¥ = f: e4T-9) Bdg from (11) we find the matrix of

the control function:

P(T) = (@"1 (T)) _ J‘T E,A{T—J]Bdo- — AT . f:e—ﬂaBdJ _

Y, (T) 0
©:(T) @ (TJ) T _4
= -| e “?Bdg. 15
(o i) s (15)
where:
az by A (e o —
P (1) = gy (N[ — (e dr 4 L plomir]
b, 2A 1 1
o (T [_( _ ~Q+a)T -u—er)+
@2() 2# 12 — o2 }1+w€ }L—me
+ {ﬂd_Pﬂl]bz ( 2ew . 1 e—{m+ﬂ:|T _ Le{m—j{]f‘)]'
Zpy w2-A%  w+d i —A
az b A i o —
P (1) = (N B2 [ — e (wrdT 4 2plo-dr] 4
b, 2A 1 1
+ T [—b‘ — —(A+wlT + — —'fﬂ—m]?‘) +
@4_-() 2# 2 _ o2 ﬂ,+m€ ﬂ,—me
+ ':ﬂa._.uﬂl]bz ( 2w . 1 E—{m+.-7l:|T _ Le{m—ﬂjf)].
2uy wi-A2  w+d w—2

Now we formulate the problem of controlling the temperature regimes of a thermal
object as follows: among all admissible controls, it is required to find the control

v* = v’ (kT) that transfers system (11) from a given initial state
y(0) =, (16)
to the final state y(MT) = y,, (17)

so that the functional (9) takes on the smallest possible value.
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2. Solution of the problem
The solution of the problem (11), (16) can be represented as
y(kT) = ®*y, + Lt 1Y (T)v(iT). (18)
For k = M taking into account (17) from (18) we will have
T IOM YT u(iT) =0y, o=y, — OMy,. (19)

Equality (19) expresses a necessary and sufficient condition that the function
v(t) = v(kT) must satisfy in order for the system (11) to move from the given
initial state (16) to the given final state (17). In addition, it must provide a
minimum for the functional (9) [10, 12]. Such a solution can be represented as [10,
12]

v*(kT) = P'(@"H)M-k-1C. (20)
Here the vector C is the solution of the equation
W-C=a, W=ZM loMi-1yy (@ )¥-i-1 (21)
where W — non-singular, positive definite matrix.

From equation (21) we have € = W~'a;,. Then the desired control is written

in the form
v (kT) = ¥/ (@MW 1q,. (22)
Taking into account (22), formula (18) for the state ¥(kT) will take the form
y(kT) = %y, + it 1@y (@H)* 1w 1q,, (23)
3. Algorithm for solving the problem
Now we formulate an algorithm for solving the problem of constructing
digital optimal control for regulating the temperature regimes of a thermal object

as follows: 1. The following data values are entered: V,V, — volumes of heater

and liquid; F; — the outer surface of the heater, F5 — inner surface of the case; @,
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a5 —heat transfer coefficients of the heater and the housing walls (from the inside);
21,0+ — averaged by volume density of the heater and the housing wall; c;,c; —
specific heat capacities of the heater and the housing wall; T; (t,), T; (t,) — initial
and final state of heater temperature; 15 (t,), T> (t;) — initial and final temperature

state of the heated liquid, T — small quantization period.

2. The controllability properties of system (4) are checked by calculating the rank
of the controllability matrix @ from (5). If conditions (5) are met, the transition is

made to point (3), otherwise to point 1.

3.The controllability matrix @ is formed (formulas (12) — (14)).

4. The control function matrix is formed: ¥ (T) (formulas (11), (15)).

5. Matrices W (21) and W1 are defined.

6. Optimal control v*(kT) (22) is determined, at k = 0,1,---M — 1.

7. Optimal trajectories y(kT) (23) are determined, at k = 0,1,---M — 1.

4. Conclusion

In conclusion, we note that this work examines the operating conditions of
the temperatures of a thermal object, which is characterized by an intensive
increase in the heater temperature, in the case when changes in the case
temperature were insignificant. The obtained results of the work in further studies
are used in the case when changes in the case temperature have certain values. The
results of the work can also be used to determine optimal control and optimal
trajectory under the influence of disturbances and interference.
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