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A REFINED BEHAVIOR DESCRIPTION TO THE NORMALIZED RICCI

FLOW ON SOME HOMOGENEOUS SPACES
Abiev N.A.
Institute of Mathematics of NAS of KR

The article is devoted to the Ricci curvature positivity on homogeneous spaces under the
normalized Ricci flow. We obtained some refinements to our previous results devoted to the case
of such spaces with coincided parameters showing the existence of a special value of the parameter
that separates the entire interval into the disjoint union of two subintervals. One of them represents
a narrow subinterval such that for values of the parameter chosen from there trajectories can both
enter and leave the domain of positivity of the Ricci curvature. No trajectory leaves the domain
once entering there, if the corresponding values are chosen from another subinterval.

Keywords: normalized Ricci flow, generalized Wallach space, Riemannian metrics, Ricci
curvature, dynamical system.

Makana KadmpUlaHraH YoJuax  MEUKUHIAUMKTEpUHAE OH PuuyuM  HMUpUIMKTHH
HOPMAaJIJAIITBIPbLUIraH PU4yun areIMbl TaaCUPH aCTBIH/A CAKTAIyy CypOOJIOpyHa apHaiurad. byTyH
MHTEPBAJAbl KECUIUILIOOYY KM MHTEPBAJIIbIH OMPUTYYCYHO a)XbIpaTKaH MapaMeTpIuH aTailbl
MaaHuCH Oap SKEHUH KOPCOTYY apKbUTYy YITYHAAH MEUKUHIUKTEPIUH IMapaMeTpiepH 1ajl KeJIreH
yuyypyHa apHalraH MYpPYHKY HaTbliDKamapbelObl3ra K33 OUp  TaKTOOJOPAY  alJbIK.
I/IHTepBaJ'II[ap,I[LIH 6I/Ip66CY KYYII KaHa ImapaMeTpAUH MbIH/JA KaTKaH MaaHWUJICpHU TaHAAJIraHda,
TpaekTopusuiap Puyunm MHUPUIUMKTUH OH OO0JIyCyHa KHUPHUI J1a, YbITHII Ja aTbIIIbl MYMKYH.
[TapameTpaMH 3KMHYM MHTEpBaja ’KaTKaH MaaHWIEPHHJE TPAaeKTOpUsJIap alThuiraH obiycka
Oup Kupce, Kaiipa yblra ajblIIIIanT.

Ypynmmyy ce30ep: HopManAamITHIpbUIraH PuYum  areiMbl, JKajdmblIaHrad Y oJuiax
MGfIKI/IH)II/IFPI, pPUMaHABIK METPHKA, Puyun HﬁpHJ’IHFH, JUHAMHUKAJIBIK CUCTEMA.

Cratbs IMOCBAIICHA BOMNPOCAM COXPAaHCHHA ITOJIOKHUTCIBbHOCTH KPHBU3HBI Puyuun Ha
0606].].[6HHLIX MMpOCTPAHCTBAX Yonnaxa noa BJIMAHUECM HOPMAJIMU30BAHHOI'O ITOTOKaA Puyuun. Mul
MOJIYYHJIM HCKOTOPBIC YTOYHCHUA K HAIIUM IPCALIAYIIUM PC3yJibTaTaM, IMOCBAIICHHBIM CIIY4arO
TaKUX IPOCTPAHCTB C COBIIAJAOIIUMU IMapaMETpaMu, IMTOKa3biBasd CYIICCTBOBAHHUE CIICIIUAJIBHOTO
3HAUCHMsI TlapamMeTpa, KOTOpOE pasfeiseT Lelblii HWHTEepBal Ha OO0BEAMHEHHE JBYX

HeTepeceKamuxcs HHTepBaioB. OMH U3 HUX MPECTaBIsAeT COOON y3KHI HHTEpBaJ TAKOU, YTO
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IpU 3HAUYCHUSX MapaMmeTpa, BBIOPAHHBIX OTTYJa, TPAEKTOPUM MOTYT KaK BXOJUTh B 00JIaCTh
IIOJIO)KUTEIBHOCTH KpPUBM3HBI PuuyuM, Tak M BbIXOauTh OoTTyna. [lpm 3HaueHusAx mnapamerpa,
BbIOpaHHBIX U3 JIPYyroro MHTEpBaja, TPAEKTOPUH HUKOTAA HE BBIXOJIAT U3 YIIOMSHYTOM o0nacTu,
MIONIaB B HEE OJHAXK/IBI.

Kntouesvie cnosa: HopManu3oBaHHbIM TOTOK Puuun, 0600mEHHOE pocTpaHCTBO Y 0Jliaxa,

pUMaHOBa METPUKA, KpUBHM3HA Pryum, TuHaMHu4yeckas cucrema.

The paper is devoted to study the behavior of positively curved invariant
Riemannian metrics on generalized Wallach spaces under the influence of the
normalized Ricci flow (NRF)

g(t) = —2Ricg + 2n"'g(t)S, (1)
introduced in [1], where g(t) is an one-parameter family of Riemannian metrics
on a n-dimensional Riemannian manifold, Ricg and S, are respectively the Ricci
tensor and the scalar curvature of g. Assume that G/H is an almost effective
compact homogeneous space with a compact semi-simple connected Lie group G
and its closed Lie subgroup H. Let g and b be the corresponding Lie algebras and
p is an orthogonal complement to b in g with respect to an inner product (-,-) =
—B(-,-) on g, where B is a Killing form of g. Then G/H is called a generalized
Wallach space (GWS) if p is decomposed into a direct sum p; @ p, @ p; of three
Ad(H)-invariant irreducible modules p;,p, and p;, pairwise orthogonal with
respect to (-,-) and satisfying [p;, p;] € b for all i € {1,2,3} (see details in [2] and
references therein). Every GWS can be characterized (descripted) by a triple of
real numbers (a,, a,, as) € (0,1/2]3, connected with dimensions d; = dim(p;)
viaa; = A/d; € (0,1/2], where A is some nonnegative number. Any G-invariant
metric g(-,r) on GWS and its Ricci tensor Ricg, admit the following

decompositions:
g(:) = xl('»')lpl + x2('r')|p2 + x3<°t'>|p3r (2)

Rng(',') = x1r1<-,-)|p1 + le'2<',')|p2 + x3r3<';')|p3; (3)
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where x4, x,, x5 are arbitrary positive numbers and

- 1 +ai X; X Xj
Yo2x 0 2 \xx  xiXp XX

are components of the Ricci tensor on each p,, p, and ps, {i,j, k} = {1,2,3}. Using

(2) and (3), on GWS NRF (1) can be reduced to an equivalent dynamical system

. . 1 a; Xi X Xi
where x4, x,, x5 are arbitrary positive numbersand r; = =t ;‘ (x )‘C — xz — = ; )
i Xk iXj kXi

are components of the Ricci tensor on each p,,p, and ps, {i,j, k} = {1,2,3}. Using

(2) and (3), on GWS NRF (1) can be reduced to an equivalent dynamical system

(4)

, ar‘r, + a;'r, + azlrg
X; = —2x;| 1; — — — — .
Denote by R, the set of parameters x;, x,, x3 0of the metric (2) with a positive
Ricci curvature: R, = {(x1,x5,x3) ERY | r;, >0, 1, >0, 153 > 0}.
Then Ricg > 0 is equivalent to (x4, x5, x3): = X € R,.

Denote by £ a surface Vol = 1, where Vol = x /%1 x/%x./%

is the volume
function of the metric (2). As proved in [3], 2 plays an important role as the surface
of dominant motions of trajectories of the system (5) in the case a;, = a, = a; =

a € (0,1/2) (slow motions can be neglected, because they happen along the rays

X1 =X, =x3=1>0and x; = ?a T, Xj =X, =7, {i,j, k} = {1,2,3}, always

staying in the set R.). As noted in [3] using new variables x; = X;3cand t = ti/c
the general case Vol = ¢ > 0 can equivalently be reduced to the case Vol =1 of a
system of the same form as (5) with respect to X;(t). Therefore, it suffices to
consider the set ¥ n R for studying the evolution of metrics (2) under NRF (1).
We assume x; # x, # x3 # x; In (2). Such metrics are called generic. The
evolution of non-generic metrics, i.e. metrics with x; = x;, i # j, are trivial (see [4]).
In the sequel by metrics we will mean generic metrics. A shorter phrase “a Ricci

positive metric” will mean “a metric with positive Ricci curvature”.
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In [4,5] the following result was obtained for GWS with a; = a, = a; = a:

Theorem 1 (The joint result of Theorem 3 in [4] and Theorem 3 in [5]). Let
G/H beaGWSwitha, =a, =a; =a € (0,1/2).

a) If a € (0,1/6), then NRF (1) evolves all metrics (2) with positive Ricci
curvature into metrics with mixed Ricci curvature.

b) If a € (1/6,1/2), then NRF (1) evolves all metrics (2) into metrics with
positive Ricci curvature.

Theorem 1 was proved using asymptotic ideas. The time required for metric
transfers could be as long as we want. The main result of the present article is
contained in the following theorem, where some refinements to our previous results
are obtained.

Theorem 2. Let G/H be a GWS with parameters a, =a, =a; =a€
(0,1/2). Then the following assertions hold for the metrics (2) under NRF (1):

a) If a € [a*,1/2), then all Ricci positive metrics (2) retain Ricci positive;

b) If a € (1/6, a*), then some Ricci positive metrics (2) retain Ricci positive,

(—1+3\/28+3\/§

2
3 ) ~ 0.1739051924.
12+/28+3+/87

where a* € (1/6,1/4). More precisely, a* =

Remark 1. The case a = 1/6 was studied in [4] and [6]: there exist metrics (2)
both preserving Ric > 0 and losing Ric >0 at a =1/6. It was proved in [4,
Theorem 4] that metrics (2) preserve Ric > 0 in the case a = 1/6 if satisfy
xp < x;+ x5, {i,j,k} ={1,2,3}. Metrics (2) with x, = x; +x; are known as
Kahler metrics on GWS. Theorem 6 in [6] implies also the existence of metrics (2)
that lose Ric > 0 in the case a = 1/6.

Proof of Theorem 2. a) As established in [6, Theorem 7] for the general case
of GWS with parameters a,,a,,a; € (0,1/2) and a; +a, + a; > 1/2, NRF (1)

preserves the positivity of the Ricci curvature of (2), if 6 > max{6,,8,, 65}, where

6=a,+a,+a;—05 and 6; =a; —0.5+05/(1—2a)(1+2a)7t, i=
1,2,3.
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Since 1 —2a; > 0 for a; € (0,1/2), the condition 6 > 0, is equivalent to
4(aj + ak)2 >(1-2a)(1+2a)t. At a, =a,=a;=a the latter is
equivalentto h(a) :=32a®+ 16a® + 2a — 1 = 0. Note also that a > 1/6 since
a, + a, + az > 1/2. The cubic polynomial h(a) has a real root a* between a =
1/6 and a = 1/4, since h(1/6) = —2/27 < 0and h(1/4) =1 > 0. Such aroot is
unique by negativity of the discriminant of h(a). Therefore, 8 > 6, = 6, = 64 for
all a € [a*,1/2), meaning that Ricgy > 0 forall t > 0 and every initial metric (2)
with Ricg(gy > 0.

b) For a € (1/6,a*) we have 8 < 8, = 8, = 65, hence, the conclusion of [6]
holds as well by existence of metrics (2) with Ricg) > 0 for sufficiently large t.
Theorem 2 is proved.

Remark 2. The exact value of a* can be found by Cardano’s formula. Indeed,
putting a = b — 1/6 in h(a) = 0 we get the equation b3 + pb + g = 0 with p =
—1/48 and q = —7/216, which admits one real root b* = a + 8, where a =

i/—q/z +vV=-D, B = i/—q/z —+/=D and D = —(p/3)% — (q/2)?. Since aff =

—p/3,then a* = b* —1/6 = a + 1/(144a) — 1/6 = (12a — 1)2a"1/144.

Example 1. Under NRF (1) every metric (2) with Ric > 0 loses Ric > 0 on

_k
37 6k+2

every space Sp(3k)/Sp(k) x Sp(k) x Sp(k), since a; =a,=a
according to [2] and, hence 6:? < 1/6 forevery k € N.

Example 2. Another example of GWS, where every metric (2) loses Ric > 0
by Theorem 1, is the Wallach space W,, = F,/Spin(8). Indeed, a, = a, = a3 =
a =1/9 < 1/6 for it. In the left panel of Figure 1 trajectories of the system (4) are

depicted (lines in red), that leave the domain ¥ n R, corresponding to the space

W,,. By lines in blue the boundary curves ¥ n A; are depicted of the domain X' n

7 I Herald of Institute of Mathematics of NAS of KR, 2026, No. 1



R, Where each A; means a cone, defined by the equation a(x? —x7 —x7) +

x;jx, = 0, equivalenttor; = 0in (3) for x;, x5, x3 > 0, {i,j, k} = {1,2,3}.

==z2&
,,,,,,,,

1 Y TTTIV *
i N
A “\a\\\ - ///i’ril\\\\\ N f;{iﬁp

/////

Figure 1— NRF on GWS: Trajectories of the system (4)
are leaving X N R, at a = 1/9 (left panel);
are staying in X N R, at a = 4/24 (middle panel)
both leaving 2 N R, and staying in X N R, at a = 1/6 (right panel)
Example 3. According to Theorem 2 every metric (2) with Ric > 0 preserves
Ric >0 on each of 15 spaces SO(3k)/SO(k) x SO(k) x SO(k) with k €
{2,..,16}. Indeed, since a:=a; =a, =az =k/(6k—4) due to [2], the

inequalities 1/6 < a < 1/4 are satisfied for all kK > 2. As for a > a* it has

4a*

solutions k < . ~ 16.02. In the middle panel of Figure 1 trajectories of (4) are

illustrated (in green), staying in the domain X NnR, that corresponds to

SO(3k)/S0(k) x SO(k) x SO(k) at k = 16. Indeed, a = ﬁ = % > a* for k =

16. Note that 4/23 =~ 0.1739130435.
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Example 4. Other examples of spaces where Ric > 0 is preserved are
E,/SO(8) x SU(2) x SU(2) x SU(2), E;/SO(8) u Eg/SO(8) x SO(8) located in
therows 9, 11 and 13 in Table 1 in [2], since a = 2/9 = 0.22 > a*, a=5/18 =
0.27 >a*and a = 4/15 = 0.26 > a* for them respectively.

Example 5. Infinitely many homogeneous spaces SU(3k)/S(U(k) x U(k) x
U(k)) are correspond to a = 1/6. Results are in the right panel of Figure 1. Three
yellow curves mean the parameters of the Kéhler metrics on X' {(xl,xz,xg) €

R3 | x, = x; + xj} N {(x1, %5, %3) € R3 | xy2x,x3 = 1},
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ON EXISTENCE OF INFINITE FAMILIES OF HOMOGENEOQOUS SPACES
PRESERVING/ LOSING THE POSITIVITY OF THE RICCI CURVATURE

UNDER THE NORMALIZED RICCI FLOW

Abiev N.A.
Institute of Mathematics of NAS of KR

In the article the questions of preserving or losing of the Ricci curvature positivity on
homogeneous spaces are considered. We proved that there exist infinitely many generalized
Wallach spaces on which every invariant Riemannian metric preserves the positivity of the Ricci
curvature when evolved by the normalized Ricci flow. Similarly, the number of generalized
Wallach spaces is infinite as well on which every invariant Riemannian metric loses the positivity
of the Ricci curvature.

Keywords: normalized Ricci flow, generalized Wallach space, Riemannian metrics, Ricci
curvature.

Makanaga Oup TEKTYY MEHKUHIUKTEpJEe OH PuyunM UHPUIMKTUH CaKTaJbIIIBI JKa
cakTanOalbl KOHYHJOry CypooJIop KapalThlpbulaT. MeTpuKanapblH HOPMaJAALIThIPbUITaH
Pyyun arsIMbBIHBIH TaaCUpPU ACTBIHAATBI DBOJKOUHUACHI YHypyHAA ap 6I/Ip HHBApUAHTTYY Puman
MCTPUKACHI OH Pryun HﬁpHJ’IHFHHHH CaKTall KaJl1y YCKCH3 KOIl CaHJarbl KaJIIblJIaHT'aH Yoiax
MEHKUHIUKTEpU OO0NI0OpYyH Aamwijenauk. Tyypa ymyHjaiiya, ap Oup HMHBapuaHTTyy Puman
METPUKACHI OH Puyun HﬁpHJ’IHFHHHH JKOTOTUY KaJIIbLJIAaHTaH Yonmax MeﬁKHHI{HKTepPIHHH CaHbI
J1a YCKCH3.

Ypyummyy ce30ep: HOpManmamITHIPbUITaH Pu4dM arbiMbl, OUp TEKTYy MEHKHHJUK,
JKaNMbUIAHTaH Y 0JulaX MEMKUHANTH, PrMaH MeTtpukacsl, Puaun uiipumury.

B cratbe paccMaTpruBaOTCsAA BOIIPOCHI COXPAaHCHUA NI HC COXPAaHCHUS ITOJIOKUTCIIbHOCTU
KPHUBU3HBI Puyun Ha OIHOPOJHBIX NPOCTPAHCTBAX. M1 AO0Ka3aJii, YTO CyHIECTBYCT OECKOHEUHO
MHOT'0 0000IIEHHBIX TPOCTPAHCTB Y oJllaxa, B KOTOPBIX KaXk/1as MHBapHaHTHas MeTpuka Pumana
COXPAHACT MOJIOKHUTCIBbHOCTE KPHBU3HBI Puyun B mponeCcCe 3BOJIONUNU MCTPUK ITOJ BIUAHUCM
HOPMAaJIM30BaHHOTO MOTOKA Pryun. AHaIOTMYHO, YUCIIO 00OOIEHHBIX MMPOCTPAHCTB Yoliaxa, B
KOTOPBIX KaX/1as MHBapUAHTHAas METpPUKa PuMaHa TepseT MONOKUTEIbHOCTH KPUBU3HBI Puuyn,

TOXe OECKOHEYHO.
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Kntouesvie cnosea: HOpManu3oBaHHBIA MOTOK Puyun, OZHOPOJHOE MPOCTPAHCTBO,

0000mIEHHOE TPOCTPaHCTBO Yoiutaxa, MeTpuka Pumana, kpususHa Puyun.

In [1] we studied the normalized Ricci flow [2]

g(t) = —2Ricy + 2n7'g(t)S, (1)
on a class of homogeneous spaces G /H called generalized Wallach spaces (GWS),
see [3] for definitions. The main useful feature of GWS is that every GWS can be
characterized (descripted) by a triple of real numbers (ay, a,, as) € (0,1/2]3. The
second useful feature is that any G-invariant metric g(-,-) on GWS admits the form:

g(,) = x1.( ) p, + 2205 o, + 3¢ My, X1, X2, X3 > 0. (2)

One of the important questions is if the NRF preserves the positivity of the

Ricci curvature of Riemannian metrics on a given manifold. In general, the answer
to this question turned out to be negative: the Ricci flow need not to preserve the
positivity of curvatures of metrics. In 2004, Ni showed in [4] non-compact
Riemannian manifolds with bounded non-negative sectional curvature on which the
Ricci flow does not preserve the non-negativity of sectional curvature. The positivity
of curvatures may not be preserved on compact manifolds either, as it became clear
in 2007 by Bohm and Wilking proved in [5, Theorem 3.1] the following statement:
“On the compact manifold Sp(3)/Sp(1) x Sp(1) x Sp(1) the Ricci flow evolves
certain positively curved metrics into metrics with mixed Ricci curvature”. In 2015,
Cheung and Wallach proved in [6, Theorem 2] that on the spaces W, = SU(3)/Tyax:
Wi, = Sp(3)/Sp(1) x Sp(1) x Sp(1) and W,, = E,/Spin(8) the Ricci flow
deforms certain positively curved metrics into metrics with mixed sectional
curvature. Metrics with positive sectional curvature may lose the positivity of the
Ricci curvature not only on W;,. The results of [5] were covered in [6, Theorem 9]
by asserting such a property for the Wallach spaces W;, and W,,: “There exist
homogeneous metrics of strictly positive sectional curvature on the 12 and 24
dimensional examples that deform under the Ricci flow to metrics with some

negative Ricci curvature”. However, the results of [6, Theorem 9] cannot be
12 I Herald of Institute of Mathematics of NAS of KR, 2026, No. 1



extended to the space W,. Some of them may still lose positive sectional curvature
on W, however, all retain positive Ricci curvature as proved in [6, Theorem 8]: “If
g(0) is a homogeneous Riemannian structure on a 6 dimensional example with
strictly positive sectional curvature, then under the Ricci flow it retains strictly
positive Ricci curvature”.

In 2016-2017, the mentioned results of [5,6] were generalized in [1,7] to a
special class of GWS with coincided parameters with a; = a, = a; = a € (0,1/2)
in which W, and W, and W,, are contained as the members corresponding to the
valuesa = 1/6, a = 1/8 and a = 1/9. Namely, for metrics (2) of the kind x; #
X, # x3 # x4 (called generic metrics) we proved in [1, Theorem 1] that they all lose
positivity of sectional curvature on the spaces Wy, W,, and W,,; in [1, Theorem 4]
a wider set of metrics was found on W (the case a = 1/6) preserving positive the
Ricci curvature, even losing the positivity of the sectional curvature; it was proved
in [1, Theorem 3] and in [7, Theorem 3] that all metrics (2) with positive Ricci
curvature are evolved into metrics with mixed Ricci curvature under the NRF for
a € (0,1/6), whereas the NRF evolves all metrics (2) into metrics with positive
Ricci curvature in a finite time, if a € (1/6,1/2). Note also that metrics with x; =
x;, i # j (so called exceptional metrics) admit a simple dynamics along invariant
curves of the flow, and, therefore, are of no interest. Hence, in the sequel by “a
metric”' we mean “a generic metric”.

Recently, in 2024, new results were obtained on non-maintenance of the
positivity of the Ricci curvature of some metrics on some homogeneous spaces,
when evolved by NRF. Namely, Gonzalez-Alvaro and Zarei obtained in [8] such a
result for the series of homogeneous spaces Sp(k + 1)/Sp(k —1) X Sp(1) X
Sp(1) which contain the space W, as their first member corresponding to k = 2. A
similar result was obtained in [9] by Cavenaghi et al. for the homogeneous spaces
SU(k + 2m) / S(U(k) x U(m) x U(m)), where the space Wj is contained at k =

m = 1. Results of [8,9] related to the Ricci curvature were generalized in [10] to the
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general case of the spaces SU(k + I +m) / S(U(k) x U(!) x U(m)) and Sp(k +
[+ m) /Sp(k) X Sp(l) x Sp(m) with arbitrary k,l,m € N. Due to symmetry
assume k > [ > m > 1. In [10] the other homogeneous spaces were also studied,
given in Table 1 in [3].

In [10] the results of [1, Theorems 2-4] and [7, Theorem 3] were also extended
to the general case a,,a,,a; € (0,1/2). Briefly, the questions were clarified in
[1,7,10]: on which spaces can the positivity of the Ricci curvature be preserved or
lost and does such a property hold for all metrics or only for some of them. Another
interesting question arises about the number of such spaces.

The main results of this article are described in the following two theorems
for GWS with a4, a,, a5 € (0,1/2).

Theorem 1. There exist infinitely many GWS with a; + a, + a3 < 1/2 such
that every metric (2) on every of them loses the positivity of the Ricci curvature
when evolved by NRF (1).

Theorem 2. There exist infinitely many GWS a; + a, + a; > 1/2 such that
every metric (2) on every of them preserves the positivity of the Ricci curvature
when evolved by NRF (1).

Proof of Theorem 1. Consider an infinite family of homogeneous spaces

k l
—’ a'Z i ————]
2(k+1+m+1) 2(k+1+m+1)

Sp(k+ 1+ m) /Sp(k) X Sp(l) X Sp(m) with a, =

and az = where k,l,m € N. Choose now k = [ = m. Then for the

m
2(k+1+m+1)’

infinite number of homogeneous spaces Sp(3k) / Sp(k) X Sp(k) x Sp(k) we have

a, =a, =as = ﬁ < % According to Theorem 3 in [1] every metric (2) on every

space Sp(3k) / Sp(k) x Sp(k) x Sp(k) loses Ric > 0. Theorem 1 is proved.

1
2(k+1+m+1)

[ +m) /Sp(k) x Sp(l) x Sp(m) satisfy Theorem 6 in [10], which provides a

preliminary guarantee that some metrics lose Ric > 0 under NRF (1) on every GWS

Remark 1. Sincea; +a, +a; —1/2 = — < 0 the spaces Sp(k +

with a; + a, + a; < 1/2. The condition a; + a, + a; < 1/2 can also be satisfied

14 Herald of Institute of Mathematics of NAS of KR, 2026, No. 1



by another family of homogeneous spaces SU(k+ 1+ m) / S(U(k) x U(l) x

k l
a =
20k+14m)’ 2 T 2(k+l+m)

U(m)) with a; = and a; = But Theorem 3 in

2(k+1+m)’
[1] fails for SU(3k) / S(U(k) x U(k) x U(k)) with a; = a, = a3 = 1/6.
Proof of Theorem 2. Denote a = (a4, a,, a3) and introduce the following sets
A={a| a; +a, + a; > 1/2 and NRF (1) for all (2) preserves Ric > 0},
B ={a € A | a corresponds to some GWS}.

We claim that A is an infinite set. Indeed consider the functions 8; = a; — % +

= /;;Z‘ obtained in [10], where i = 1,2,3. Clearly, 6;(0)=6;(1/2) =0 and

2

0;(a;) € (0,1). We claim that 6; = 0;(a;) < 1/6 for all a; € (0,1/2) and every

i = 1,2,3.Indeed, 6; < 1/6 isequivalentto 3\/(1 —2a)(14+ 2a) 1 < 2(2—-3a),
where a:=a; € (0,1/2). Since 1—2a >0 and 2 —3a >0 for a € (0,1/2),
raising to square and simplifying the latter irrational inequality we get an equivalent
one p(a):= —72a+ 60a? — 2a — 7 < 0. Possessing the negative discriminant,
the cubic polynomial p(a) has a unique real root. Since p(—o0) > 0 (where p(—o)
:=lim,_,_,p(a) = +) and p(0) < 0, that root must be negative. Therefore
p(a) < 0 forall a € (0,400), in particular, for a € (0,1/2). This proves 6; < 1/6.

According to Theorem 7 in [10] the condition (a4, a,,as) € A is equivalent
to 6 = max{6,,6,,05}, where 8 =a, +a, + a; —1/2. The estimate 6; < 1/6
provides an opportunity to make 8 > 6, for each i = 1,2,3 by choosing infinitely

many values of a; from the interval (2/9,1/2). Indeed,

1 2 1 2 1 1
9=a1+a2+a3—§>3-§—§=§—§=€>9i

and, hence, the conditions a,, a,, a; € (2/9,1/2) are sufficient to ensure Ric > 0.
Thus, A can be chosen equal to the infinite (uncountable) set (2/9,1/2)3.

Now we claim that B is infinite. It is well known that every GWS is described
by some triple a,, a,,a; € (0,1/2), but not every triple can correspond to a certain
GWS (see [3]). Therefore, we need to prove the existence of infinitely many triples
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(a,,a,,a3) € A that correspond to actual GWSs. A suitable example for this aim

is an infinite family of homogeneous spaces SU(21) /U(1), [ = 2 (see Table 1 in [3])

Wlth a1=l:_ll, a2:l4__ll, a3=% and 9=a1+a2+a3_1/2=1/4>1/6>

0;, i = 1,2,3. Hence, for B we can take the countable set B = {(l:—ll l;—ll,%) | 1=

2} c A. This means that there is an infinite number of GWSs on which any metric

(2) with Ric > 0 preserves Ric > 0 when evolved by NRF (1). Theorem 2 is proved.

Remark 2. Unfortunately, the spaces SO(k + [+ m)/SO(k) x SO(l) x
SO(m), k=1l>=m>=1, =2, cannot satisfy Theorem 2. According to [10,
Theorem 8] there is only a finite number of such spaces on which NRF preserves
Ric > 0 for every initial metric (2) with Ric > 0. In the exceptional case l = m =1
we have the Stiefel spaces SO(k + 2)/SO(k) on which every initial metric is

evolved by NRF into metrics with Ric > 0 as it was proved in [11].
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Geometry and topology
MSC 34A26, 35A16
PROPERTIES OF GENERALIZED DERIVATIVES OF FUNCTIONS
OF REAL VARIABLE

Muratalieva V.T., Kenenbaev E.
J.Balasagyn Kyrgyz National University,
Institute of Mathematics of NAS of KR

Local operators on non-continuous functions and the most general local operators on
functions defined on topological spaces are considered: coinciding of two functions in any
neighbor of a point implies a same value of the operator on such functions in the point. The notion
of derivative was extended to all functions in metrical spaces. Properties of such derivatives of
functions of real variable are proven in the paper.

Keywords: functional relation, local equation, generalized derivative, algorithm

Y3ryntyk QyHknmsuiap OOIOHYA IKEPTHJIMK — OTEPAaTOpJIOpP KaHAa  TOIOJIOTHSUIBIK
MENUKUHIUKTEP/IE aHbIKTANIraH QyHKIUsIap O0F0HYA 3H KaJIIIbl )KEPIHIIMK OIlepaTop-jaop KapaJar:
YCKUTTHUH KaajJdaraH aﬁHaHaCLIHHa 3KHN (I)YHKI_[I/IHHLIH JaJl KEJIHWIINW YCK-UTTCTU MLIH,Z[aI}'I
¢yHkuusiap OOloHYa omnepaTopayH Oupaed MaaHucuH Owinguper. TyyHAy TYLIYHYTY
METpPUKAJIBIK MEHKUHIUKTEPIETH OapIbIK (GYHKIUSIIAPTa KalblI-ThUIIbL.

Ypyummyy ce30ep: (GyHKIIMOHAIIBIK OalIaHBIII, >KEPTHJIMK TEHJEME, >KalbUIaHTaH
TYYHIY, aJITOPUTM

PaccMoTpeHb! JToKallbHbIE ONepaToOphbl HaJ pa3pbIBHBIMU (QYHKIUSAMH U Haubosee ooiue
JIOKAJIBHBIC OICpaTOpbl HaJg q)yHKIII/ISIMI/I, 3alaHHBIMU B TOIIOJIOTHYCCKUX IMPOCTPAHCTBAX!
coBMaJieHue IByX (QyHKIUH B JTI000H OKPECTHOCTH TOUYKH BJIEUET 3a cO00I 0O/MHAKOBOE 3HAUEHUE
oneparopa HaJl TAKUMU (I)YHKI_II/I}IMI/I B oToM Touke. IloHATHE l'IpOI/I3BO)1HOI71 OBLIO pacnpoCcTpaHCHO
Ha BCEC (I)yHKI_II/II/I B MCTPHUUYCCKUX IIPOCTPAHCTBAX. B cratbe JOKa3aHbI CBOIICTBA TaKUX

MIPOU3BOIHBIX (PYHKIIMI BEIIECTBEHHON MEPEMEHHOM.

Knroueswvie cioea. (I)YHKHI/IOHaHBHOe COOTHOIICHHE, JIOKAJIBHOEC YpaBHCHHE,

0000111eHHas TPOU3BOIHAS, AITOPUTM

1. Introduction
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The notion “local” is understood in two meanings: “infinitesimal” and “on
bounded domain”. We used the first meaning. Considered a general task on
relations between equations with global and local operators for a same function.
Obviously, a global operator involves values of the function in different points of
domain. Previously, definitions of local operators involved any kind of
smoothness of a function defined on a domain with locally linear structure.

Probably, the first local operator on sufficiently non-smooth functions was
introduced in [1]: upper and lower right and left derivative numbers of certain
continuous functions. Also, there were publications on differential operators on
“almost differentiable” (for instance, convex) functions and “differentiable almost
everywhere” functions.

Section 2 contains definitions on local operators in topological and metrical
spaces.

Section 3 connects local operators and functional relations.

Section 4 contains proofs of properties of local operators and functional
relations.

2. Local operators in topological and metrical spaces

We asked artificial intelligence about local operators.

ChatGPT responded: In mathematics, a local operator refers to a type of fun-
ction or mapping that acts on objects in a way that depends only on the information
within a small, localized neighborhood of each point in the domain. In other words,
the effect of the operator at a given point is determined solely by values of the fun-
ction (or object) within a restricted area around that point, rather than depending on
global information.

Local operators are common in fields like differential equations, functional
analysis, and geometry. For example: Differential operators are local because the
value of a derivative at a point depends only on the behavior of the function in an

arbitrarily small neighborhood around that point.
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In image processing, local filters (such as blurring or sharpening filters) apply
changes to each pixel based on its surrounding pixels, making them local operators.

In contrast, a non-local operator depends on the values of the object over a
larger or even the entire domain.

A local operator in mathematics can be strictly defined within the context of
functional analysis or differential geometry, where it typically acts on sections of a
vector bundle or functions defined on a manifold.

Definition 1. Let X be a topological space, and let E and F be sheaves of sets
(or vector spaces, or modules) over X. A local operator from E to F is a map T:
G(U,E)— G(U,F), where G(U,E) denotes the sections of E over the open set U X,
with the following locality condition:

For all open sets U <X and for all sections s, t € G(U, E), if s and t agree on
an open subset Vc U (i.e., s|v=t|v ), then T(s)|v=T(t)|v.

In other words, the action of the operator T on a section over an open set U
on-ly depends on the values of the section in small neighborhoods within U. (End
of ChatGPT’s text).

Simplifying Definition 1, we proposed [2], by our opinion, the most general
no-tion of local operator for function defined on a domain with topological structure
without any restrictions on a range. We [3] slightly improved the definition.

Definition 2. A general local operator Q of the function u:X—V, where X is
a topological space, at the point xeX satisfies the condition: if for some
neighborhood U of the point x the restrictions u; |u = uz |u hold then Q(u1, X) = Q(ux,
X).

Examples of local operators over non-smooth functions.

Definition 3 [1]. The upper right derivative number in a point X, is the upper
limit

limsup{(f(x) —(xo0))/(x—Xo)| X— Xo+0} (1)
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(if it exists). Similarly, the lower right, the upper left and lower left derivative
number are determined.
Such limits exist not for all functions.
We used a well-known technique of transforming the extended space of real
numbers into a segment.
Definition 4. We [2] proposed to change (1) to
liminf, limsup {(f(x)—(xo0))/ (x—%o) /(] f(xX)—F(x0)| /|X—X%o|+1) |X— X020}
(2)
Such four real numbers exist for all functions of real variable. These numbers may
be called “generalized derivative numbers”.
It may be generalized to functions from metrical spaces to metrical spaces.
Definition 5. Let f map a Banach space B to R; x eB; veB\{0}. Upper and lower
generalized derivative numbers by direction:
limsup, liminf {(f(x+tv) X))/ (t]|v]]) /([f(x+tv) )|/ (t][v|])+1) |t— +0}.
(3)
It may be generalized further to functions from metrical spaces to metrical spaces.

Definition 6. Two numbers
liminf, limsup{o(f(x), f(xo0))/p (X, Xo)/( o(f(X), f(X0))/ o (X, X0)+1) | X— Xo}.

(4)
Remark. We introduced the general notion of functional relations [4].
We considered the functional relation for a continuous function
u(2x)= 2u(x), x eRx. (5)
Theorem 1. Solutions of the equation (5) fulfil the local equation
Q(u,0)=a,€R, (6)
O(u,x) := limsup{measure {x’ €[X, x+h]| u(x’)=>0}/h| h— +0}; (7)
ay:= sup{ measure {xe[1-, 2]: u(x)>0}|0 <t <1/2}.

(8)

Proof. The assumption “u(x)=0" implies contradiction: we have u(l)
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=2"u(2™) for all neN, hence |u(1)| is unbounded. Hence, u(0)=0.

Consider the functional relation for a continuous function

u(2x)= -2u(x), x eR+. 9)

Theorem 2. Solutions of the equation (9) fulfil the local equation (6) with

ay:= sup{ measure {x[1-t, 2—t]: u(x)=>0}|0 <t <3/4}.
3. Properties of generalized derivative numbers

Denote in (2)
Difsup+(f, o ):= limsup {(f(x)—f(xo0))/ (x—xXo) /(| f(X)—F(X0)| /|X—Xo|+1) |X— Xo+0};
Difsup_(f, xo ):= limsup {(f(x)(x0))/ (Xx—Xo) /(] F(X)—f(X0)| /|X—Xo|+1) |X— Xo—0};
Difinf.(f, o ):= liminf {(f(x) (x0))/ (x—Xo) /(] f(X)—f(X0)| /|X—Xo|+1) [X—> Xo+0};
Difinf(f, xo ):= limif {(f(x) —(x0))/ (X—=Xo) /(] f(X)—f(X0)| /[Xx—Xo|+1) |X— Xo—0}.
Theorem 3. If k>0 then: if |Difsup (f, X0 )|= 1 then Difsup (kf, X ):= Difsup (f, o
);
if |Difsup (f, X0 )|< 1 then
Difsup (kf, xo ):= k-Difsup (f, xo )/(1+ Difsup (f, xo )(k-1)).
Theorem 4. If k<O then: if |Difinf (f, Xo )|= 1 then Difsup (kf, Xo ):= — Difinf (f, Xo
);
if |Difinf (f, o )|< 1 then
Difsup (kf, xo ):= —k-Difinf (f, Xo )/(1— Difsup (f, X0 )(k-1)).
The similar (antisymmetrical) formulas are valid for Difinf.(f, Xo ), Difinf_(f, xo ).

4. Conclusion

The work was carried out within the framework of the project of the Institute
of Mathematics of the National Academy of Sciences of the Kyrgyz Republic. We
hope that the paper would draw attention to generalized derivative numbers and such

definitions would involve new classes of functions in Analysis.
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ON INVERSE PROBLEM FOR A CLASS OF PSEUDOPARABOLIC
EQUATIONS
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In this work based on the methods of integral equations and on the basis of a new formula
for solving second-order linear differential equations with variable coefficients [19], the theorems
of uniqueness and existence of solutions for inverse problems of pseudoparabolic equations are
proved.

Keywords: Inverse problems, pseudo-parabolic equations, mixed problems, method of
integral equations, uniqueness and existence theorems .

HnTt CrpaJlibIK TCHACMCIICpANH MCTOAAOPYHA HETU3a4CJIIrcH JKaHa O3ropyJIMo
KO3 PUIHUEHTTYY SKMHYHM TAPTUOTETH ChI3BIKTYY NUp(depeHInanablK TeHIeMeIepaAn Yeuyy YUYH
kaHbl (popmynanbiH HeruzuHae [19], Oyn Makanama, mceBaOoMapaOOIMKaIbIK TEHIEMEIEpIUH
TCCKCPU MACCIICIICPUHNH YbITAPBUIBIIIBIHBIH  JKAJTBI3ABIIBI  JKaHA JKallalllbl JKOHYHIOT'Y
TeopeMalap AAJIHUIIACHICH.

Ypynmmyy ce3dep: Teckepu Macemnenep, TNCEBAONAPaOONMKAIBIK TEHAEMEEp, apalall
MaceJICICp, UHTETrPAJIAbIK TCHACMEIICP bIKMAChI, YbITaPbIIBIIIBIHBIH KaJIT'bI3ABITbI )KaHa Kalllalllbl
JKOHYHIOTY Teopemanap.

B nannoi#i paGote, OCHOBaHHOW Ha METOJIaX WHTETPAIbHBIX YPAaBHEHUH M HA OCHOBE HOBOM
bopMynbl JUId pelIeHus JUHEHHbIX Iud@epeHIuanbHbIX ypaBHEHUH BTOPOTO MOpsAKa C
nepeMeHHbIMU KodhdurmenTamu [19], moka3aHbl TEOPEMbl €TUHCTBEHHOCTH U CYIIECTBOBAHUS
pemIeHus 411 OOpaTHBIX 3a7a4 MCEeBI0NAPA00TUIECKUX YPABHCHHIA.

Kniouesvie cnosa: OOpaTHble 3a1aud, IICEBIONAPAOOTMUECKUE YpPaBHEHHS, CMEIIAaHHBIE

3ala4i, MCTOJ UHTCTPAJIbHBIX ypaBHeHHﬁ, TCOPCMbI CAUHCTBCHHOCTH U CYIIICCTBOBAHUA.
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Many problems of the theory and applications of inverse and ill-posed
Problems have been investigated in numerous works. In particular, various issues
of the study of ill-posed and inverse problems are studied in [1-18]. The basics of
the theory and application of ill-posed and inverse problems can be found in [1-4].
Inverse problems for parabolic type equations have been studied in many papers. In
particular, inverse problems for parabolic type equations with an integral
redefinition condition were studied in [5-13]. Various inverse problems for
pseudoparabolic and integro-differential pseudoparabolic equations were studied in
[14-18].

In the presented work, based on the methods of integral equations and on the basis
of a new formula for solving second-order linear differential equations with variable
coefficients [19], inverse problems for one class of pseudo-parabolic equations are
investigated. The theorems of uniqueness and existence of the solution are proved.

Consider the equations of the form
m(x,t)u, (x,t) = (Au), + k(x,t)(Au) + iai (t) f.(x,t) +
+f,(x,1),(x,t) e D =[a,b] x[0,T], (1)

with an initial condition
u(x,0) =p(x), xela,b],

(2)
and boundary conditions
u(a,t)=u(b,t)=0, t<[0,T],
3)
with additional conditions
u(x,t)=g,(t), te[0,T],
(4)
where 1=12,...,n, a<X <X, <..<X <b,
Au=u_ + p(x,t)u +q(x,t)u, (x,t)eD,
(5)
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m(X’t)’ k(X’t)’ p(X’t)lq(Xlt)! fo(Xlt)a f|(X1t) (i :1121---1 n) - known
continuous functions in the domain D, (p(X) a known continuous function in
[a,b], functions 0, (t),q,(t),...,9,(t) known continuous functions in [0, T],

functions u(x,t),al(t),az(t),...,an(t) unknown functions.

In the prezent work, based on the methods of integral equations and on the basis
of a new formula for solving second-order linear differential equations with variable
coefficients [18], the theorems of uniqueness and existence of a solution for the
inverse problems (1)-(4) are proved.

Let's assume that the approval condition is fulfilled

2(x)=9,0), (i=12,...,n),
(6)

and @(x) € C*[a,b], g,(t) eC'[0,T],i=12,...n.

Deciding on AU, we transform equations (1):

["(x) + p(x,0)0'(x) +a(x,0)p(x)] +

m(X,s)u. '(x,s)ds —

k(x r)dr

Au=e¢e

Lo k(X,T)dT
+je 5
0

(7)
_j‘ef:k(x.f)dr [Zn: a () f.(x,s)+ f (X, S)}ds

where (X,t) e D. Next, given the formula

[e 2 m(x, s)u. (x, $)ds = m(x, u(x.t) e

0

J k(x,7)dr

m(x,0)¢(x) -
_je_j:k(x,r)df [ms (x,8) + k(x,s)m(x, S)]u(x, s)ds, (8)

and introducing the notation
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f(x,) =6 2 [ + p(x,0)¢(x) + (X, 0)p(X)] -
k(x

o (X) — j e (4 s)ds, (9)

from (7) we have

u, + p(x,tu, +[a(x,t) —m(x,t)]u=
lk(X,T)d‘L'

— t(x1)-3 et

i=1 o

o, (s) f.(x,s)ds, (x,t) eD. (10)

Assume that the following conditions are met:
q(x,t) =m(x,t) +a(x,t)[ p(x,t) —a(x,t)]-17(x,t) +
Y La (xt), (xt) eD,

(11)

1(x,t) = r(t)exp{I[Za(y,t) - p(y,t)]dy}, (12)

a

where a(x,t), a (x,t), p(xt), m(x,t), f.(x,t) e C(D),
=01 2,..., n), r(t)=0 forall te[0,T], r(t)eC'0,T];

b) a,(x,t), a,(x,t), p,(x,t), m(x,t) e C(D),

Lemma 1. Let the conditions a), b) be satisfied. Then the functions

u,(x,t) = exp{—i[a(y,t) + I(y,t)]dy}, (x,t) e D, (13)

U, (x,t) = exp{—i[a(y,n -1 (y,t)ldy},(x,ﬂ <D, 1)

are the solution of the following homogeneous differential equation

U, + PO, +[ax,t) —m(x,t)ju =0,(x,t) € D. (15)

o°u.(x,1)
0°X

In this case

eC(D), i=12,
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The proof of Lemma 1 follows from Theorem 1 of the work [18].
Remark. Let in the differential equation (15)

p(x,t) = p(t),q(x,t) —m(x,t) =q(t), p*(t) - 4q(t) > 0,(x,t)  D.
Then condition a) i.e. (11) is satisfied when

a(x,t)% p().F (1) =% p*(t) —q(t), (x.t) € D,

Theorem 1. Let the conditions a) b) be satisfied. Then the Green functions

of the boundary value problem (15), (3) exist and are determined by the formula:

[ul(y,t)ezj:'(y't)dy —u, (y,t)}[ul(x,t) —u,(x,1)]
G(xy,t)=

- ,(x,y,t) e D, x[0,T], (16)
2|(y,t)ul(y,t)uz(y,t)[ezfa””“’y —1}

[u,(y,t) - uz(y,t)][ul(x,t)esz L uz(x,t)}

G(x,y,t)= ,(x,y,t) e D, x[0,T], (17)

2I(y,t)ul(y,t)uz(y,t){eZL"”)dy —l}
where D, ={a<x<y<b}, D,={a<y<x<b}. Hereare the functions
u, (X,t), u,(X,t) defined in Lemma 1, i.e. by formulas (13) and (14).

Proof. Since U (X,t), U,(X,t) are the solution of the homogeneous
differential equation (15), therefore, from formulas (16) and (17) it can be seen
that G(X,t) satisfies equation (15). Next, from the formula (13), (14), (16), (17)
let's make sure that G(0O,y,t)=0, G(b,y,t)=0 for all ye[a,b] and for
te[0,T].

It is clear that
G(y+0,y,t)=G(y-0,v,t), vy €[a,b], vt €[0,T],
where
G(y+0,y,t)= IgiLrJG(y+g, y,1),
G(y-0,y,0)=limG(y -&,y.1), £ >0.
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From (16) and (17) we get

[ul(y,t)esz"“"‘y —uz(y,t)}[a(x,t)—l(x,t)]uz(x,t)

G, (x,y,t)= .,
2I(y,t)ul(y,t)uz(y,o[e”&'”“”’y —1}
b (18)
[ul(y,t)ezfa"“’"y —uz(y,t)}[a(x,t)+|(x,t)]ul(x,t)
— - ,(x,y,t) e D, x[0,T],
2|(y,t)ul(y,t)uz(y,t)[ezfa"”)“y —1}
G (xy.t) = [u(y.t) ~u, (v O] ~1(x.H]u, (<) _
2l(y,t)ul<y,t)u2(y,t)[e”a"”"“ —1}
19)

B O R ) il YC R IC5) I SOt

2I(y,t)ul(y,t)uz(y,o[ez‘f 0 —1}

By virtue of formulas (18) and (19), we will make sure that
G, (y+0,y,t)=G (y-0,y,t)+1, forall (y,t)eD.
Thus the function G(x,y,t) defined by formulas (16) and (17) is the Green

function of the boundary value problem (15), (3). Theorem 1 has been proved.

By applying the Green's function G(x,y,t) defined in Theorem 1, from (10)

and (3) we have

u(x.t) = zlj p.(x1,5)z, (s)ds + F(x,1), (x,t) €D, (20)

where -
p,(,5) =—[G(x, y,e Lt (y,9)dy, (j=L12....1), (1)
F(x,t)= j{G(X, y,t) f (y,t)dy, (x,t)eD. (22)

Substituting x=x, (i=12,...,n) and by virtue of condition (4), from (20) we get
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jQ(t,S)a(S)dS =p(t), te[0,T], (23)

where
9. (t,;s) 0,(ts) ... q,(t,s)
Q(t,s) = q21(t’s) qzz(t’s) q2n(t,s) ’ (24)
0 (t;8) 0, (L,S) - Q,,(L,5)
A =(B.0),50),..51), at)=(a 1), a,),...a,1)",
qij(t’S): pj(xi’t’s)’ IBi(t):gi(t)_F(Xi’t)’ (25)
(.j=12 ...n).

It is clear that system (23) is a system of linear integral VVolterra equations of the
first kind.

Theorem 2. Let the conditions a) b) and detQ(t,t) =0 forall te[0,T],
where the matrix- function Q(t,s) is determined by the formula (24), (25) and
(21). Then the inverse problem (1) - (4) in space C**(D)xC_[0,T] has a single
solution (u(t,x),(t)). Here the vector- function «(t) is defined from the

following system
a(t) = jQ‘l(t,t)Q{ (t,s)a(s)ds+Q*(t,) B (1), t €[0,T], (26)

where Q7'(t,t) isthe inverse matrix to the matrix Q(t,t) for t<[0,T], B (t) isa
derivative of a vector function A(t), the matrix function Q(t,s) and the
vector- function £(t) determined from the formula (24), (25), (21) and (22).

Unknown function u(t, x) is defined from the formula (20).
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Proof. In this case, it is clear that the system (23) is equivalent to the system

of linear integral Volterra equations of the second kind (26). Therefore, the system

(23) has a single solution

a(t) = (al (t)’ a, (t)’ e (t))T

in space C [0,T]. Next, from (20) we define u(t,x). Theorem 2 has been proved.

7.
parabolicheskim urabnenii s uslobiem integralnogo pereopredelenia //
Matem. zametki., 2005, vol.77, no 4, pp.522-534.
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ONE CLASS OF LINEAR INTEGRAL EQUATIONS OF THE THIRD
KIND ON THE SEMI-AXIS

lKadenova Z. A., 2Bekeshova D.A., 3Sultanmakhmutova G.S.

L2Institute of Mathematics of NAS of the Kyrgyz Republic
Kyrgyz State University named after |. Arabaev

In the present article the theorem about uniqueness of Fredholm linear integral equations
of the third kind on the semi axis, with method of nonnegative quadratic forms and functional
analysis methods.

Key words: linear integral equations, third kind, the semiaxis, uniqueness of solutions.

Byn makamana Tepc amec KBaIparThik popmanap yCcyayHyH, G YHKIIMOHAIABIK aHATU3TUH
YCYJIAapbIHbIH KapJdaMbl MCHCH JKAPBIM OKTOIr'Y YYYHYY TYPAOI'Y CBI3BIKTYY HHTCIPpAJIABIK
TCHACMCIICPUHUH YCUUMACPUHUH KAJIT'bI3AbITbI JAJTHIIACHAU.

Ypynmmyy ce30ep: H CBI3BIKTYy HHTErpalJIbIK TEHAEMENep, YUYHUY TYPAOry, >KapbIM OK,
YCUUMACPHUHUH XAJITbI3ABITbI.

B HaCTOHH_Ieﬁ CTaTbC AOKa3aHa TE€OopeMa O CANMHCTBCHHOCTU JIMHENHBIX HHTCTpaJIbHBIX
ypaBHeHI/Iﬁ TPETHETO poOda HA IOJIYOCH C HCHOJB30BAHUCM MCTOAA HCOTPULATCIBHBIX
KBaJIpaTUYHBIX (JOPM U METOA0B (DYHKIIMOHAIBHOTO aHAIU3A.

Knrouesvie cnoea. JIMHEHHBIE HHTCIrpajbHbIC YpaBHCHHUA  TPETHETO poaa, IOJIyoCh,

CANMHCTBCHHOCTD pemeHHﬁ.

1. Introduction

Many problems of the theory of integral equations of the first kind were
studied in [1-12]. But fundamental results for Fredholm integral equations of the first
kind were obtained in [11-12], where regularizing operators in the sence of M.M.
Lavrent'ev were constructed. Rezults on non-classical Volterra integral equations of
the first kind can be found in [1]. In [2,6], problems of regularization, uniqueness
and existence of solutions for Volterra integral and operator equations of the first
kind are studied. In [13], for linear Volterra integral equations of the first and the
third kind with smooth kernel, the existence of multiparameter family of solutions

was proved. In [4,5], on the basis of theory of Volterra integral equations of the first
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kind, various inverse problems were studied. In [8], uniqueness theorems were
proved and reqularizing operators in the sense of Lavrent'ev were constructed for
systems of linear Fredholm integral equations of the third kind. In [10], problems of
uniqueness and stability of solutions for linear integral equations of the first kind
with two independent variables were investigated. In [3, 9], based on a new
approach, the existence and uniquenes of solutions of Fredholm integral equations
and the system linear Fredholm integral equations of the third kinds were studied.
In the prezent paper, on the basis of the method of integral transformation,
uniqueness theorems for the new class of linear integral equations of the third kind
in the semiaxis were proved.
2. The linear integral equations of the third kind

Consider the linear Fredholm integral equations of the third kind

m(t) + [T k(t, s)u(s)ds = f(t) (1)

where the u(t) is the desired function on (—oo,+0), m(t), f(t) is the given

function, is the continuous on (—oo, +00)

A(t,s), —o<s<t< 4o
B(t,s), —o<t<s< 4o

Kt s) = | 2)

the given functions A(t,s) and B(t,s) are continuous on the domain
G={(ts): —o<s<t<+ow}

Let C(—o0, +00) denote the space of all functions continuous on (—oo, +0). Here

C(G) denote the space of all functions continuous on G.
We introduce the notation
H(t,s) = A(t,s) + B(s,t),(t,s) €G (3)

Assume that the following conditions are satisfied:
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(i)H(t,s),H{(t,s),Hi(t,s),H{.(t,s),€ C(G),a(t) = lim H(t,s),
t €(—o0,+), a(+x) > 0,a(t) € C(—o0,+),a’'(t) < 0forall t € (—o0,+0),

Hs(t,s) < 0 for all (t,s) € G,a’(t) € Ly(—00,+),B(s) = Hg(+00,5) = 0 for
all s € (—oo0,+00),L(s) € C(—0o0,+0) N Ly (—00, +00);

(i) Sup |H(t,s)|<1<oo, Sup [ |Hi(t s)lds < 1; < oo,

(t,S)EG tE(—oo,+oo)

H{s(t,s) € L1(G), Sup |Hg(t,s)| <y(s) € Ly(—00, +0);

te(s+m)
(iii) At least one of the following three conditions holds:

1) a(t) < 0 foralmost t € (—oo, +0);
2) B(s) > 0 foralmostall s € (—o0, 4+00)
3) H.(t,s) < 0 foralmostall (t,s) € G.
Theorem. Let conditions (i), (ii) and (iii) be satisfied. Then the solution of the

integral equation (1) is unique in L, (—oo, +0).

Proof. Let u(t) € L,(—o0,+) be a solution of the integral equation (1). By virtue

of (2), we can write of the integral equation (1) in the form
m() + [ At )u(s)ds + [ B(t, s)u(s)ds = f(t) (4)

Multiplying both sides of the equation (4) by u(t) and integrating over the domain

(—o0,+0), we obtain.
P m@Euyde+ 7[5 A s)uls)ut)dsdt +
+ 2 [T B Huu®dsdt = [ fOu)d. (5)
Applying Dirichlet’s formulas to (5) and taking into account (3), we have
[Fom@u®dt + 57 [ HEsu)dsu®)dt = 1 fu)dt  (6)
We shall introduce the notation
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z(t,s) = fstu(v)dv, (t,s) EG (7)
Then from (7), we obtain
dyz(t,s) = —u(s)ds, z(t, syu(t)dt = ~d(z2(t,s))  (8)
Let us transform the integral on the left hand of the identity (6). Taking into account
(7), (8) and integrating by parts, we have

jmm(t)u(t)dt + f+ooj H(t, s)u(s)u(t)dsdt

= j+wa(t)z(t,—00)u(t)dt + j+oojt H (t,s)x(t,s)u(t)dsdt
Hence, applying Dirichlet’s formula, we obtain
[2m@udt + [ 5 HE u()u®dsdt = 2 [*7 a(t)d (2 (t, —)) +
LI Hy (6,9)de (238, 5))] ds = S a(+00)z2 (+00, —00) —

3 e & (©2%(t, =00)dt + 5 [ B(s)2% (+00, 5)ds —

T T HE (L )22 (L, s)dtds 9)
Taking into account (6) and applying Dirichlet’s formula from (9), we have

[77 m©ut)dt + > a(+00)z%(+00,—00) — = [ 77 a(t)z2(t, —00)dit +

~ [T B()z2 (+oo,5)ds — < [1 [FHU(t $)z2 (8, s)dsdt = [ f(Ou(t)dt
(10)

Suppose that f(t)=0 for t € (—oo,40). Then, taking into account conditions
(i), (ii) and (iii), we see that (10) implies

t +00
f u(t)dr =0, t € (—oo, +00),f u(t)dt =0,s € (—oo,+0)
— <

or
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J u(t)dt =0, (t,s) €G

Therefore, u(t) = 0 forall t € (—oo, +).
The theorem is proved.

Remark 1. If B(s,t) = 0 forall (¢t,s) € G, thenthe integral equation (1) is the linear
integral equation of the first kind. In this case the assertion of the theorem is true
for H(t,s) = A(t,s),VY(t,s) €G

Remark 2. If A(t,s) = 0 for all (t,s) € G, then the integral equation (1) is the
linear integral equation of the first kind. In this case the assertion of the theorem is
true for H(t,s) = B(t,s),V(t,s) € G.
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ON THE BOUNDEDNESS OF SOLUTIONS OF FOURTH-ORDER
LINEAR INTEGRO-DIFFERENTIAL EQUATIONS ON INFINITE
DOMAINS

Abdukarimov A.M.
Institute of Mathematics of NAS of the Kyrgyz Republic

This article studies the boundedness of solutions to partial differential equations on infinite
domains.

Key words: limitations, integration by parts formula Dirichle, integration.

byn makanana uyekcus obnacTrapia KapajraH Xekede TYYHAYINyy AuddepeHlHnanabK
TCHACMCIICPANH YCUUMACPUHUH YCKTCITCHANUT Y U3UJIICHECT.

Ypyummyy ces0eop: 4eKTeNreHauK, O6JIYKTeIl MHTErpainnoo, JupuxieHuH Gopmylachl,
HHTETPAII00.

Cratbsa MOCBAIICHA HUCCIICAOBAHUIO OI'PAHUYCHHOCTHU peIJ_IeHI/Iﬁ ypaBHeHI/Iﬁ B YaCTHBIX
IMPONU3BOJAHEBIX, 3aJaHHBIX HA OECKOHEYHBIX 00JIaCTIX.

Knrouegvie cnosa: OrpaHMYEHHOCTb, HWHTETPUPYSA MO YacTaMm, ¢opmyisl Jupuxie,

HHTCTIPHUPOBAHUC.

The issue of the boundedness of solutions to integral and integro-differential
equations on the half-line on infinite domains is also considered.

To demonstrate the boundedness of a solution, the method of nonnegative
quadratic forms is used.

Sufficient conditions for boundedness on unbounded domains of a solution
with zero initial data are established in the case where the free term belongs to the
space of square-summable functions for a partial differential equation of order
[number of squares]. Lemmas on integral transformations are applied, and V.

Volterra's methods and the method of nonnegative quadratic forms are developed.
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M(t, X)U,, (£, X)+ 1(t, XU, (£, %)+ N (t, XU, (t, X)+ K (t, X)u, (8, X) +a(t, x)u, (t, x) + b(t, x)u, (t, X) +
+c(t, x)u(t, x) = f(t,X)(t,x) e G ={(t,x)/0<t <o, 0< X <o}

1)
with conditions
u(,x)=0 x e[0,4+o0] *)
ut,0)=0 te[0,+0]
Uy (0,X) =0 X &[0,+0]
f(t,x) e L,(G) nC(G) )

Where M@, x), I(t,x) u(t, x), k(t, x), a(t, x), b(t, x), c(t,x), f(t,X) = known
continuous functions, Y&~ unknown function by domain Gx = 0<s<t,0<y<x]
Theorem. If conditions (*), () a) of the function are satisfied

m(t, x), I(t, x), N(t, x), k(t, x),a(t, x), b(t, x), & (t, x) b, (t, ), ¢, (t, X), C, (t, X), C,, (t,X) € C(G); N(t,x) >0

m(t,x) >0, I(t,x) > 0 K(t,x) > 0,1, (t,x)< 0, K(t,x) > #>1, N, (t,x) <0
N(t, x) > 0,k(t,x)>0,m'c(t,x) < 0,k(t,x) > £ >1,N'x(t,x)<0

I(t,x) >0 K(t,x) >0, 1,(t,x)<0, K(t,x) > #>1, N (t,x) <0

a(t,x) > 0,a't(t,x)<0,b(t,x) > 0,b«(t,x) < 0; m?(t,x) =, (t,x) N (t,x) <0
B) ¢, (t,x)<0, c,(t,x)<0, ct,x)>a >0, c,(t,x)>0

¢*(tx)-a, b, (L) <0, o (t.X)eGithen equation (1)-(*) has a unique solution in

the space of continuous and bounded functions with their derivatives €(©).

Proof: Let's make the following substitution.

u(t,x) = _t“X',Q(s, y)dyds
00 (2)
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Substituting (2) into (1) we have:
m(t, X)9,, (t, X)+1(t, x) 9 (t, x)+ N(t, x) 9. (t, x) + K(t, x)t, x) +

+aft, x)jg(s, x)ds + b(t, x)_|x'l9(t, y)dy + C(t, x)j“x'g(s, y)dyds= f(t,x)t,x)e G

3)
We multiply both parts of identity (3) by and integrate over the domain
G l0<s<t,0<y<x} Then

m(s, y)9, (s, ¥)&(s, y)dyds+ [ [1(s,y) . (s, y)(s, y)dyds+ [ [ N(s, y)&, (s, y) (s, y)dyds +

O —_—
O ey <

K(s, y)9* (s, y)dyds+ b(s, y)9(s, ) (s, y)dzdyds+

O ey <

t x
a(s, y)9 7,y 9(3 y)drdyds+”
00

[ ——

|

+
O —_— —~
O Ly <
O ey

+ﬁﬁC(s y)S 7,2 3(3 y)dzdzdyds = j'JX' f(s,y) (s, y)dyds;
0000 00 (4)

Further, using Lemma 1. Lemma 1. For (4) any differentiable functions KW

o _ KWWS'=1(KW2)'S—1K;W2;
the ratio is valid 2 2

Using the integration by parts formula and the Dirichlet formula, we transform the

left side of relation (4). We have

15,¥)9, (5, )9(5, )dyds =~ J165:0(9t5, ) 05 - . J[1: s ayes

[< ) S—
O Ty <

[[NGs, y)9 (s, )9G5, y)dyds = = j N(t, y)(9(t. ) dy - j j N, (s, Y)((s, y)) dyds;

The question of uniqueness and belonging of the solution to the space of
continuous and square-summable functions for linear integro-differential equations
of Volterra type on the half-line was considered in the work [1]. For linear integral

43 I Herald of Institute of Mathematics of NAS of KR, 2026, No. 1



equations of VVolterra type of the first kind on the half-line, this question was studied
in the work [3].
For functions of two independent variables, similar issues were studied in [2].
The boundedness and stability of solutions to weakly nonlinear second-order
Volterra-type integro-differential equations on the half-axis were considered in [4].

j ﬁa(s Y)9(z,y)8(s, y)ddyds = j j as, y)“ 4z, y)dr}“ 9z, y)dz} dyds =

S

:%!a(t, Y)US(T, y)drj dy—%!!a's (s, y)('([g(r, y)dr] dyds;

ﬁb(s y)9(s, 2)9(s, y)d rdyds = j j b(s, y) j g(s,z)dzﬁls?(s, z)dz} dyds =

y

O t—

2

=%':[b(s,x)(.(x|:8(s, z)dz] ds—%ﬁb;(s,y) i&(s,z)dz dyds;

Further, using Lemma 3

va;y = %(Cvz);y —%(C;VZ)'y —%(C'yvz)i5 +%C;yvz —Cv'yv;;

Im s y& (s, Y)I9(s, y)dyds——m(t x)(S(t x) ——_[m (s,%) 3(5 x) s——jm (t,y)x

[ S——

xSt y)fdy+ 3 j j m, (5, Y)(9(s, y)) dyds - j j m(s, )9, (5. Y9 (5. y)dyds,

H(z, z)dzdr}ﬁf&(a z)dzdr:l dyds =

sy

O ey <

HC(S y)9(z, 2)9(s, y)dzddyds = j j C(s, y)ﬁ

[ E—
O ey <

2

:%c(t,x)mg(r,z)dzdr] —%ic;(s,x)mg(r, z)dzdr} ds—%ic;(t,y)mg(r,z)dzdr} dy+

+

j-I-CQy (s, y)ﬁf&(r, z)dzdr:l dyds— j‘Jx‘C(s, y)l:Jy- 9(s, z)dz}ﬁ‘ 9(z,y)d r}dyds;

N |-

®)

(4) We rewrite the equality in the following form
44 Herald of Institute of Mathematics of NAS of KR, 2026, No. 1



%m(t, (99 - = j M. (s, %)(9(s, X))?ds —% [m, & y)(9ct, 0 dy +

—+

N |~

[ [ (86, ) —2m(s, )8, (5, 1) (5.y) -

N |-

jjmsy 8(5 y) dyds+
00

N (5,86 ) favds+ £ 15,006 0 8+ £ NG (o yF oy +

+ Ij; k(s, y)&* (s, y)dyds+ %{i a(t, V)U).S(T, y)d TJ dy + Ib(s, X)U)X'S(s, z)dzJ ds—

2

_j)'cé(s,x)@.:[g(r,z)dzdr} ds—J:C'y(t,y)@i&(az)dzdr} dy}+%C(t,X)H_I.S(r,z)dzdr} +

+

N |-

H{ a, (s, y)U&(r, y)er —2C(s, y)U@(r, y)drjﬁ (s, z)dZJ —b, (s, V)US(S, Z)de }dyds +

+ iCQ{ﬁS(r,z)dzer dyds=ﬁf(8, y)3(s, y)dyds

O t—

(6)

Due to conditions a)-c), the left-hand side of relation (6) is non-negative. Therefore,

the following inequality follows from this

_t[j'k(s y)F (s, y)dyds+—U_X[19(s, y)dyds] sj'_xff(s, y)9(s, y)dyds
00 00 00 . (7)

Then, by virtue of substitution (2), this is equivalent to the inequality

[t y)dyd{.

':[:[k(s,y)gz(s, y)dyds+%u2(t,x) < .

We further have

t X t x
(s, )9(s, y)dyds < % [] 25, y)ayds+ % []9° (s, yyds
00 00

O ey —+
O ) <

Taking this into account, from (8) we have
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O t—y

JX'[ZK(S, y) —1}9%(s, y)dyds+ au®(t, x) < jj f2(s, y)dyds. 9)
K(t,x)>B>1.

f2(s, y)dyds.

[ ———

I[Zﬂ ~1]9%(s, y)dyds+ au®(t, x) < j'

O ey <

From here, by virtue of condition (f), we have

au® (t,x) < [ [ £2(s, y)dyds < on,
00

uz(t,x)sljj f2(s, y)dyds.
aOO

Hence YtX) Jimited at (%) <G Thus, the theorem is proven.
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PROOF OF THE UNIQUENESS OF THE SOLUTION OF THE CAUCHY
PROBLEM FOR FIRST-ORDER QUASILINEAR DIFFERENTIAL

EQUATIONS WITH THE ADDITIONAL ARGUMENT METHOD
'Egemberdiev Sh.A., ?Belekov K.J.

YInstitute of Mathematics of the NAS of Kyrgyz Republic
2Kyrgyz State University named after 1. Arabaev

Komrymya aprymMeHT BIKMachlH KOJIJOHYY MeHEH Oamrankel Komm mapTel KorosiraH
KBA3UCBI3LIKTYY III/I(b(i)epeHIII/IaJIIIHK TCHACMCHUH YbITapbLJIbIIITBIHBIH JKamambIH JKaHa
JKAITBI3ABITBIH JAJIUJIA00.

MakataHbIH MaKCaThl: KomrymM4a apryMCEHT bIKMACBIH KOJIJOHYY MCHCH Oamrranksl Komn apThI
KOIMyNraH KBa3HCHI3BIKTYY Au(depeHnnanIpik TeHAEMEHH W3WINOOHYH HETH3UHJE Kapaira
MAaCCJICHHUH YbITapbUIbIINIBIHBIH JXalllalllbIH KaHa KaJITbI3AbII'bIH KOPCOTYY.

Ypynmmyy ce3z0ep: koumlymua aprymeHt, Oamrankel Komm mapTel, KBa3HCBHI3BIKTYY
muddepeHIMaNAbIK TeHIeMe, HHTETPAIbIK TeHIEME, Yaaalalll >KaKbIH/IO.

HpI/IMeHeHI/Ie METOda HOIOJHHUTCIBHOI'O apTyYMCHTA B NOKA3aTCILCTBC O CYIIECCTBOBAHUC
U €IMHCTBEHHOCTHU PEellIeHNE KBAa3WIMHENHBIX JU(depeHINaIbHbIX YPaBHEHHH IEPBOro Mopsika
C HA4YaJIbHBIM YCJIOBHUEM Komm.

]_[eJ'IB ctaTtbu: IlokazaTh MNPUMCEHCHUC METOJa NJOIIOJHUTCIIBHOTO apryMEHTA ITPU JOKA3aTCIIbLCTBC
0 CyHICCTBOBAHHC U CIMHCTBCHHOCTHU PCIICHUC KBa3MJIMHEHHBIX I[I/I(l)(bepeHI_[I/IaJ'IBHBIX ypaBHeHI/Iﬁ
MEPBOro nopdaakKa ¢ Ha4aJdbHBIM YCIIOBUEM Komm.

Knrouesvie cnoea. ,ZIOHOJIHI/ITGJ'IBHI)II\/II APTYMCHT, Ha4YaJIbHOC YCJI0BUEC KOHH/I,
KBa3uJIMHENHOE I[I/I(I)(bepeHI_II/IaJ'IBHOC YpaBHCHHUEC, UHTCTPAJIbHOC YPABHCHUEC, ITOCIICAOBATCIBHOC
npubIIMKeHue.

Application of the method of additional argument in the proof of the existence and
uniqueness of the solution of quasilinear differential equations of the first order with the Cauchy
initial condition.

Purpose of the article: Show the application of the additional argument method in proving the
existence and uniqueness of the solution of first-order quasilinear differential equations with

Cauchy's initial condition.
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Keywords: additional argument, initial Cauchy condition, quasilinear differential equation,
integral equation, successive approximation.

In the paper [5] a first-order quasilinear differential equation with an initial
Cauchy-type condition of the following form is considered:

ou ou ou
— +a,(t,x,y,u)— +a,(t,x,y,u)— = f(t,x,y,u 1
o Fatxyu)— +ay( y)(,3y (t,x, y,u) 1)

u(0.x,y)=e(x.y) (2)
te[0,T], T=const, (x,y)eR2

Using the method of an additional argument, problem (1)-(2) is reduced to systems

of integral equations:

P51 X, Y) = X— [, Py (%, V), PVt X, )WL X Y)Y,
Pa(s.t % Y) = Y [a,(V, Py (V. X, Y), P (vt X, y), W(v,t, X, Y))alv. (6)

X—jal(v, P, (V,t, %, Y), P, (V. 1, X, ¥), W(v,t, X, y))dv,
w(s,tx,y)=¢ ° +

t

Y= [2,(v, PVt X, Y), P, (vt X, ), WV, X, Y))dv

+i f (V’ pl(V’tv X’ y)1 p2 (V’tv X’ y)!W(V’t! X’ y))dV . (7)

The equivalence of problems (1)-(2) and (6)-(7) is proved.
In this paper, we prove the existence of a continuously differentiable, bounded
solution to the system of integral equations (6)-(7) from [5], thereby proving the
existence of a solution to the problem (1)-(2) [5].

To do this, we introduce the following notation and definitions:
We will denote by C(Q,) and C%v%2*(Q,) —spaces of functions defined and
continuous (respectively, together with their derivatives up to the order «; by i — the

argument, i=1,2,...,n on some subset £, Euclidean space R™ , n=1,2,...).

0a;($1,$2,$3,54)
ai’(]')(fli er 53' 54) = %’
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Of (61,6263, ._
fi() (1,862,863, 84) = %Zj&m, J]=1,2,3,4.

Q[T, K]=[0, T]xR?x[-K, K] where K is an arbitrarily fixed positive number.

M¢(K) = max {Sup|fi|, suplfipl, = 2,3,4} :
Q(T.K) Q(T.K)

M,(K) = max {Sup|ai|, supla;pyl, = 2,3,4} .
Q(T.K) Q(T.K)
We will also use the previously introduced notation N,.
Let K be fixed so that K> N,,. For any function feC(Q(T, K)) one can specify a
number T(K) such that the inequality N,+T(K) M;(K)<K.
Without loss of generality, we assume that the constant K is chosen in such a way

that T(K) has the maximum possible value, i.e.

Ms(K)

T = supT(K) = sup
Ke(Nyp,) Ke(Nyp,)

Let us now make a change in the system of equations (6)-(7), setting:
q1 = X — P1,
2 =Y — P2 -
Then we arrive at the following system of equations:
au(stxy) = [ a@x—a@Lxy),y - 0 L%y, wr,txy))dv,
(1%)
q2(s, t,x,y) = fst a;(v,x —q(v,t,x,y),y — (v, t,x,¥), w(v, t,x,y))dv,
(2%)
t

w(s,t,x,y) = @(x — f a(v,x—q(v,t,x,y),y —q:(v,t,x,y),w(v,t,x,y))dv,
0

t
y = fO aZ(v'x - ql(vi t,x, y)'y - qz(vtr X, y),W(U, t, x,y))dv) +
+ f;f(v'x - ql(v' t, x,y),y - QZ(Vt' x,y),w(v, t’x'y))dv .
(3%)
Lemma: Let ¢ € CY1(R?), a4, a,, f € (Q(T,K)).
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Moreover, the numbers T and K are chosen in such a way that the inequality
N,+T Mg (K)<K.
(4%)
Let further § —positive root of the equation:
t
§ = (14 Ny)(My(K) + My (K))t + Mp(K) 7 = 1.

T_{(S—S,if(SST
17T, if6=T

where € —any number from the range (0, §). Then for 0<t<T; the system of equations
(17)- (3") has the only solution

qi(s,t,x,y) € C(Qr) (i=1,2) ,w(s, t,x,y) € C(Qr,).

Proof: We will prove the existence of a solution to the system of equations
(17)- (3*) method of successive approximations.
Let's take wO(s, t,x,¥) = @(x,v), and the n - th approximation is determined from
the system:
ai(s,tx,y) = [{a(w,x - (0 6,%,),y -
a3 ', t,x, ), Wt (v, t, x,))dv, (5%
a3 (s,t,x,y) = [} ap(v,x — a7 (v,6,%,Y),y =
a3 ', t, %, ), W (v, t, x,))dv,
(6IW" (s txy) = 9(x = [y ar (v, x = 77 (0, 6%, 1),y -
az (v, t,x,y),w" (v, t,x,¥))dv,

Y=l ax(x — g (v, 6,5, 9),y — 437w, 6%, ), W (v, £, x,y))dv) +

+ fosf(v'x - q{l_l(v' t,x, y)ry - q?_l(v' t,x, y),wn—l(v, t, X, y))dv .

(7°)
By virtue of (4*) from (7*) we getthatall w"(s,t,x,y) n=0,1,2,... limited i.e.
lw"|<K. (8
From (5%) and (6") by the conditions of the lemma, it follows
lgkI<tM; (K), i=1,2; k=1,2,... (9%)
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Let us prove that successive approximations converge. Will have:

t
CILTL-H - q?:fs [ai(va - q{l(v» t,X,Y),y - qg(vr t,x,y),wn(v, ¢, x,y)) -
—a;(v,x — gt (W, %, y), Yy — @3 (0, 6, x,¥), W (v, £, x,¥))]d,
(10%)

W lawh= o(x — [ ay;(v,x — (v, 6, %,Y),y — a5 (v, ., ), w™(v, t,x,¥))dv,

t

y - f a,(v,x = a1 (v, t,%,y),y — ¢z (v, t,x,y), w" (v, 1, X,¥))dv) —
0
t

—p(x — j a,(v,x = q7 (0,6, Y)Yy — q5 (0, 6,%,9), W (v, t,x,y))dv,
0
t

y - j a;(v,x =1 (0, 6,%,9),y — a7 (0, 6, x, ), W' (v, £, x,))dv) +
0

+ [ Wx = qf 0, 6,5Y),y — a3 (0, t,%,7),w"(©,t,x,Y)) —
—fx—q (W txy),y — a3 (W, tx,y),w' (v, t,x,¥))]dv.
(11%)
Note that due to ¢ € C¥1(R?), @(x,y) satisfies the Lipschitz condition with
constant N,
We have:
| oGt yH) —o(x%,y*) =1 0o (x' — 01 (x" — x*),y") — Oy (x', y* —
0,(v* — ¥y,
where 0<6,<1, 0<6,<1.
Hence it follows that
| oG, y1) —o(x?, ¥ < Nyllxt — x| +ly* — y?|].
(127)
Also for functions  a; (j,(€1, €2, €3, €4), fi(jy (61,62, €55 €a):
f(§1,62.83.64) — F(§1,63,§3,82) = 05, f (§1,§2 — 602(§2 — §9),§5,82) (53 — §)+
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+0¢,f (61,862,635 — 03(85 —85), 800 (85 — §3)+ 0¢, £ (61,82, 65,64 — 04 (54 —

§)(Ea — €D,
where 0<6,;<1, j=2,3,4.

From this equality we deduce:
| f(§1,62,85,83) — (81,63, 83, §D1 < Mp (KD 62 — §51+163 — §51+16a — &1l
(13%)
These inequalities also hold for a;, 1=1,2

| a:(61, 62,63, 83) — a:(61, 63,63, D) < Mi(K)[1 &2 — &31+1¢5 — E51+Es — &4,

(14%)

Using (12%), (13%), (14") get from (10%), (11%):
gt - qFI< tMi[11gT — at Mo, + laY — a3 Mg, + T w™ —w™ g, ],
(15%)

t -
W Lwn|< My || [y (v x — gy — g w™) — ay(n,x — gLy -
q;~H,wnH]dv| +
t - - -
+| [ laz(v,x — g2y — g8, w™) — ay(v,x — gLy — gL wh D) ]dv] | +

+ tMe[l1q} — a7 Mo, + 1198 — a3 Mg, + W™ —w™ Hg,].
And then

wrL-wn < (N, (M, + M3) + My) [IIOI%1 — a1 e, a2 — a3 Mo, +
il — Wn_luﬂj. (16")
From (15*) end (16*) we get:
gt — at Mo, + 1137 — @27 la, + IIW" —w" g, <
< t((Np + DMy + M) + Mp)[llqf — aF lla, + 1195 — 437 lq, +
[[w™ —w™[q,]

Denote by z, vector function Zz,=colon(q?, g%, w™).
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Let's define the norm  Zz, equality ||z, [1a,= 11q% lla, + 112 lla, + || w"llq,-

Consider the series zg + (z; — zg) + (22 — z1) + - + (Z, — Zn—_1)-

This series is majorized in the norm ||z, ||3, converging next to:

K+ 2K(1 4+ Ay (t) + A2, 05 () + -+ AL L () + -+ (as a series with members

of a geometric progression), where Ay, q,(t)=t((N, + 1)(M; + M;) + Mg).

Taken from here:

@or, <K (Z1 —Zo)r, < 2K, (z7 — z)1, < 2KApay (0), (253 —Z2)7, <

2KAZ0x (), oy (Zn — Zn—1)1, < 2KAT (D).

This means that the partial sum converges to the function zeC ({21, ) according to the

norm of this space C(Qr,)i.e. w"end q;* also convergesto weC (Qr,) q;eC(Qr)

respectively. Passing to the limit at n—oo in equality (7*) we get that the function

w(s, t, x,y) satisfies the system (2*)- (3%). Similarly for q;(s,t, x,y).

The uniqueness follows from the fact that for the difference of two possible solutions

of the system of equations (1%)- (3*) inequality will be satisfied

(Z — Z)1, < Amax(T1) (@ — Z3)1,, Where A(T;) < 1.

Lemma proven.
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Differential Equations, Dynamical Systems and Optimal Control
UDC 517.9
NUMERICAL ANALYTICAL METHOD FOR SOLVING CERTAIN

BOUNDARY VALUE PROBLEMS

K.A. Baymuratova, Sh.K. Erejepova
Karakalpak State University

B cratbe paccMOTpE€H METOA IIOCIEA0BATEIIBHBIX l'IpI/I6J'II/I)KeHI/II7[ a1 peIICHUA
muddepeHIMaTbHBIX YPaBHEHUH ¢ TPaHUYHBIMU YCIOBHUSIMH.

Knouesvie cnosa: nuddepeHnmanpbHoe ypaBHEHHE, TPAHUYHOE YCIIOBUE, UHTETPATbHOE
ypaBHEHHUE, METOJI IOCIICIOBATEILHBIX IPHOTMKESHUH.

byn makanaga yek apa maptrapsl 6ap nuddepeHuanapKk TeHIEMeIepan 4euyy YYYH
bIPAATTYY KAKBIHAATYY BIKMACHI TAJIKYYyJIaHAT.

Ypynmmyy ce30ep: nuddepeHIHAIABIK TEHACMEe, YeKTHK IapT, HHTETPAIILIK TCHIEME,
yaaanall )KaKbIHAATYY BIKMACHI.

This article discusses the method of successive approximations for solving differential
equations with boundary conditions.

Keywords: differential equation, boundary condition, integral equation, method of

successive approximations.

Let g(x(0), x(T)) be a function of two variables {x,} x (0) ,i=12 ..., q,
and j= q + 1,2,..,n will be unambiguously resolved relative to

X,(0) =, (x(T)), X, (T) = ¢, (x(0)) . Then

dx
Frin f (t,x) (1)

KO = A4, (9,00 20, (9, 06)+

+(1—%)i (s, X(s))ds —H (s, X(s))ds )

i=12 ...,q9 , j=q+12.,n
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where x - n isa f(t,x)-dimensional vector function. Let the function be defined

and continuous in the domain

(t,X)e[O,T]xD (3)

where D is a bounded closed set of space. Let the function t<[0,T], x,x,x"e Dfor
M =(M,,M,,...M )M, >0 bounded by vectorand K ={K;>0,i,j=1,2..n}
satisfies the Lipschitz condition for the matrix:

[ f (3] < M| (X)) = F (& X)| <KX =x]| . (4)
Let the quantities M, K, and T for region (3) satisfy the following conditions:

1) Let D be a set lying in the neighborhood of D and not a non-empty set, i.e.
D, #Y

()
2) the eigenvalues of matrix Q = Tk must be within unity, i.e.
T
4@ <L j=12,.n ®)

When these conditions are met, a sequence of functions satisfying the boundary
condition (2) can be constructed that uniformly approaches the exact solution
of the boundary value problems (1) and (2), and the error between these
functions and their limit can be estimated.

We construct the system of differential equations (1) and the sequence of

continuous functions satisfying the boundary condition (2) {x,}.m=12... as

follows, initially introducing the notation,

@, (%) %(T)

(ﬁg(XT) _ XQ(T)
d, (@, (x)) = %, (0) d, (2;(%)) = (%)

%(0) #n (o)
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then (1) is equivalent to the system of equations.

X(t) = x(0) +j f (s, x(s))ds

X(t) = x(T) —] f(s,x(s))ds
Accordingly, the integral equation can be replaced by the equations
X =d, (9 (x)) +I f (s, x(s))ds (7)
and
X(t) =d, (2, (%)) —j f (s, x(s))ds (8)

The solution of the system of integral equations (7) is the system of differential
equations (1), which satisfies the first of the boundary conditions (2), and the
solution of the system (8) is the solution (1).

Which satisfies the second of the boundary conditions (1). Therefore, we obtain
the solution of the boundary value problem (1), (2) by combining the integral

equations (7) and (8).

In the integral equation (7), we multiply both sides of the equality sign by 1—%,

and in (8), we multiply both sides of the equality sign by % and add the results.
Then,
t t
x(t) = (1—;)dx,. @ (XT))+;dxj (9 (%) +

T

+(1-%)I f (s, x(s))ds— (s, x(s))ds

t

Simplifying, we get
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KO = @-2)d, (9, 0) 470, (9,0 +
t . 9)
+ { i (s,x(s))ds—% ! f (s, X(s))ds

The solution of this system of integral equations is not always a solution of the
system (1), but fully satisfies the boundary condition (2), and the system (1) itself

satisfies the selected parameters X, and X,.

Approximate solution of the system of integral equations (9)

Ko (0(T) = (=D, (.06 ) + -, (9, (6) +

+'f{f(s,xm(s,xo(l'))—_%_.[f(s,xm(s,xO(T))ds}ds, (10)

m=12..
Here x,(T) ={x(0)....x,(0), x.,(T), x,(T)} set of view parameters.
Function sequence defined by .., (t) =[X,..(t, X, (T)) = X, (t, X,(T))|

satisfies the boundary condition (2) for any m .

Now let us show that the functions x,(T) € D, defined by formula (10) x,(t,x,(T)) lie
on set D. In fact, x,(t, x (T)) = (1—%)dxi (0% ))+%de (9,(%))

then from (10)

% (t % (T) = X% (t %, (T))| < <g (M (11)

_:[[ (s, %, (t,%,(T)) —%:[ (s, X (t, xT)ds}ds

1.€.%,(t, % (T)) e D, for t[0,T], from which it follows that x,(t, x,(T)) € D, from
x_(t,%,(T)) it can be seen that . It can be shown that all functions defined by the
sequence for (10) all m>0 of any te[0,T],x,(T) e D; lie on the set D. This allows

for finding any approximation x_(t,x,(T)) using formula (10).
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Now let us show that the sequence of functions x_(t,x,(T)) is a convergent

sequence. To do this j>1, we will use the Cauchy convergence rule
ey (% (T)) = %, (8 X ()] -

According to (10) to (4) m>1te[0,T] for

Xira (8 X0 (T)) = X, (8, % (T))| <

<K |:(1_%)J:|Xm (t’ Xo(T)) - Xm—1(t’ XO(T))|dS +%.T([|Xm (t’ XO(T)) - Xm—l(tl Xo(T))|dS

We obtain the inequality r_,(t)=

Xm+1(tl Xo(T)) - Xm(t’ Xo(T))|
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Differential Equations, Dynamical Systems and Optimal Control
MSC 34A37

DEFERRED ARGUMENT AND
SECOND-ORDER LINEAR DIFFERENTIAL WITH IMPULSE ACTION

BASIC INITIAL PROBLEMS FOR EQUATIONS
Kurbanbaev.O.0O., Djakaeva K.D., Askarova D.B
Nukus, Uzbekistan, Karakalpak state university named after Berdakh

Ousnka, MexaHWKa j>KaHa WIMMIUH Oallka TapMakTapAarbl KONUYyJdyK Maceliesep, apryMeHTH
KEUUTYY4dYy >KaHa UMIYNbCTyy AuddepeHInanaplk TeHaeMenep YayH (QyHIaMEHTaIAbIK MacelelepnH
TCOPHUACHIH U3UJII00I'0 aJIbII KCJICT.

Bbyn wMakanajma apryMmMeHTH KEUUIYY4Yy J>KaHa HMIYJIbCTYY OSKUHYM TAPTUITETH CHI3BIKTYY
nmud dhepeHIUaNIBIK TeHIeMeNep YIYH HeTH3TH OalTankel Macelne kapanaT. Kapaibin kaTkaH MaceneHIH
yeunmnmy Jupak ¢pyrkumscel, Komm xana Komw tnOnHnern QyHKIUSIIapABH KapJaMbl MEHEH dTall-
5Ta0bl MEHEH aHBIKTAJNAT.

Ypynmmyy cesoep: mnuddepeHIManAbBIK TEHAEME, HMITYJIbCTYY TaacHp, KEUWTYydy apryMeHT,
OalTankel Maceje.

MHuorne 3aJa4u B (bI/ISI/IKe, MCXAaHHUKE U APYTUX obacTax HAyKU MPUBOJAT K U3YUCHHUIO TCOPHUU
(GbyHIaMEHTaNbHBIX 33134y aus audQepeHranbHbIX YPaBHEHUH C 3ama3/pIBAIONIUM apryMEHTOM U
HUMITYJIBCOM.

B crathe paccmarpBacTCs OCHOBHAs HaudajbHas 3ajava Juis JUHEWHBIX auddepeHImambHbIX
YPAaBHEHUI BTOPOro MOPSAKA C 3al1a3bIBAIOLIUM apryMEHTOM U UMITYJIbCOM. Pemenue paccMarpuBaeMoit
3a0ayu onpeodensiemcs nouwazoso ¢ nomowvio gyukyuu Jupara, ynxyuu Kowu u ¢ynxyuii muna Kowwu.

Kmouesvie cnosa: nuddepeHmanbHOe ypaBHEHHE, UMIYJIbCHBIH 3¢ (eKT, 3ama3bIBaroIiuii
apryMeHT, HadallbHas 3aJa4a.

Many problems in physics, mechanics, and other fields of science lead to the study of the theory of
fundamental problems for differential equations with a delayed argument and momentum.

The article examines the main initial problem for second-order linear differential equations with a
delayed argument and momentum. The solution to the problem under consideration is determined stepwise
using the Dirac function, Cauchy, and Cauchy-type functions.

Keywords: differential equation, impulse effect, delayed argument, initial problem.

Let E,[-7,0] have an initial function x =¢(t) and a delayed argument t —z in
the initial set.
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Let

X"(t) + p,()X'() + p, (O)x(t) + L(x(t —7)) =0, t=t, 1)
AX(t)L:tij = hij’ AX'(t)|t:tij = hi], (2)
X(t) = (1), te[-7,0], 3)

be a linear function that experiences momentum at points i =1,2,..., j=1,2,....,m..
let the differential equation be given, where h(t;)=h;, h'(t;)=h;, and h(t) is a

function defined and continuous for t >t,,, along with its first-order derivatives. the
function ¢(t) is a continuous antiderivative defined on the antiderivative set 7 >0,
2
where 7>0, and L(x(t)) = > g, ({)x**(t). is a constant.
k=1
Suppose x,(t), x,(t) functions are homogeneous
X"(t) + p. ()X (t) + p,(O)x(t) =0
is a fundamental solution system, and its K(t,s) function is defined using this
fundamental solution system.

K(t,s)zﬁ

X(8) %,(8)
(1) % ()

The Cauchy function, and the K,(t,s) function according to the t argument of this

homogeneous equation and

-1 K

satisfactory
K5)=
w(s)|x;(s) x;(s)

a function of the Cauchy type in the form, where w(t) the function is the VVronsky

determinant of the x(t), x,(t) fundamental solution system.
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The use of these functions makes it more convenient to determine the solution
of the main initial problem (1) - (3) with a delayed argument using the step method.
Indeed, in the first step, in the interval 0 <t <z, the main initial problem (1) -

(3) is solved using the above notation.
X"(t) + p ()X (t) + p,(OX() + L(p(t — 7)) = f (1), t =1,

AX(),, =h

ij?

M), =

]!

x(0) =9(0), x'(0)=¢'(0)

or using the Dirac function &(t)

X'(t) + py(0)X (1) + P, (O)X() + L{p(t — 7)) = f (1) + @)
my
+3 (Kt ()3t —t ;) + K (L.t )(s)S'(t ),
j=1
x(0) = p(0), X(0)=¢'(0) (5)

is replaced by the Cauchy problem, and this is the solution to the Cauchy problem
X(t) = K, (t,0)(0) + K(t,0)¢'(0) + [ K(t,8)(f (5) — L((s — 7)) Jds + (6)
0
m t

2 [(Ky (NS 1)) + K (Lt ()5 (t—ty;) s

i=lo

in the form or

X(t) = K (t,0)(0) + K(t,0)¢'(0) + j. K(t,s)(f(s)—L(e(s—7)))ds + (7)

my
+3 (Kt thy + Kt ot —t;)
j=L

can be written.
Indeed, as can be seen from (6) or (7), for t=0, this solution satisfies the

initial conditions:
x(0) = K,(0,0)p(0) + K(0,0)¢'(0) =1- (0) + 0- ¢'(0) = ¢(0),
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o(0)+ IKE0)

x'(0) = . m

¢'(0)=0-¢(0) +1-9'(0) = ¢'(0).

t=0

dK, (t,0)
dt

Now let's show that the solution in the form (7) satisfies the given equation. For

this, we take the first and second derivatives of equation (7):

00 - 28D o0) KL gy THLI (55) (g eppes
m
2 (Kitt)hy + K Gt hy ot —t;).
=]

dK(t 0) o)+ SO
dt?

x'(t) = + 1) - Lp(t—7)) +

+j azKat(f’ ) ((s) - L{g(s - ) )ds +

0
rnl 14 " !
+ (Kt )hy) + K (6t ) o -t )
j=1
(7) and the first and second derivatives obtained above in (4) by substituting

and, we show that the function x(t)satisfies equation (1) for t#t;;:

TKLD 50)+ T )4 1) - Lpte -2+

dt?
t A2
+J‘a K(:’S)

0

(f(s)—L(p(s—7)))ds+

My
+(K{t b)) + K"t t)h;)) 0t — ;) +

i1

(t)[de(f 9 0) + dK“ % 5 (0) iK“ ) ((s) - L(p(s— 1)) )ds +

m
> (Kitthy) + K tt)h) ot —t;) +

=

+P, (t)[Kl(t,O)(/)(O) +K(t,0)0'(0) + j K(t,s)(f(s) - Lip(s — 7)) )ds +
0
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my

3Kyt t)hy) + K (Gt ))) 0t —ty) + L(p(t - 7)) =

=1

~ del(t,O)
dt?

ot )dKl(t ,0)

+ P (DK (t, 0)}0(0) +

dK(t 0) ,

P(D)

:(dZK(t,O)

dt2 pz(t)K(t,O)Jgo’(O)Jr f(t) - L(p(t—17)) +

oK (t s)

P.(0)

+f (a L pz(t)K(t,S)](f(S)— L(p(s—))is+

m
+Z(K1"(t,t1j) + P (OK{ (1) + po(t) Kl(t’tlj))hlj)@(t —b4j)+
=1

m
+Z(K”(t!t1j) + pl(t)K’(t’tlj) + pz(t)K(t’tu))mj)H(t _tlj) +L(p(t—7)) =

j=1
= (1) - Lp(t — 7)) + L(p(t — 7)) = f (1)

Since the functions K, (t,s) and K(t,s) satisfy a homogeneous equation to
equation (1) with respect to the argument t, it follows that the latter equation holds
true, the function x(t), defined by formula (6) or (7), is a solution to the Cauchy
problem (4), (5).

Now, let's determine the second-step solution of the main initial problem (1) -
(3) with a delayed argument of momentum action, in the interval 7 <t <2z. In this
case, (1) - (3) is the main initial problem.

X"(t) + p(1)X'(t) + p,(1)x(t) + L(x,(t— 7)) = f (t) +
m
+2(Kl(t,t2j)h(s)5(t—t2j) +K(t,t,;)h(s)o'(t —tzj))ds
=
x(7) =x(7), X'(7) =x(2)
and using the step method, the solution to this Cauchy problem is similar to the one
in the first step.
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X(1) = K, (t,7)x (7) + K(t,7)x(7) +jK(t,S)( f(s)—L(x(s—7)))ds

2 (Kt )N()3( —ty;) + K(t ) )h(s)8'(t —t,;) ) ds

)

j=1

is determined by the formula here, x(t) is the solution of the primary problem (1) -
(3), defined by formula (7).

Continuing the process in this way, we determine the solution of the main

initial problem (1) - (3) at step n, that is, in the interval (n—1)z <t <nz. In this case,
(2) - (3) is the main initial problem.
X"(t) + p, (1)X'(t) + P, (O)x(t) + L(x,,(t—7)) = (1) +

mn
+Z( Ky (t by j)N(S)O(t =ty ) + Kt by )N(S)S"(t _t(n—l)j))dS’
j=1
X(N-1)7) = x,,(N-D7), X((n-D)7) =X, ,("-D)7)
and using the step method, the solution to this Cauchy problem is similar to the

solution in the previous steps.

t

X(®) = K,(t, )%, (7) + KE DX, (D) + [ K(tS)(F(8)-L(x, (s~ 2))ds

(n-1)z
mn
+Z( Ky (&t )Ny i) + Kty ) | ))H(t ~tnyj)
j=1
is determined by the formula here, x_,(t) is the solution (1)-(3) to the primary

problem at the previous step.

For example, suppose it has a pulsed effect and a delayed argument.

X'+ X' (t—-2)+2x(t—2)=12t, t #1, t =3, (8)
AX(t)|t=tij - h(t) |t=1, t=3' AX'(t)‘t:tij - h’(t)‘tzl, t=3"’ (9)
x(t) =t+2, te[-2,0] (10)

solution of the main initial problem at the first and second steps
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h(t) L2
2 2

Let's consider the problem of finding by the function.
X"(t)=0

system of fundamental solutions of a homogeneous equation x (t) =t, x,(t) =1

1
=1.

t
therefore, w(t) =-1, K(t,s)=t—s and Kl(t,s):‘1 O‘

Now let's determine the solution using the step method. In the first step, for
t €[0,2], the main initial problem (8) - (10) is solved.
X"(t) + L(p(t —2)) =12t + K, (t,D)h(t)s(t —-1) + K(t,)h(t)s'(t -1,
x(0)=2, X'(0)=1
or
X"(t) + L(p(t —2)) =12t + h(t)S(t —1) + (t —D)h(t)o'(t —2),
x(0)=2, x'(0)=1
We will replace it with the Koshi problem, here L(gp(t —2)) =2t +1.
Using Cauchy and Cauchy-type functions, the solution to this Cauchy problem
is

x(t) = K,(t,0)- 2+ K(t,0) -1+12j(t —s)sds —
—j(t —$)(2s+Dds +(h(@) + (t-Hh'@)) Ot -1) =

=1-2+t -1+%t3 —%tz +ho(t -1 +h D)ot -1) =

:2+t+§t3—1t2+¢9(t—1)
3 2

using formula (7).
In the second step, for t €[2,4], the main initial problem (8) - (10) is solved.
X"(t) + L(x (t — 2)) =12t + K, (t,3)h(t)S5(t — 3) + K (t,3)h(t)5'(t —3),
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X(2) = %9 x'(2) =19

We replace it with the Cauchy problem, where x,(t) is the solution of the given

problem at the first step,
x () =2+t p_le +6(t-1),
3 2
and
L(x (t—2)) :g(t—Z) +4(t-2)"+(t-2)+5+20(t-23).
This is the solution to the Koshi problem

X(t) =K, (t,2) %9 + K(t,2)-19 +12j K(t,s)sds —

—j K(t,s)L(s—2)ds + j( K, (t,3)h(s)5(s —3) + K(t,3)h(s)5"(s —3) Jds =

= %9 +19(t - 2) +12J:(t —s)sds —
—(t - Z)j(%(s — 2’ +4(s—2)°+(s—2)+5+ 2:9(5—3)de +

+j(s—2)(%(s—2)3+4(s—2)2+(s—2)+5+20(s—3)jds+
+h(3)6?(t—3):2t3—5t+%1—

5 4 4 3 1 2
—(t—Z)(E(t—Z) +2(-2+2(t-2) +5(t—2)+2(t—3)¢9(t—3)]+
+Jt-£%(s ~2)* +4(s-2)° +(s—2)* +5(s - 2) + 2(s — 2)0(s —3))ds —~

—9(t—3):2t3—5t+%—g(t—2)5—g(t—2)4—%(t—2)2—5(t—2)2 -
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22t -300 -+ 2 (-2 + (-2 + A2 +2(t-2) +

2 _ o3 ﬂ-_
+((t-2)* -1)0(t -3) - O(t —3) = 2t> ~ 5t + ;

1 1 1 5
— (-2 -Z(t-2)" - Z(t-2)° - =(t-2)* - (t* -6t +10)O(t -3
6( ) 3( ) 6( ) 2( )" ( )0(t-3)
that is, the solution in the second step will be
1 1 1 5
X(t)=2t> -5t - =(t-2)° - =(t-2)" == (t-2)° - =(t-2)* -
(t) g2 —5(t=2) —(t=2) —2(t-2)

Jr%—(t2 — 6t +10)4(t - 3)
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FRACTAL RECURSIVE M-MATRICES: RECURSIVE INVARIANTS AND

SPECTRAL STABILITY

Baizakov A.B.!, Sharshenbekov M.M.?, Subankulova L.D.?
123 [nstitute of Mathematics of the National Academy of Sciences of the Kyrgyz Republic,
Bishkek, Kyrgyz Republic

This paper introduces Fractal Recursive M-Matrices (FRM-matrices) as a new class of
recursive invariant matrix systems combining recursive organization, self-similarity, arithmetic
consistency, and spectral stability within a unified mathematical framework. A formal definition
of FRM-matrices and a canonical recursive construction preserving local and global invariants are
proposed. General conditions for invariant preservation under recursive expansion are established,
and spectral stability under admissible symmetry transformations is investigated. The recursive
matrix hierarchy is interpreted as a mathematical model of distributed information structures
exhibiting scalable organization and structural coherence. An illustrative recursive construction of
a (9x9) invariant matrix system demonstrates the applicability of the proposed approach. The
obtained results establish connections between recursive matrix theory, self-similar algebraic
structures, spectral analysis, and mathematical models of distributed information architectures.

Keywords: Fractal Recursive M-Matrices; recursive matrices; recursive invariants; self-
similar structures; spectral stability; distributed information systems; matrix hierarchies; recursive
decomposition.

B pabGoTe BBOIUTCS HOBBIM KJIacC PEKYPCUBHBIX MHBAPUAHTHBIX MAaTPUUHBIX CHCTEM —
¢ppaxranbuble pekypcuBHble M-maTpunsl (FRM-MaTpunbl), 00beIMHSIONNE PEKYPCUBHYIO
opraHu3amuio, camomnojgobue, apu(PMETHUYECKYI0  COTJTACOBAHHOCTh H  CIEKTPAIBbHYIO
YCTOﬁqHBOCTB B paMKax CIUHOTO MATEeMATHUYCCKOI'o IoAXo/a. Hpeﬂﬂal‘aIOTCH (I)OpMaJ'IBHOC
ONpCACIICHUC FRM-ManI/ILI U KAaHOHHWYCCKAsA PCKYpCHUBHAA KOHCTPYKIHA, COXpaHAIOMIAa
JIOKAJIbHBIE U TJI00aILHEIE HWHBAapPUAaHTHI. HOJ’Iy‘-IeHI)I O6HH/IG YCII0BUA COXPAHCHUA WHBAPHUAHTOB
IIPU PEKYPCUBHOM DACIIMPEHWH W HUCCIENOBAHA CIEKTPAIbHAs YCTOMYMBOCTH OTHOCUTEIBHO
JIOMYCTUMBIX CHMMETPHUECKUX TpeoOpa3oBanuil. Pazpaborana umHTepnperanus peKypCUBHOM

MaTPUYHOM HEpapXuu KaK MaTeMaTHYeCKOW MOJENU pacupeleNEHHbIX HH(POPMAIMOHHBIX
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CTPYKTYp, 00JIaIal0MNX MacIITabupyeMOCThIO0 U CTPYKTYPHOH COTJIaCOBaHHOCTHIO. B kadecTBe
WIUTIOCTPAIIMM TPEACTABICHA PEKYpCHUBHAs KOHCTPYKIMS WHBAapUAHTHOM MAaTpPHUIBl MOPSIKA
(9%9). IlomyueHHble pe3ysabTaThl YCTAHABIMBAIOT B3aUMOCBS3b MEXIY TEOpUEH PEKYPCHUBHBIX
MaTpHll, CaMOIIOJOOHBIMH aNreOpauuecKUMU CTPYKTypaMH, CIIEKTPaJIbHBIM aHAJIH30M |
MaTeMaTUYEeCKUMH MOJEISIMU pacTIpeeIiEHHBIX HH(POPMAIIMOHHBIX apXUTEKTYP.

Kniouesvie cnosa: ¢pakranbHble peKypcUBHbIE M-MaTpHIbl; pPEKypCHBHBIC MAaTPHIIbI;
PEKYpPCUBHBIE WHBAapUaHTBl; CAMOMOAOOHBIE CTPYKTYpPBI; CIEKTpajbHas YCTOMYMBOCTB;
pacnpenenéHHbple  MH(QOPMAIMOHHBIE CHUCTEMBl; MaTPUYHBIC HEPApXHH; PEKypCHBHAs
JIEKOMITO3UIIHSL.

Byn wmakanmama pexypcUBAYY YIOIITYPYYHY, ©3YHO OKIIOMITYKTY, apH(pMeTHKaIbIK
TYPYKTYYJIYKTy JKaHa CIEKTPAJABIK TYPYKTYYJAYKTY OHPUKTHUPTeH JKaHbl KJIacCTarsl
¢ppakranabik pexypcuBayy M-marpunanap (FRM-marpunanap) cynymranar. FRM-
MaTpHLAIapAbH (GopMalyy aHBIKTaMachl jKaHa JOKAIBIK jKaHa III00ANIABIK MHBAPUAHTTAPIbI
CaKTOOUy KAHOHAYK PEKYpPCHBIYY KOHCTpYKLHUsI OepmiieT. PexypcuBmyy KeHeillyy ydypyHza
WHBapUAHTTAP/IbI CAKTOOHYH JKaJIbl IIApTTaphl AJBIHBIN, YPYKCAT OCPHIITeH CHMMETPHUSIIBIK
©3repTYYJiepre Kapara CIEKTPAIIbIK TYPYKTYYJIYK HW3WIJACHET. PeKypcuBIYyy MaTpHLAIIBIK
Uepapxus MacuTabayy *aHa CTPYKTYPAJIbIK JKaKTaH TYPYKTYy OOIYLITYPYJIreH MaalbIMaTThIK
CUCTeMaJlapJIbIH MaTeMaTHKaJIbIK MOJIETHN KaTaphl Kapanar. Mucan katapsl (9x9) equemyHery
WHBapUAHTTYy  MaTPUIAHBIH  PEKYPCHUBAYY  KOHCTPYKIMACHI ~ KENTUPHIIET.  AJIBIHTaH
KBIMBIHTBIKTAD PEKYPCUBIYY MaTpHUlajap TEOPHACHIHBIH, ©3YHO OKIIOUI aure0pajibik
CTPYKTypaJapAblH,  CHEKTPalJblK  AHAIM3JUH  JKaHa  OeNYWITYpYJreH  MaajbIMar
APXUTEKTYpaTapbIHBIH MAaTEMaTHKAIIBIK MOJICIIEPHHUH OPTOCYH/Iarbl OaiTaHbIIITH KOPCOTOT.

Vpynmmyy  ce3z0ep:  QpakTtanmelk pekypcuBayy ~M-marpumanap;  peKypcHBAYY
MaTpulanap; peKypcUBAYY HHBApHAHTTap; ©3YHO OKIIOII CTPYKTypajap; CIEKTpalbIK

TYPYKTYYJIYK; OOJYIITYPYJreH MaalbIMaTThIK CHUCTEMalap, MaTpULAIbIK Hepapxusiap;

PEKYPCHUBIYY aXKBbIpaTyy.

1. Introduction
The rapid development of distributed information technologies, cloud
computing infrastructures, large-scale storage architectures, and hierarchical data-

processing systems has significantly increased the demand for mathematical models
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capable of describing recursive organization, structural consistency, and scalable
information architectures.

Modern distributed systems are characterized by multilevel structures in
which local subsystems interact to form globally coordinated information
environments. One of the fundamental challenges in the mathematical modeling of
such systems is the preservation of global structural properties under recursive
expansion and local transformations. Consequently, the study of invariant
mathematical structures capable of maintaining consistency under scaling operations
has become an important direction of contemporary mathematical research.

Matrix methods occupy a special position in the investigation of complex
hierarchical systems because they provide a natural representation of interactions
between local and global structural components. In particular, recursive matrix
constructions offer a convenient framework for describing scalable systems whose
organization remains stable under enlargement.

Classical magic squares constitute one of the oldest and most extensively
studied classes of structured matrices [1, 2]. Traditionally, investigations of magic
squares have been associated with combinatorics, number theory, and recreational
mathematics. However, modern studies indicate that many classes of magic matrices
possess considerably richer algebraic properties than previously assumed [3]. Their
invariant characteristics, recursive constructions, symmetry groups, and spectral
properties provide a natural basis for the investigation of self-organizing
mathematical systems.

The concept of recursive matrix structures arises naturally when higher-order
matrices are generated from smaller invariant blocks according to prescribed
recursive rules. Such constructions exhibit hierarchical organization, self-similarity,
and structural scalability. In many cases, local invariant properties remain preserved
during recursive expansion, leading to the formation of globally consistent matrix

systems.
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An important feature of recursive structures is the coexistence of local and
global invariants. Local invariants characterize the internal properties of individual
blocks, whereas global invariants describe the structural consistency of the entire
system. The preservation of both classes of invariants is essential for ensuring
recursive stability and coherence.

The notion of self-similarity underlying recursive constructions is closely
related to ideas originating from fractal geometry [4]. Although fractal theory is
traditionally associated with geometric objects, the concept of recursive self-
similarity may also be interpreted in an algebraic context. From this perspective,
recursively generated matrix systems preserving invariant properties may be viewed
as algebraic analogues of fractal structures.

In the present paper, a new class of recursive matrix systems called Fractal
Recursive M-Matrices (FRM-matrices) is introduced. The proposed matrices are
generated through recursive block constructions preserving arithmetic invariants and
spectral characteristics. Unlike conventional recursive matrices, FRM-matrices are
characterized by the simultaneous preservation of recursive consistency, self-
similarity, arithmetic coherence, and spectral stability.

Terminological Remark

Throughout the present paper, the term M-matrix is used in the sense
established in the authors' earlier works on magic invariant matrices and should not
be confused with the classical theory of M-matrices developed by Berman and
Plemmons. In the classical literature, M-matrices constitute a special class of
matrices characterized by positivity and spectral properties. In contrast, the matrices
considered in the present work arise from recursive constructions of invariant magic
matrix systems and are studied from the viewpoint of recursive organization, self-
similarity, arithmetic invariants, and spectral stability.

Unlike classical recursive matrix constructions, the proposed FRM-
framework simultaneously combines recursive scalability, invariant preservation,

self-similarity, and spectral stability within a unified mathematical structure.
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Scientific Novelty and Contributions

The scientific novelty of the present work consists in the development of a
new class of recursive invariant matrix structures and the investigation of their
arithmetic and spectral properties.

1. A formal definition of Fractal Recursive M-Matrices is introduced.

2. A canonical recursive construction preserving local and global invariants is
proposed.

3. Sufficient conditions for arithmetic invariant preservation under recursive
expansion are established.

4. Spectral stability under admissible symmetry transformations is investigated.

5. A mathematical interpretation of FRM-matrices as models of distributed
information structures is developed.

6. A recursive construction of a higher-order invariant matrix system is presented
and analyzed.

The obtained results establish connections between recursive matrix theory,
invariant structures, self-similar systems, spectral analysis, and hierarchical
information architectures.

The remainder of the paper is organized as follows. Section 2 introduces the
formal definition of FRM-matrices and the canonical recursive construction. Section
3 investigates arithmetic invariants and recursive decomposition. Section 4 studies
symmetry transformations and spectral stability. Section 5 develops an interpretation
of FRM-matrices as models of distributed information structures. Section 6 presents
a recursive construction of a 9x9 invariant matrix system. Section 7 summarizes the
main results and outlines directions for future research.

2. Fractal Recursive Structures and Definition of FRM-Matrices
2.1 Recursive Matrix Structures
Recursive matrix systems arise naturally when large matrix configurations are

generated from smaller structural units according to prescribed expansion rules.
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Such constructions play an important role in the study of hierarchical systems,
multilevel architectures, self-similar structures, and scalable information models.

Let F :(fij), i,j=1..,n be a square matrix of order n. Assume that a

recursive operator
R: F,>F,
generates a higher-order matrix through recursive block expansion. The resulting
matrix
F.=R(F,)
is called a recursive expansion of F . The principal objective of recursive

constructions is the preservation of invariant structural characteristics during the
expansion process.
2.2 Local and Global Invariants

For a matrix F,, define the row sums and the column sums by

R=2T. Ci=21
j=1 i=l
If
R =C,=S§,

for all admissible indices, then S is called the global invariant of the matrix. For

recursive matrix systems, local invariants correspond to invariant properties of
individual blocks, whereas global invariants characterize the entire recursive
structure. The preservation of both classes of invariants constitutes a fundamental
requirement for recursive consistency.
2.3 Self-Similarity and Recursive Consistency
A recursive matrix structure is called self-similar if each block generated
during recursive expansion preserves the essential structural properties of the parent

matrix. LetF,, be represented as a block matrix
Fkn = (Bij)ik,jzl’
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where every block B,; has order n. The matrix system is called recursively consistent

if all blocks preserve the same invariant structure and jointly determine a unique
global invariant.

Definition 1 (Fractal Recursive M-Matrix). A square matrix F, is called a

Fractal Recursive M-Matrix (FRM-matrix) if the following conditions are satisfied:

1. Recursive block structure: there exists a recursive operator R: F —F,

generating higher-order matrices through recursive expansion.

2. Invariant preservation: the matrix possesses a global invariantS_  such that

R =C; =S, forall admissible indices.

3. Self-similarity: each recursively generated block preserves the essential
structural properties of the parent matrix.

4. Recursive consistency: local invariants jointly determine a unique global
invariant.

5. Spectral stability: the principal spectral characteristics remain invariant under
admissible symmetry transformations.

A sequence
F

n?

F

o Foo e
generated by repeated application of the recursive operator R is called an FRM-
system.

Definition 1A (Admissible Symmetry Transformation). An admissible
symmetry transformation of an FRM-matrix is any permutation-induced
transformation preserving recursive block organization and global invariant
structure.

2.4. Example 1. Construction of a 9x9 Fractal Recursive Magic Matrix
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8 1 6
Base matrix F,={3 5 7|
4 9 2
63 0 45
Let the coefficient matrix be defined by A= 18 36 54 |.
27 72 9

Block definition B; = F; + ;.
Recursive matrix

F,+63 K +0 F+45

F,=| F+18 F+36 F,+54|.

F,+27 F+72 F+9
Expanded matrix:
71 | 64 | 69 8 1 6 53 | 46 | 51
66 | 68 | 70 3 5 7 48 | 50 | 52
67 | 72 | 65 4 9 2 49 | 54 | 47
26 | 19 | 24 | 44 | 37 | 42 | 62 | 55 | 60
21 | 23 | 25 | 39 | 41 | 43 | 57 | 59 | 61
22 | 27 | 20 | 40 | 45 | 38 | 58 | 63 | 56
35 | 28 | 33 | 80 | 73 | 78 | 17 | 10 | 15
30 | 32 | 34 | 75 | 77 | 79 | 12 | 14 | 16
31 | 36 | 29 | 76 | 81 | 74 | 13 | 18 | 11

Magic constant
S, =35, +3-108=369.
Thus, every row and every column of the resulting matrix M, has the common sum
369.
Example 1 demonstrates that the proposed recursive construction generates

higher-order matrix structures preserving local and global invariants. This confirms

the constructive nature and scalability of the proposed FRM-matrix model.
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The obtained structure preserves recursive consistency and invariant stability.
Therefore, FRM-matrices may be considered as mathematical models of recursive
distributed information structures.

2.5. Discussion

The introduced concept combines recursive scalability, invariant preservation,
self-similar organization, and spectral robustness within a unified mathematical
framework. Unlike classical magic matrices, which are usually considered as
isolated objects, FRM-matrices form recursive hierarchies of arbitrarily large order.
Such structures naturally arise in recursive information systems, hierarchical
architectures, distributed storage environments, and multilevel organizational
networks. The subsequent sections investigate arithmetic invariants and spectral
properties of FRM-matrices and establish the fundamental invariance principles
governing recursive matrix systems.

3. Arithmetic Invariants and Recursive Decomposition
3.1. Recursive Invariants of FRM-Matrices
One of the fundamental properties of recursive matrix systems is the

preservation of invariant characteristics under recursive expansion. Let F, be an
FRM-matrix possessing invariant S, . Let A=(a;) be a coefficient matrix of order

k with invariant S, . Consider the canonical FRM-construction introduced in Section

2.

For every coefficient a;, define
Bij = Fn + 4 En
The recursively generated matrix is
Fkn = (Bij):(,jzl'
The principal problem is to determine whether recursive expansion preserves

invariant structure.

3.2. Local and Global Consistency
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Each block B;;inherits the invariant structure of the base matrix F.

Consequently, local consistency is preserved at the block level. However, recursive
systems also require preservation of a global invariant describing the entire matrix
hierarchy. The following theorem establishes sufficient conditions for invariant
preservation.

Theorem 1 (General Invariant Preservation Theorem). Let F, be an FRM-

matrix possessing invariant S, and let A=(a;) be a coefficient matrix possessing

invariant S,. Then the recursively generated matrix S, constructed by the
Canonical FRM-Construction possesses invariant
S, =KS, +8S,.
Proof. Consider a block
B, =F, +3,E,.
The row sum of the block equals
Syt

Summing over all blocks belonging to the same recursive row yields

kS, + nzk:aij :

=

Since

s

Sa

we obtain
Sy, =kS, +nS,.
The same argument applies to column sums. Hence every row and every

column of the recursively generated matrix possesses the same invariant S, .

Therefore arithmetic consistency is preserved under recursive expansion.
Corollary 1 (Invariant Matrix Hierarchy). The recursive family
F. Fr Fo e
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forms an invariant hierarchy in which arithmetic consistency is preserved at every
recursion level.
Corollary 1A (Recursive Invariant Propagation). If the base matrix

possesses invariant S, then every recursion level of the FRM-system possesses a

uniquely determined invariant obtained by recursive propagation.
Definition 2 (Recursive Decomposition Chain). An FRM-matrix is called
recursively decomposable if it admits a decomposition chain
F. —>F

R S F..

The sequence above is called a recursive decomposition chain.

3.3. Interpretation for Distributed Information Structures

Theorem 1 provides a mathematical explanation of recursive consistency in
distributed information systems. Within the FRM-framework, local block invariants
correspond to subsystem consistency; global invariants correspond to system-wide
coherence; and recursive expansion corresponds to scalable growth. Consequently,
recursive scalability may be achieved without destroying the invariant structure of
the system. Theorem 1 establishes the fundamental arithmetic principle governing
FRM-matrices and forms the basis for the spectral analysis developed in the next
section.

4. Symmetry Transformations and Spectral Stability
4.1. Symmetry Transformations of FRM-Matrices
An important property of recursive matrix systems consists in their behavior

under admissible symmetry transformations. Let F, be an FRM-matrix and let P be

a permutation matrix representing a symmetry operation. The transformed matrix is
defined by

F'=P*'FP.
Since permutation matrices are orthogonal,

pi=pT
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the matrices F, and F are similar. Typical admissible symmetry transformations

include vertical reflection, horizontal reflection, central inversion, matrix
transposition, and permutations preserving recursive block organization.
4.2. Spectral Interpretation of Arithmetic Invariants

Let S, denote the global invariant of an FRM-matrix. Since every row
possesses the common sum S, , the vector
e=(11..,1)"
satisfies
F.e=S,e.

Consequently, S_ is an eigenvalue of the matrix. Thus arithmetic invariants

admit a direct spectral interpretation.

Theorem 2 (Spectral Stability Theorem). Let F" be obtained from an FRM-
matrix F, through a finite sequence of admissible symmetry transformations. Then
sp(F,) =sp(F,),

where sp(F,) denotes the spectrum of the matrix.

Proof. By construction,

F'=P'FP.

Therefore F and F_are similar matrices. Since similar matrices possess

identical characteristic polynomials
det(Al —F) =det(1l — F)),
and hence their spectra coincide:
sp(F,) =sp(F,).
Thus all eigenvalues together with their algebraic multiplicities remain

preserved under admissible symmetry transformations.
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Remark
Theorem 2 is based on the classical invariance of spectra under similarity
transformations. The novelty of the present result lies not in spectral invariance itself
but in its application to recursively generated FRM-systems preserving recursive
organization, self-similarity, and invariant hierarchy under admissible symmetry
transformations.
Corollary 2 (Spectral Radius Preservation). For every admissible

symmetry transformation,
r(F)=r(F),
where r(F,) denotes the spectral radius.

Spectral Interpretation

The spectral radius may be interpreted as a global characteristic of recursive
organization. Preservation of the spectral radius under admissible transformations
indicates that large-scale structural properties remain unchanged despite local
reconfiguration.

Definition 3 (Recursive Spectral Stability). An FRM-system is called
recursively spectrally stable if every matrix in the hierarchy

F. Fa Fo oo

preserves its spectrum under admissible symmetry transformations.
4.3. Interpretation for Distributed Information Structures

Theorem 2 provides a mathematical explanation of structural robustness in
recursive information systems. Within the FRM-framework, symmetry
transformations correspond to structural reorganization; invariant spectra
correspond to stability characteristics; and recursive consistency corresponds to
preservation of system integrity. Consequently, admissible reconfiguration of local
components does not affect the principal spectral properties of the global system.
Together with Theorem 1, the Spectral Stability Theorem forms the theoretical

foundation of the FRM-framework.
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Conclusion

The present study introduces a new class of recursive invariant matrix
systems, referred to as Fractal Recursive M-Matrices (FRM-matrices), which
combine recursive organization, self-similarity, arithmetic consistency, and spectral
stability within a unified mathematical framework.

A formal definition of FRM-matrices has been proposed together with a
canonical recursive construction preserving both local and global invariants during
recursive expansion. The obtained invariant preservation theorem establishes
sufficient conditions under which recursive enlargement maintains arithmetic
consistency throughout the entire matrix hierarchy. In addition, the spectral stability
theorem demonstrates that admissible symmetry transformations preserve the
spectrum and spectral radius of FRM-matrices, providing a rigorous mathematical
characterization of their structural robustness.

The recursive interpretation developed in the paper shows that FRM-matrices
naturally model scalable distributed information structures, where local subsystem
consistency and global system coherence are simultaneously preserved under
recursive growth and structural reorganization. The illustrative construction of a
recursive (9%9) invariant matrix system confirms the constructive nature and
scalability of the proposed framework.

The obtained results establish new connections between recursive matrix
theory, self-similar algebraic structures, spectral analysis, and mathematical models
of distributed information architectures. The proposed FRM-framework may serve
as a basis for further investigations of recursive invariant systems, hierarchical
network models, distributed storage architectures, recursive coding theory, and
scalable information-processing systems. Future research may include the study of
recursive eigenstructure evolution, generalized block constructions, higher-
dimensional recursive matrix systems, and algorithmic implementations for large-

scale distributed applications
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FRACTAL RECURSIVE M-MATRICES AS MODELS OF DISTRIBUTED

INFORMATION STRUCTURES

Baizakov A.B.', Sharshenbekov M.M.2, Subankulova L.D.?
123 [nstitute of Mathematics of the National Academy of Sciences of the Kyrgyz Republic,
Bishkek, Kyrgyz Republic

Maxkanana e3yHe-e3y OKILIOIITYK, MAacIUTaOIyyJdyK >KaHa MXEPrUJIMKTYY >KaHa >KaJlIlbl
apu(MeTHKaJIBIK HHBAPUAHTTAP/Ibl CAKTOO KAaCUETTEPUHE 33 OOJITOH PeKypCUBAYY MHBAPUAHTTHIK
MaTpHIIAIAPIbIH JKaHbI KJIaCChl — pakTaaablk pekypcuayy M-marpunanap (FRM-marpunanap)
kapainar. FRM-Marpunanapabl peKypcuBayy TY3YYHYH MaTeMaTHUKaJbIK HEru3iepu OepuiireH
JKaHa PEKypCHUBIYY KEHEWYYy ydypyHIa CTPYKTYPaJbIK TYpPYKTYYJIYKTY >KaHa CHEKTpaJIJbIK
UHBapUAHTTYYJIYKTy CaKTOO IIapTrapbl wu3wigeHred. FRM-marpunanap OenymutypyireH
MaajbIMaTTBIK TY3YMAOPAYH JKaHa KeIl JCHIDIYY HepapXusuIblK apXUTEKTypalapablH
abCcTpakTyy MaTeMaTUKaJIbIK MOJIEIM KaTapbl TYIIYHAYpY/eT. Mucan karapsl (9x9) enuemyHery
CBIMKBIPAYY KBaJPATThIH aTallblH PEKYPCUBAYY TY3YJIYIIY KOPCOTYIYI, PEKYPCUBAYY YIOUIYJITaH
cucTeMaiap/ia >Kajlbl MHBAPUAHTTApAbIH CAKTATYyCy I€MOHCTPAIMSIIAaHTaH.

Ypynmmyy cezoep: FRM-marpunanap, pexkypcuBayy MaTpuuauap; (paktaiibk
TY3YJAYLITOP; CBIMKBIPYY KBaJIpaTTap; MaTPUIAIBIK HHBAPHAHTTAP; CIEKTPAIIBIK TYPYKTYYIYK;
0eIYIITYPYJAreH MaalbIMaTTBIK TY3YMIODP; UEPApXUsUIBIK CHUCTEMajap; ©3YHe-63y OKIIOMITYK;
PEKYPCUBIYY MOJEINIO0.

B cratse paccmaTpuBatorcs (paxtanbHble pekypcuBHble M-matpuisl (FRM-matpuiibn)
KaK HOBBI KJIacC PEKypCHBHBIX MHBAPHAHTHBIX MAaTPUYHBIX CHCTEM, 00JIIalONINX CBOHCTBAMU
camoIro00us, MaclITaOUPYEMOCTH U COXPAaHEHUs JIOKAJbHBIX U TNI00ATBHBIX apu(METHUECKIX
uHBapuaHToOB. [IpencraBneHbl MaTeMaTHYeCKHE OCHOBBI PEKypcHBHOro mnocrpoeHus FRM-
MaTpHll, UCCIIEJOBAHBl YCIOBUS COXPAHEHUS! CTPYKTYPHOH COTJIaCOBAaHHOCTH U CIIEKTPaJIbHOU
YCTOMYMBOCTU IIPU PEKYPCUBHOM paciivpeHuu. [IpeayioxkeHa kKoHIenTyaabHasi HHTEpIpeTanus
FRM-matpui kak aOCTpaKTHBIX MaTeMaTHYECKUX MOJeNel pacnpenenéHHbIX HH(POPMAIIMOHHBIX
CTPYKTYpP ¥ MHOTOYPOBHEBBIX HEPAPXUUECKUX apXUTEKTYyp. B KauecTBe WILTIOCTpalluy IPUBEICHA

crenuajibHasg  PEKypCUBHAs  KOHCTPYKIMS ~ Marudeckoro Kkmaapata mnopsaka  (9x9),
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JEMOHCTPHUPYIOIAs COXPAaHCHUE TJIOOAThHBIX WHBAPUAHTOB NPH PEKYPCHBHON OpraHU3aIlif
CTPYKTYPBHI.

Kniouesvie cnosa: FRM-matpuibl; peKypcuBHBIE MAaTpUIlbl; (hpakTalbHbIE CTPYKTYPHI,
Maru4deckKue KBaJpaThl, MaTpUYHBIC HWHBApUAaHThI; CIICKTpaJIbHasA YCTOﬁqHBOCTB;
pacnpenenénnble MHPOPMAIMOHHBIE CTPYKTYphI; HEpPApXHUYECKHE CHCTEMBI; CaMmoIoaolue;
PEKYPCUBHOE MOJIEIIUPOBAHUE.

The paper introduces Fractal Recursive M-Matrices (FRM-matrices) as a new class of
recursive invariant matrix systems characterized by self-similarity, recursive scalability, and
preservation of local and global arithmetic invariants. The mathematical foundations of recursive
FRM-matrix construction are presented, and conditions ensuring structural consistency and
spectral stability under recursive expansion are investigated. A conceptual interpretation of FRM-
matrices as abstract mathematical models of distributed information structures and hierarchical
architectures is proposed. As an illustrative example, a special recursive construction of a (9x9)
magic matrix is presented, demonstrating the preservation of global invariants within recursively
organized matrix systems.

Key words: FRM-matrices; recursive matrices; fractal structures; magic squares; matrix
invariants; spectral stability; distributed information structures; hierarchical systems; self-

similarity; recursive modeling.

1. Introduction

The rapid development of modern information technologies has stimulated
increasing interest in mathematical models capable of describing large-scale
hierarchical and recursively organized systems. Distributed information structures,
cloud computing architectures, recursive databases, communication networks, and
multilevel storage systems are all characterized by self-similarity, scalability, and
preservation of local consistency under global expansion.

Matrix methods have long served as one of the principal mathematical tools
for modeling complex systems because of their ability to represent structural
relations, transformations, and invariant properties in a compact algebraic form.
Classical matrix theory, combinatorial matrix constructions, and the theory of magic
squares provide numerous examples of structures possessing remarkable arithmetic

and symmetry characteristics. However, traditional approaches usually investigate
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matrices of fixed order and do not explicitly incorporate recursive hierarchical
organization.

Fractal Recursive M-Matrices (FRM-matrices) are introduced as a new class
of recursive invariant matrix systems that combine self-similar block organization
with preservation of local and global arithmetic invariants. Their recursive
construction naturally generates scalable matrix hierarchies while maintaining
structural consistency at every recursion level. In addition to arithmetic invariance,
FRM-matrices exhibit spectral stability under admissible symmetry transformations,
providing a mathematical framework for studying recursively organized systems.

The purpose of the present paper is to investigate the mathematical
foundations of FRM-matrices, establish their invariant properties under recursive
expansion, analyze their spectral characteristics, and demonstrate their applicability
as abstract mathematical models of distributed information architectures. Particular
attention is devoted to recursive scalability, preservation of structural coherence, and
the interpretation of recursive matrix hierarchies within information-theoretic
contexts.

2. Mathematical Foundations of FRM-Matrices (Brief Review)

The theory of FRM-matrices is based on several interconnected mathematical
concepts including recursive matrix constructions, block decomposition, invariant-
preserving transformations, and spectral analysis. The central idea consists in
generating higher-order matrices through recursive composition of lower-order
invariant blocks while preserving predetermined structural properties.

Let M, denote an initial invariant matrix. Recursive application of a

construction operator R generates a hierarchy of matrices

M,,=R(M,), k>0,
where each recursion level preserves local invariants and contributes to the
formation of a globally coherent structure. Such recursive organization produces

self-similar matrix systems possessing hierarchical block architecture.
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An essential property of the FRM-framework is the coexistence of local
consistency and global invariance. Local recursive blocks retain their internal
arithmetic characteristics, whereas the assembled matrix preserves global structural
parameters such as common row sums, column sums, and other recursive invariants.
This recursive preservation principle provides mathematical scalability independent
of recursion depth.

Another important aspect of the theory concerns spectral properties. Under
admissible symmetry transformations the eigenvalue structure of FRM-matrices
remains invariant, implying structural robustness of the recursive hierarchy.
Consequently, FRM-matrices simultaneously preserve arithmetic consistency and
essential spectral characteristics during recursive expansion and structural
reorganization.

These mathematical principles establish the theoretical foundation for
interpreting FRM-matrices as abstract recursive systems suitable for modeling
hierarchical information architectures and distributed computational structures.

3. FRM-Matrices and Distributed Information Structures

3.1. Mathematical Interpretation of Recursive Information Systems

In the present work fractal recursive M-matrices are introduced as recursive
invariant matrix systems.

Let F =(m;). Consider the block-recursive structure

Bll Blk
F=| i - i
B, .. B,

where B; =F, +¢; . Each block preserves local invariant properties and participates

in the formation of the global recursive structure.
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The row sum is defined by S, = Z m; . For structural consistency the condition
j=1

k
S, =S must hold. The recursive consistency condition is given by Z%— = const .
j=1
Recursive scalability is determined by the transitions F —>F,, F, >F,,

F. — F. . Thusahierarchy of self-similar recursive structures is generated.

The mathematical theory developed in the previous sections demonstrates that
FRM-matrices simultaneously preserve arithmetic invariants and spectral
characteristics under recursive expansion and admissible symmetry transformations.
These properties naturally suggest an interpretation of FRM-matrices as abstract
mathematical models of recursively organized information systems.

Modern information infrastructures are typically characterized by hierarchical
organization. Large systems are constructed from multiple local subsystems that
operate independently while contributing to the behavior of the global architecture.
Examples include distributed databases, cloud storage infrastructures, hierarchical
communication networks, recursive data-processing systems, and multilevel
information repositories.

A mathematical model intended to describe such architectures must satisfy
preservation of local consistency and preservation of global coherence. The FRM-
framework provides a natural mathematical representation of these requirements.

Summary of Definition 1 and Theorem 1

Definition 1. Fractal Recursive M-Matrix An FRM matrix is a square matrix that
satisfies the following conditions:

It is constructed using a recursive block operator, which allows matrices of
higher order to be obtained from matrices of lower order;

This construction preserves the global invariant, meaning that all rows and

columns have the same total sum;
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The structure is self-similar: each recursively constructed block preserves the
fundamental properties of the original matrix;

Recursive consistency is maintained: local invariants of blocks jointly define a
single global invariant of the entire matrix;

Spectral stability is preserved, meaning that the fundamental spectral
characteristics do not change under admissible symmetric transformations.

A sequence of matrices obtained by repeated application of a recursive operator
is called an FRM system.

Theorem 1. Invariant Preservation Theorem If the original FRM matrix has an

invariant S, and the coefficient matrix used in the recursive construction has an

invariant S, , then the matrix obtained by the canonical recursive expansion will also

be invariant.
Moreover, its overall invariant is expressed by the formula:
S=kS,+nS,.

In other words, the recursive expansion does not destroy the arithmetic
consistency of the structure: after constructing the new matrix, all its rows and all its
columns again have the same sum. This means that invariance is preserved at each level
of recursion, and the construction itself forms a stable matrix hierarchy.

Meaning of the Result Thus, Definition 1 defines a formal model of recursive
self-similar invariant matrices, and Theorem 1 shows that their key property - the
general arithmetic invariant - is preserved under canonical recursive construction. This
makes FRM matrices a convenient mathematical model for describing hierarchical and
distributed structures.

3.2. Local and Global Information Consistency

Consider the recursive hierarchy generated by repeated application of the
recursive operator R:

F

n?

F.F. ..

k°n
Each matrix consists of recursively generated invariant blocks. From the

information-theoretic viewpoint, every block may be interpreted as an independent
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local subsystem possessing its own internal structure. Theorem 1 guarantees
preservation of local consistency together with the existence of a global invariant
characterizing the entire recursive architecture. Consequently, local autonomy and
global coherence coexist within the same mathematical framework.
3.3. Recursive Scalability

Scalability represents one of the most important requirements imposed on
modern information architectures. Theorem 1 demonstrates that recursive expansion
preserves invariant structure independently of the recursion level. Therefore
recursive growth does not destroy organizational properties established at earlier
stages. From a mathematical perspective, recursive scalability may be interpreted as
invariant-preserving growth of hierarchical systems.

3.4. Structural Stability

Distributed systems frequently undergo structural modifications caused by
resource redistribution, communication reconfiguration, subsystem replacement,
network restructuring, and redistribution of information flows. Theorem 2
demonstrates that admissible symmetry transformations preserve the spectrum of
FRM-matrices. Consequently, essential global characteristics remain unchanged
despite structural reorganization. This property may be interpreted as a mathematical
form of structural robustness.

3.5. Recursive Information Architectures
The recursive decomposition chain
F.. —>F

>

provides a natural representation of hierarchical information architectures. Each
level preserves its internal invariant structure while simultaneously participating in
the formation of a larger system. The coexistence of local autonomy and global
consistency is one of the defining characteristics of recursive information
architectures.

3.6. Conceptual FRM-Model
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FRM-Matrix Concept Information Interpretation
Recursive block Local subsystem
Recursive expansion System scaling

Local invariant Internal consistency
Global invariant Global coherence
Recursive hierarchy Multilevel architecture
Symmetry transformation Structural reorganization
Spectrum Stability characteristics

The table should be interpreted as a conceptual correspondence rather than a
specific engineering implementation. Its purpose is to illustrate the mathematical
meaning of recursive invariants and spectral stability within hierarchical systems.

3.7. Concluding Remarks

The analysis presented in this section demonstrates that FRM-matrices may
be viewed as abstract mathematical models of distributed information structures
characterized by recursive organization, invariant preservation, scalability, and
spectral robustness. The developed interpretation establishes a bridge between
recursive matrix theory and mathematical models of hierarchical information
architectures.

Mathematical Scope

The proposed FRM-framework should be viewed as an abstract mathematical
model intended to describe recursive invariant architectures. The present paper does
not attempt to construct a direct engineering realization of distributed information

systems.

4. Special Recursive Magic Construction of a 9x9 Matrix
4.1. Special Recursive Magic Construction

The matrix F,represents a particular realization of recursive organization

principles. It should be emphasized that the present construction is not intended as a
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direct application of Theorem 1. Rather, it constitutes a special recursive
arrangement preserving the classical magic-square property.

Proposition 1. The recursively constructed matrix F, is a normal magic
square of order nine.

Proof. The matrix contains each integer from 1 to 81 exactly once. For a
normal magic square of order n,

5. - n(n? +1)
2
For n=9,

_ 9(81+1)

S, = 369.

Direct verification shows that every row and every column possess the

common sum 369. Therefore F, is a normal magic square of order nine.
The presented construction illustrates how local invariant blocks generate a

higher-order matrix preserving global arithmetic consistency. This phenomenon

constitutes one of the fundamental principles of the FRM-framework.

4.2. Relation to the General FRM-Theory
Theorem 1 establishes invariant preservation for a broad class of recursive
block constructions generated by the FRM-operator. The matrix F, belongs to a
more specialized class of recursive magic constructions based on structured
arrangements of consecutive integers. Nevertheless, the example illustrates
recursive organization, hierarchical block structure, preservation of local patterns,

emergence of a global invariant, and scalability of the construction process.

4.3. Recursive Consistency

The matrix F, demonstrates the coexistence of local and global structural

levels. At the local level, each block is generated from the same invariant base
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matrix. At the global level, recursive assembly produces a higher-order structure
characterized by the invariant
S, =369.
4.4. Spectral Remarks
Since every row of F, possesses the common sum 369, the vector
e=(@L1..,D)"
satisfies
Fe = Sge.
Therefore 369 is an eigenvalue of the matrix. This observation establishes a
direct connection between arithmetic invariance and spectral structure.
4.5. Interpretation within the FRM-Framework
Within the FRM-framework, blocks represent local invariant subsystems;
recursive arrangement represents hierarchical integration; the magic constant
represents a global consistency parameter; and spectral characteristics represent

global stability properties. Therefore, although F, belongs to a special class of

recursive magic constructions, it provides an illustrative example of the broader
FRM-concept developed in this paper.
Discussion

The proposed FRM-framework extends classical recursive matrix
constructions by integrating self-similarity, invariant preservation, and recursive
scalability within a unified mathematical model. Unlike conventional matrix
representations of fixed dimension, FRM-matrices generate hierarchical structures
whose recursive expansion preserves both local consistency and global coherence.

From a theoretical perspective, the obtained results establish new connections
between recursive matrix theory, combinatorial constructions, spectral analysis, and
fractal organization principles. The coexistence of arithmetic invariants and spectral
stability suggests that recursive matrix hierarchies possess a high degree of structural

robustness under admissible transformations.
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The interpretation of FRM-matrices as mathematical models of distributed
information structures should be regarded as conceptual rather than engineering-
oriented. The developed framework provides an abstract mathematical language for
describing scalable recursive architectures in which independently functioning local
subsystems collectively form a globally consistent information system.

The presented recursive constructions also indicate possible relationships with
graph theory, network topology, recursive algorithms, and hierarchical data
organization. These directions may stimulate further investigations into recursive
matrix operators, invariant subspaces, recursive decomposition methods, and
scalable mathematical models for distributed computational systems.

Overall, the FRM-framework provides a promising basis for future research
at the intersection of recursive matrix theory, self-similar structures, and
mathematical modeling of complex hierarchical architectures.

5. Conclusion and Future Research

The present paper introduces Fractal Recursive M-Matrices (FRM-matrices)
as a new class of recursive invariant matrix systems characterized by self-similarity,
recursive scalability, arithmetic consistency, and spectral stability.

A recursive mathematical framework for the construction of FRM-matrices
has been proposed. The developed approach extends traditional studies of magic
matrices by introducing recursive block structures preserving local and global
invariants.

The first principal result of the paper consists in establishing sufficient
conditions for invariant preservation under recursive expansion. It has been shown
that recursively generated matrix hierarchies preserve structural consistency and
admit recursive decomposition without loss of arithmetic coherence.

The second principal result is the analysis of spectral stability under
admissible symmetry transformations. The obtained results demonstrate that
recursive matrix systems preserve not only arithmetic invariants but also essential

spectral characteristics associated with global structural stability.
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A mathematical interpretation of FRM-matrices as models of distributed
information structures has been developed. Within this interpretation, recursive
expansion corresponds to scalable growth, local invariants characterize subsystem
consistency, and global invariants describe coherence of the entire recursive
architecture.

A special recursive construction of a 9x9 magic matrix has been presented as
an illustrative example of recursive organization and invariant preservation. The
example demonstrates how local self-similar structures can generate globally
consistent matrix systems of higher order.

The obtained results establish new connections between recursive matrix
theory, invariant structures, spectral analysis, self-similar systems, and mathematical
models of distributed information architectures.

Future Research Directions

1. Development of an algebraic theory of FRM-matrices and recursive matrix
hierarchies.

2. Classification of recursive invariant matrix systems of arbitrary order and
recursion depth.

3. Investigation of eigenvalue distributions and asymptotic spectral behavior of
large recursive matrices.

4. Development of recursive constructions based on arithmetic progressions,
geometric progressions, and higher-order difference equations.

5. Investigation of recursive matrix operators, invariant subspaces, and
transformation groups.

6. Construction of mathematical models of scalable distributed storage systems and
recursive information architectures.

7. Investigation of self-similarity measures and fractal characteristics of recursive

matrix structures.
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Final Remark
The authors believe that the concept of Fractal Recursive M-Matrices provides
a promising direction for further investigations in recursive matrix theory, invariant
structures, and mathematical models of distributed systems. The combination of
recursive scalability, arithmetic consistency, and spectral stability offers a unified
framework for the study of self-similar matrix hierarchies and their applications.
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General topics in artificial intelligence
MSC 68T01

MATHEMATICAL HOMEWORK AND ARTIFICIAL INTELLIGENCE

Pankov P.S., Kenenbaeva G.M., Tagaeva S.B.
Institute of Mathematics of NAS of KR under PKR
J.Balasagyn Kyrgyz National University

Makanana OKyydyJIapblH jKacaiMa HHTSIUICKTTH Japoo KOJIOHYYCYHa K0J1 6epOee yayH
Yf/i TalllllbIpMACBbIH TY3YY JKaHa JKacCajiMa MHTCJIJICKTTHU MbIﬁBaMﬂyy KOJIIOHYY MCHCH aTKapblila
Typ-TaH YbIlrapMavblIbIK Yf/i TalllllbIpMaJlapblH UIITCII YbIT'YY 0oroH4Ya MyTaJluMACpre Cynyurap
KaM-ThUITaH. TEeKCTTepJIWH KaTaJlapblHBIH >KaHa TYIIYHOOCTYKTOPYHYH ceOenTepH jkacaiMa
WHTEJUICKT-THH TapaOblHAH raHa dMeC, aJlaM/1ap, aHbIH UYMH/IE OKYy4dyJiap TapaObIHAaH Ja) - Kol
CO3IO0PAYH KN a4aJIbIrbl, TapBIXBIﬁ JKaKTaH NIITCIINUIT YbIKKAH MAaTCMAaTUKAJIBIK 6€J'IFI/IJ'IepJII/IH 3KHU
avaJIBIThl JKaHa TYIIYHYKCY3IYTY aBTOPJIOPZIOH 3CKE calaT.

Ypynmmyy ce3oep: *acaiMma HWHTEJUIEKT, MaTeMaTHKa, YH TamIiblpMachl, MYyTalHuM,
OKyydYy, CyHYIIL.

B crarne COACPIKATCA PEKOMCHAAIWH IIPEIoAaBaTCIisiM II0 COCTABJICHUIO AOMAIIHUX
3a,I[aHI/II71 TaKUM 06pa30M, yTOoOBI M30€XKAaTh HEMCIJICHHOT'O HCIOJIb30BAaHHUA HCKYCCTBCHHOI'O
HWHTCJUICKTA YYAllIUMHUCH, a4 TAKKE IO pa3pa60TKe TBOPUYCCKUX JOMAIIHUX 3a,[[aHI/II71 C 3aKOHHbBIM
IMPUMCHCHUEM HCKYCCTBCHHOI'0O HHTECIIJICKTA. ABTOpBI YIIOMHHAKOT MPHUYHUHEBI OImMOOK "
HCOOIIOHMMAHUA TEKCTOB (He TOJIBKO UCKYCCTBCHHBIM MHTCIIJICKTOM, HO U JIIOAbMH, B TOM YHCJIC
CTy,Z[CHTaMI/I) — 9TO HCACHOCTb MHOTHX CJIOB, HCACHOCTbL U ABYCMBICJICHHOCTbL HUCTOPHUYCCKU
CJIOKUBIINXCSA MaTEMAaTUUYECKUX 0003HAUEHUH.

Knrouesvie cnosa. I/ICKYCCTBCHHBII\/II HUHTCIJICKT, MaT€MaTHKa, JOMallHEC 3alaHucC,
MPENOJaBaTelb, YHaAIUNUCs, PEKOMEH IAIHSI.

The article contains recommendations to teachers on composing homework to avoid
immediate using of artificial intelligence by students, and to develop creative homework to be

made with legal using of artificial intelligence. The authors mention reasons for errors and
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misunderstandings of texts (not only by Al, but also by people, including students) - the ambiguity
of many words, the ambiguity of historically established mathematical notations.
Keywords: artificial intelligence, mathematics, homework, teacher, student,

recommendation.

1. Introduction

Every new invention and discovery are a challenge to people's activities.

Let us consider from this point of view the activities of millions of teachers,
pupils and students: mathematical homework, its setting, execution and checking.

The main and unresolvable problem of all times: how to ensure independent
execution of homework? Nowadays: how to develop Al-resistant tasks?

We consider this matter in Section 2.

On the other hand, the legal use of Al provides unlimited opportunities for cre-
ative homework for schoolchildren and students (but increases the workload for tea-
chers). We consider this matter in Section 3.

Remark. There are numerous attempts to identify the use of Al in works by
students and schoolchildren. This sometimes leads to human dramas. We believe
this to be false. Nowadays Al and its predecessors: word correctors, high-level
programming languages, search engines, translators, Wolfram Mathematica etc. are
built in gadgets and computers and are used permanently. Banning to use Al is
almost tantamount to banning computing devices at all.

Also, by our opinion, use of detectors of Al and Anti-plagiarism, which detect
not only direct borrowing but also "suspicious” phrases, contradicts the principles of
jurisprudence: a prohibiting law must be published in full before it is applied.

We do not give references because there are too many texts in Internet including

created by Al and to prove “novelty” is impossible.
2. Developing Al-resistant tasks
The simple advice to the teacher: after preparing a homework ask Al to solve
it.
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We asked gemini on this matter. We cite its fit answers.

2.1. Teachers can make homework Al-resistant by assigning tasks that require
personal experiences, specific local observations, and visible thinking processes.
Because Al models lack real-world experience, they fail to authentically complete
assignments that center on local context, metacognition, and individual physical
creation.

2.2. Specific strategies include: Ask for personal and local connections. Al
tools rely on generalized, internet-wide data. You can easily circumvent this by
asking stu-dents.

2.3. Connect to personal experience: Ask students to tie a concept to an event,
specific personal feeling, or a real-world observation they made within their local
community.

2.4. Require in-depth personalization. Al generates generic responses and
cannot draw on real-world memories, local observations, or personal emotions.
Local cone-ctions: ask students to connect course concepts to their immediate
community, spe-cific local news, or personal experiences.

2.5. Self-reflection: Require learners to reflect on their own feelings, beliefs, or
"learning journeys" over the course of a project.

2.6. Custom perspectives: Have students argue a specific point of view based
on an in-class discussion they just had, which a generic Al model lacks context for.

2.7. Emphasize process over product instead of grading only the final essay or
finished math equation, evaluate the steps taken to get there.

2.8. Scaffolded submissions: Break larger assignments into smaller, sequential
deliverables (e.g., brainstorming notes, outlines, an annotated bibliography, and a
rough draft with peer feedback).

2.9. Track your steps: Ask students to document their thought process,
including false starts, obstacles, or mistakes along the way.

2.10. Revision memos: Require students to submit a brief explanation of how

and why they changed their work from the rough draft to the final copy.
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2.11. Change the assignment format stepping away from traditional text-based
essays forces students to engage with the material creatively.

2.12. Alternative mediums: Assign work using non-traditional formats like
mind-maps, flowcharts, infographics, comic strips, or podcasts.

2.13. Visual representations: Ask students to sketch a visual representation or
concept map of the material.

2.14. Physical artifacts: Have students create hands-on or physical models to
demonstrate their knowledge and skills.

Our remark. All these techniques require a lot of mental effort and hard work
from the teacher, especially reading vast texts, explanations.

Generalizing the notion introduced in [1], we propose the notion short time:
time insufficient for calculation or for accessing Al, but sufficient for the
manifestation of other human abilities.

2.15. We propose more formal technique. Have students to make and to
describe step-by-step any computation of the mathematical expression. When they
submit such computation, change some signs in the expression. If they themself
wrote the description, they would be able to say the answer immediately.

Example 1. Teacher: How many is V(602+802)—\(122+5%)? Describe your
computation step-by-step.

Student: shows next day:
60%+80?=10000; 122+52=169; V¥10000=100; V169=13; 100-13=87.

Teacher: changes “—” to “+”. Short time:

2.16. Teacher writes an exam program with parameterized tasks with timer with
“tandem-tasks”: the first task can be solved by common methods or by using AI; the
solution of the second task can be derived from the solution of the first task in short
time.

Example 2. First task: find the positive root of the equation X*(X+5)=546.

Second task: find the positive root of the equation 2*Y*(2*Y+5)=546,

or: find the positive root of the equation Y*(2*Y+5)=546/2.
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Example 3. First task: 2*X+5*Y=25; 3*X-Y=29. Find (X+Y).
Second task: 2*X+5*Y=250; 3*X-Y=290. Find (X+Y).
Example 4. First task: Calculate Jo” 6*X*X dX.

Second task: Calculate [-;” 6*X*X dX.

Example 5. First task: Calculate X k=1"" (6*K+8).

Second task: Calculate X k=o’" (6*K+8).

Example 6. First task: Calculate lim{V(K*K+7*K) —K : K— oo}.
Second task: Calculate lim{N(K*K+11*K) —K: K— o}, or
Calculate lim{V(K*K-9*K) — K: K— oo}

3. Creative homework with assistance of artificial intelligence

Teacher may give themes for homework involving necessary using of Al.

Remark. We gave recommendations on writing mathematical texts in general
and for better understanding by Al [2], [3], [4].

gemini gave recommendations also: Avoid ambiguous symbols: For multipli-
cation, prefer * or x over a simple dot - (which can be confused with a decimal point
or a vector dot product) or implicit juxtaposition, especially in complex expressions.

The teacher may themself write an instruction on communication with Al in
corresponding branch of mathematics.

Example 7. Teacher: give quest “Show five green squares and two yellow
squares to wolframalpha.com. Try to understand its respond. Try to obtain five green
squares and two yellow squares actually.”

Al has no space imagery.

Example 8. Teacher: Have grok.com to create an image of a chain of five
links.

Example 9. Teacher: Have grok.com to create an image of a chain-ring of six
links.

Example 10. Teacher: Have Al to create an image of a triangle which is

within a square which is within of circle.
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Example 11. Teacher: Have Al to create an image of a triangle and five points

within it and arranged symmetrically.

4. Conclusion
We hope that this paper would promote teachers to work with pupils and

students successfully in changing world.
REFERENCES

1. Pankov P.S. Independent learning for open society. Collection of papers as
results of seminars conducted within the frames of the program «High Education
Support». Bishkek: Foundation «Soros-Kyrgyzstan», 1996. - Issue 3, pp. 27-38.

2. Kenenbaeva G.M., Zhamalova V. Zh. Problems of using artificial
intelligence in mathematical research. Herald of Institute of Mathematics of NAS of
KR, 2024, No. 1. - Pp. 187-194.

3. Kenenbaeva G.M., Jamalova V. Zh. [Problems of using artificial
intelligence in mathematical research]. Theses of reports of International scientific
conference “V Borubaev’s Readings”, Bishkek, Institute of Mathematics, 2024, p.
94 (in Russ).

4. Pankov P.S., Bayachorova B.J., Karabaeva S.Zh. Peculiarities of translation
of mathematical texts (English-Kyrgyz-Russian). Herald of Institute of Mathematics

of NAS of KR, 2020, No. 2, pp. 98-105.

The work was carried out within the framework of the project of the Institute of

Mathematics of the National Academy of Sciences of the Kyrgyz Republic.
Received: 20th May, 2026
Accepted: 25th May, 2026

Information about the authors
Pankov Pavel Sergeevich, doctor of physical-mathematical sciences, professor,

Corresponding member of National Academy of Sciences of the Kyrgyz Republic under the

107 Herald of Institute of Mathematics of NAS of KR, 2026, No. 1



President of the Kyrgyz Republic, head of laboratory of Institute of Mathematics of NAS KR,
Bishkek, https://orcid.org/0000-0002-1420-9898, +996552352728, pps5050@mail.ru
Kenenbaeva Gulay Mekishovna, doctor of physical-mathematical sciences, head of the
“Applied Mathematics and Informatic Program” at the J.Balasagyn Kyrgyz National
University, Bishkek, https://orcid.org/0000-0002-9675-6667, +996550154453,
gkenenbaeva@mail.ru
Tagaeva Sabina Bazarbaevna, candidate of physical-mathematical sciences, scientific

secretary of Institute of Mathematics of National Academy of Sciences of the Kyrgyz Republic
under the President of the Kyrgyz Republic, Bishkek,

https://orcid.org/0000-0002-6294-1792, +996705161172, tagaeva_72@mail.ru

108 Herald of Institute of Mathematics of NAS of KR, 2026, No. 1



CONTENTS
Geometry and topology
1. Abiev N.A. A refined behavior description to the normalized Ricci flow on
SOME hOMOZENEOUS SPACES. .. uuttteeeitt ettt e et e et e e e eeeee e eee e aaee e 3
2. Abiev N.A. On existence of infinite families of homogeneous spaces
preserving/ losing the positivity of the Ricci curvature under the normalized

RICCT lOW . .o 11
3. Muratalieva V.T., Kenenbaev E. Properties of generalized derivatives of
functions of real variable................ 18

Differential Equations, Dynamical Systems and Optimal Control

4. Asanov A., Atamanov E.R., Matanova K.B. On inverse problem for a class
of pseudoparabolic equatioNs .............ccooiiiiii i 25

5. Kadenova Z.A., Bekeshova D.A., Sultanmakhmutova G.S. One class of

linear integral equations of the third kind on a semi-axis......................... 35
6. Abdukarimov A.M. On the boundedness of solutions of fourth-order linear
integro-differential equations on infinite domains................................. 41

7. Egemberdiev Sh.A. Belekov K.J. Proof of the uniqueness of the solution of
the cauchy problem for first-order quasilinear differential equations with the
additional argument method. ... 48

8. Baymuratova K.A., Erejepova Sh.K.  Numerical analytical method for
solving certain boundary value problems...................cooiiiiiii, 56

9. Kurbanbaev.0.0., Djakaeva K.D., Askarova D.B Deferred argument and
second-order linear differential with impulse action basic initial problems for
STe LT 13 (0] 1 S N 61

Mathematical logic, algebra and number theory
10.Bayzakov A.B., Sharshenbekov M.M., Subankulova L.D. Fractal recursive

M-matrices: recursive invariants and spectral stability............................ 70
11.Bayzakov A.B., Sharshenbekov M.M., Subankulova L.D. Fractal recursive
m-matrices as models of distributed information structures...................... 87

General topics in artificial intelligence

109 Herald of Institute of Mathematics of NAS of KR, 2026, No. 1



12.Pankov P.S. Kenenbaeva G.M., Tagaeva S.B. Mathematical homework and
artificial Intelligence ... 102

110 Herald of Institute of Mathematics of NAS of KR, 2026, No. 1



7777777777777




